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On the Force between Two Coaxial Single Layer Helices 

Carrying Current 

By Sir Richard Glazhbrook,* F.R.S., and H. M. Lyon, M.A. 

{Received September 25, 1935) 

The following is an abstract of a paper bearing the above title which is 
being printed in the Collected Researches of the National Physical 
Laboratory, vol. 24. 

The detailed calculations are very long and of interest to only a few 
persons. The result, however, is of importance to all interested in the 
absolute measurement of an electric current; it seemed desirable therefore 
to put it on record, to give a general description of the method employed 
with its limitations, and to indicate where full particulars may be found. 

In the measurement of a current by means of a balance an expression 
is required for the force in terms of the dimensions of the coils of the 
balance. In the balance as used at the National Physical Laboratory 
and elsewhere these take the form of single layer helices, and Viriamu 
Jones gave in a paper before the Royal Society! a very simple method of 
calculating this force. But Jones's method assumes that the magnetic 
field in which the suspended coil hangs is axially symmetrical; it neglects 
the spiral nature of the fixed coil. Attention was called to this by Lord 
Rayleigh,} who stated “ But although in strictness the helices cannot be 
replaced by current sheets the complication thence arising can be elimi¬ 
nated in experimental applications by a relative rotation.” If y be an 
angle determining the relative position of the two helices, say the differ¬ 
ence in azimuth between the starting points of the two, the error intro¬ 
duced by Jones’s method is clearly a periodic function of y with a period of 
2n. Lord Rayleigh’s statement assumes that the mean value of this 
function is zero. Should the function take the form (say) of . 

a + b sin y + c cos y, 

* My share amounts to little more than the evaluation of the integral expression 
for the force and suggestions as to the method of treatment; the integration is due to 
Miss Lyon,—R. T. G. 

t ‘ Proc. Roy. Soc.,’ A, vol. 83, p. 192 (1898). 

! Report of Electrical Standards Committee, Dover, 1899, Appendix I, ‘The 
mutual induction of coaxial helices,' Reprint, p. 593. 
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its mean would not be zero and it would become necessary to know the 
value of the quantity a. Moreover, in any experimental determination, 
when an error is eliminated by taking a mean, it is desirable to have some 
knowledge of the magnitude of the error thus removed. These con¬ 
siderations have led to the development of a formula giving the force 
between two coaxial helices in any relative position and not merely the 
average force obtained by making measurements in a number of posi¬ 
tions. 

The axis of the two helices has been chosen as the axis of z and con¬ 
sidered to be vertical, z being measured positive upwards. The required 
force is then the vertical component of the force exerted by the fixed 
helix, of radius a and carrying a current i, on the suspended helix, of 
radius a' and carrying a current f. Let the coordinates of a point P on 
the fixed helix be a cos <f>, a sin <f>, z, and those of a point Q' on the sus¬ 
pended helix a' cos <j>', a' sin <f>\ z'. At the lowest point of the fixed 
helix, let <f> 0, z — 0, and at the lowest point of the suspended helix, 

4' = y, z' — c. Thus c is the vertical distance between the lowest 
points of the two helices and y their relative azimuth. From an expres¬ 
sion for the force on a current element due to another current element 
forming part of a closed circuit, the total upward vertical force on the 
suspended helix is shown to be 



Hi’ CCf (z' 

* JJL{1 — 


— z) cos ( <j>' — <f>) — ka sin (4' — 4) 
(2m'j&) cos (f -<(>) + (z' - z) 2 /ft*} s/2 


did# 


aa’ii' f |T sin </>' d<f>' dz 

& J J L{1 - (laa'm cos 4' + (z' - z) 4 /^} 3/4 


4" Lj, 


where h 2 = a 3 + a' 2 , and k and k' are the tangents of the angles which the 
helices make with the plane xy. In this expression L x represents the force 
which the fixed helix exerts on the suspended helix and L t the force exerted 
by the current closing the circuit of the fixed helix, which is supposed to 
run in a vertical wire coinciding with a generator of the cylinder on which 
the helix is wound. The limits of integration for 4 and z are the two ends 
of the fixed helix and those for 4' and z' are the two ends of the suspended 
helix. 

The same expression for the total force can be obtained from the 
formula L — <?M/8z, where M = ||(»' cos e/r) ds ds', ds and ds' are 
elements of the fixed and suspended helices respectively, and r is the 
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distance and e the angle between ds and ds\ provided that the integration 
be carried completely round both circuits. 

Provided that the necessary conditions for convergence be satisfied— 
these are considered in detail in the paper—the expression under the 
integral can be expanded in the form of series containing terms of the 


type 


1 2aa'\ w 
\ b* I 


co$ m (<!>' 



These terms can be expanded again to give series of integrable terms of 
the type z" z’ v cos r (<f>' — <f>), where z and z' are linear functions of <f> 
and <f>' respectively. The results of the expansion giving the complete 
expression for the force will be found in the paper" 1 already referred to. 
It shows that the mean correction for spirality obtained from measure¬ 
ments of the force for a limited number of values of the angle y is zero, 
so that, with Lord Rayleigh’s addition, Jones's method can be used in the 
calculations. In any case the correction depends on terms involving 
(kaib) and (k'a'/b) to the second and higher powers. 

* ‘ Collected Researches of the N.P.L.,’ vol. 24. 
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Castigliano’s Principle of Minimum Strain-Energy 

By R. V. Southwell, F.R.S. 

(Received October 30, 1935) 

Introduction and Summary 

1—Two important theorems can be established regarding the equili¬ 
brium of a body which obeys Hooke’s law. In the first we assume that 
specified displacements are imposed (by an application of suitable forces) 
on particular points of the body, and we compare configurations which 
all satisfy this condition, but of which all but one would require additional 
forces (some applied at other points) to maintain them in equilibrium.* 
(In all the strains are “ compatible ”,—/.<?., they are expressible in terms 
of single-valued displacements u, v, h>; so the comparison is between 
configurations which could be obtained one from another by imposing 
single-valued displacements at all points except those of which the displace¬ 
ments are specified. Mathematically, we vary n, v, w independently 
(except at these points) without imposing the requirement that every 
part of the body must be in equilibrium.) It can be shown that U, the 
total elastic strain-energy, has its smallest value in the equilibrium con¬ 
figuration: this is the First Theorem of Minimum Strain-Energy.f 
As a special example of maintained displacements we have the “ self- 
strained ” body. Self-straining may arise from various causes,— e.g. 
stresses produced by casting, rolling or other manufacturing processes, 
or by differences in temperature at different parts of the same body; but 
it can always (in imagination) be relieved by making suitable cuts in the 
body, and conversely, the original state of self-strain can be restored by 
applying such forces to the cut body as are required to neutralize the 
“ gaps ” produced by cutting. Let A and B be two points, on opposite 
sides of a gap, which are brought into coincidence when the gap is 
neutralized: then the forces entailed at A and B may be grouped together 
as a generalized “ force ”, and the relative displacement of A and B may 
be regarded as the “ corresponding displacement. Since the gaps 

* It is not, of course, postulated that equilibrium is in fact maintained. The 
configurations may, for example, be instantaneous configurations of a vibrating body- 
t Cf. Love, “ Mathematical Theory of Elasticity ”, g 119. 

X Cf. Rayleigh, “ Theory of Sound ", vol. 1, § 74. The argument of this paragraph 
is elaborated in §§ 83-85 of my “ Introduction to the Theory of Elasticity ” (Clarendon 
Press, 1936). 
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have definite magnitudes, definite displacements are required to close them: 
so, by a generalization of the notions of force and displacement, we may 
regard a self-strained body as resulting from the imposition of definite 
displacements upon a body which initially was in a state of ease. Com¬ 
patible strains in the “ cut” body entail non-compatible strains in the 
resulting (self-strained) body. 

2— In the second theorem we compare configurations which all satisfy 
the conditions of equilibrium for a specified system of external forces, but 
which differ in that only one has resulted from an initial state of ease. 
(That is to say, we no longer require, as in the first theorem, that the 
strains shall be “ compatible ”, but we do, on the other hand, require that 
the stresses shall be “ balanced ”. Mathematically, in the second theorem 
the stresses are independently varied, subject to the restrictions that the 
equations of equilibrium must be satisfied at every point and that neither 
the surface tractions nor the body forces—which are the specified force- 
system—may be varied.) It can be shown that U takes its least value in 
this configuration: that is to say, the stress-distribution resulting from 
given forces , applied to a body initially in a state of ease, can be deduced 
from the conditions of equilibrium combined with the conditions for a 
minimum value of U. 

This second theorem is commonly known as Castigliano’s “ Theorem 
of Least Work ”. The title seems misleading (since it is clear that no 
limit is imposed upon the amount of work which could be done on a body 
by given forces), and the theorem is often stated in a needlessly restricted 
form. Accordingly I have ventured to give the title “ Castigliano’s Principle 
of Minimum Strain-Energy ” to the theorem as stated here. 

3— Both theorems can be based on the assertion that U,^ is a positive 
quantity, independent of U 0 , in the expression 


U - U 0 + Uj, (1) 

where U 0 stands for the strain-energy which results from the imposition 
of specified displacements (with self-straining included as a special case), 
Uj stands for the addition made to U 0 by the imposition of specified 
forces, and U, as before, stands for the total elastic strain-energy. A 
mathematical proof of this assertion can be formulated,* but the physical 
argument is equally cogent:—The Principle of Superposition (an im¬ 
mediate consequence of Hooke’s law) asserts that a given system of 
forces, slowly appliedf to a given elastic body, will entail the same 

* C/, e.g., my “ Introduction ", §§ 81-4. 

t So that equilibrium is maintained at every stage, and vibrations are not excited. 
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definite displacement of every point, and so will do the same positive* 
amount of work, whether the body in question be initially strained or in a 
state of ease. Conservation of energy requires that the work so done 
shall be stored in the body as an addition (U t ) to the elastic strain-energy, 
and thus leads to the conclusion stated. 

When the initial strain is due to the imposition of definite displace¬ 
ments at particular points, we must imagine that constraints are operative 
at the points concerned and impose whatever forces are required to 
maintain the displacements. Then, when the given system of forces is 
applied, its effects will be modified by the circumstance that certain points 
are prevented from moving further; but the Principle of Superposition 
still permits us to assert that U x will be independent of the amount of the 
initial strain-energy U 0 , and hence, when U 0 is due to self-straining, it has 
no influence on the magnitude ofU v 

Since U„ and Uj are essentially positive quantities, we can infer from 
(1), on the one hand, that 


and on the other, that 


U > U 0 , 


U>u,. 


( 2 ) 


The first of (2) states that, U 0 being given, U has its least value when U, 
is zero: this is the First Theorem of Minimum Strain-Energy. The second 
of (2) states that, U x being given, U has its least value when U 0 is zero: 
this is the second theorem. 

4—Thus a simple argument from physical principles permits a very 
important generalization. Both theorems hold in respect of any body 
which obeys Hooke’s law, without restriction on shape or size; so we 
may regard it as a general property of materials which obey Hooke’s 
law, that these tend always to assume (within the imposed conditions) 
a configuration of minimum strain-energy. 

Twelve years agot I indicated the utility of this concept by showing 
that it provided justification for a principle formerly based on intuition,— 
namely, Saint-Venant’s well-known “ principle of the elastic equivalence 
of statically equipollent systems of load ”4 I showed, further, that it 
gives additional significance to the exact solutions for flexure, shear and 
torsion in a uniform prism which Saint-Venant obtained by his cele- 

* Mechanically unstable materials are of course excluded. 

t ‘ Phil. Mag.’, vol. 45, p. 193 (1923), and * Aero. Res. Cttee. R. and M.’, No. 821 
(1922). 

} Cf. Love, “ Mathematical Theory of Elasticity ”, Introduction p. 21 and |89; 
also § 12 of this paper. 
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brated “semi-inverse” method of attack:* those solutions are “least- 
energy solutions ” for the actions considered, and as such they may be 
regarded as standard solutions to which all particular solutions must 
approximate, since all are governed by the requirement of minimum energy 
storage. 

This paper develops the same ideas, starting from the principle stated 
(in italics) in § 2. Part I deduces from that principle the well-known 
“ conditions of compatibility for strain ”, which hitherto (so far as I am 
aware) have been obtained by purely kinematical reasoning.t They are 
the conditions which must be satisfied by the six strain-components in 
order that these may be expressible in terms of three single-valued com¬ 
ponents of displacement u, v, tv: as such they are the conditions for zero 
self-strain, and hence (according to the principle) they must be obtainable 
as the conditions for a minimum value of U, when the variations of 
the stress-components are restricted by the stress-equations of equilibrium. 
In Part I they are actually obtained in this way. 

In Part II it is shown that the same principle enables us to replace the 
somewhat tentative approach of Saint-VenantJ by a more direct attack 
on the problems which he solved,—and on other problems of equilibrium. 
Three examples are treated, namely, Saint-Venant’s problems of uniform 
flexure and torsion and a slightly harder problem in plane stress—the 
uniform flexure of a flat circular ring: in each the known expressions 
for the stress-components are derived as conditions which must be 
satisfied in order that U may take its least value consistent with the 
maintenance of equilibrium throughout the body in question. The same 
method can (in theory) be applied to all problems of equilibrium, although 
it will only occasionally provide the shortest route to a solution. It 
reduces them, in effect, to problems in the Calculus of Variations. 

Part I— The Conditions of Compatibility for Strain Deduced as 
Consequences of the Principle of Minimum Strain-Enbrgy 

5—In the theory of strain, six apparently independent components of 
strain are introduced, but these can be expressed as differential coefficients 
of only three independent quantities,—the three perpendicular com- 

* Love, op. cit., p. 19. 

t Cf. Love, op. cit., § 17 and footnote; also Todhunter and Pearson, “ History of 
Elasticity ”, vol. 2, §g 112 and 190 (c). 

| ‘ ‘ The semi-inverse method of solution consists in imposing a restriction on the 
generality of the stress within the solid in accordance with a result based on some 
theory not derived from a solution of the general equations.” (Love, op. cit., 1st ed, 
§ 82 .) 
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ponents of displacement. Therefore it is evident that the strain-com¬ 
ponents are related, and by elimination of the displacements it can be 
shown that the relations in question are: 


dz 2 dy 2 dydz ’ 

dx 2 "dz* dzdx 9 

, 0V„ v __ 

" t_ 0 jc* a*a>’ ’ 


(&p 

L __ 

-.Li 

_ 

, de ** 


dydz 

dx [ 

dx 


dz , 

ffyy, 

B ±( 


?£>* + 


dz dx 

dy [ 


dy + 

dz r 

it 

<N 

a 

+ 

ae m _ 

*»). 


dz 

\dx r 

dy 

dz ) 


(3) 


Now according to the concept of “ minimum energy storage ” developed 
in § 2, these relations, being the conditions of zero self-straining, should 
be the conditions for a minimum value of the total strain-energy U, as 
applied to stress-distributions which already satisfy the conditions of 
equilibrium. We shall test this prediction by expressing the variation 
8U in terms of the variations of the stress-components, ensuring satis¬ 
faction of the conditions of equilibrium by expressing the stress-components 
in terms of the stress-functions introduced by J. C. Maxwell and by G. 
Morera* (In this way we ensure that the stress-system is “balanced” 
(without alteration of the body forces if operative), but we do not require 
the associated strain-system to be “compatible” (§1): the conditions 
that it shall be compatible will appear as the conditions for a stationary 
value of U.) 

6—-Without restriction to isotropic or homogeneous materials, we 
may assert that the strain-energy per unit volume is a homogeneous 

quadratic function of the six stress-components X,. Y„ ..., etc. 

So the variation SU is expressed by 

If 

= f + ... + e„8Y, + ...] dx dy dz , (4) 


by Castigliano’s first theorem, since e xx , ... (the strains involved by our 
stress-system) are the “displacements corresponding with” X*, ..., 
etc.f This expression is replaced by 


SU 



...j dxdydz, (5) 


* Cf. Love, op. cit., § 56 (e). 

f It is at this point that appeal is made to Hooke’s law. The work equation 
SU — X* would be satisfied by any elastic material, but the converse relation 
0U/£X„ =-- e xx (Castigliano’s first theorem) is satisfied only when the relation between 
X* and e xx is one of direct proportionality. 
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when we substitute for the three stress-components in terms of Maxwell’s 
stress-functions Xi, X 2 > Xa; and by 



when we use Morera's stress-functions <| 2 , ^ s . 

7—Applying Green’s transformation to the integral in (5), we obtain 


■8U 


= '[fUx: 


(ftp (ftp 

,, Lzm 4 - zJZs 

11 ay z 


r 2 e 


dz 2 


Bydz 


) + 


+ 


^ Ji tl^ 1 <2me ' 


+ (similar terms in Sxa» ^Xa)] dxdy dz -f 
- nej + (2ne yu - me vt ) + 




2m & - In + 

By dz!) 


+ (similar terms in 8xa> fys) 


dS, 


(7) 


and from the volume integral (since each of the variations 8xi» &Xa» ^Xs 
can take any value at any point in the volume of the solid body) we deduce 
that the strain-components, for minimum strain-energy (8U = 0), must 
satisfy the relations 

d 2 g„, , __ v , 

?z ! By* ByBz ’ . (g) 

... etc. 

These are the first three of the conditions of compatibility (3). 

From (6), in the same way, we obtain 

4- (similar terms in 84*a, Hs)! dxdy dz 4- 
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4- 
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dx 
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+ m [e~ if 1 “ *+* 


e ^L 1 ] + 


4- (similar terms in 8^ 2 , 8 (|> 3 ) j dS, 


+ 


(9> 


and from the volume integral in this expression (since ^'I's 

can have any values at any point in the volume of the solid body) we 
deduce that the strain-components, for minimum strain-energy, must 
satisfy the further relations 

2 & e *x - jL(_ JL e 4- —e 4- d e ) 1 

2 Wz~ dx { Sx " 2 4 Zy ” + Tz H ’ l (10 ) 

... etc. 

These are the last three of the conditions of compatibility (3). 

8—At first sight it would appear that further restrictions on the strain- 
components can be deduced from the surface integrals in (7) and (9). 
But when (8) and (10) are satisfied the strain-components e mm etc. 
can (as the usual demonstration shows) be expressed in terms of three single¬ 
valued functions u, v, w,* and on this understanding no further condition 
is imposed by the surface integrals in (7) or (9). In that of (7) for example, 
the terms of the integrand which involve may be written in the form 


a 

m Jz 


V 




4- 2v 


m 


dy 

1-nS lSSfc 
dz Jyj dz 


+ 


2w [ m 3 

2w l m Tz dy\ dy ’ 


(i) 


* A direct proof may be given as follows:—we can always find forms for «, t>, w, 
such that q u 

(1> 

and equations (3), when these substitutions are made, require that 


dv . dw - 
e u* “ ^ 


dz dy 


dW dU P 

to + Jz ~ F » 




du . dv 
dy ^ dx 


(ii) 


where F„ F„ F, have the forms A (x, y) + /, (z,'x), /, <y,z)+ A (x, y),A (z, x) + 
f, O', z) respectively, and 

dx dy 9 dy dz' dz ” dx ’■ 

By adding to u, v, w terms of the forms/o', z),/(z, x),f(x, y) respectively, we can 
make F„ F„ F, zero in (ii) without affecting the expressions (i). Hence, If the con- 
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and the terms in the first line of this equation vanish on integration, by 
Stokes’s theorem.'" Treating similarly the terms of the integrand which 
involve Sx*> 8xs, we can now express the surface integral of (7) in the 
form 



g 

SyJ dz 


w m 


1 _ „ 

dz dyJ dy 


+ w 
u 








3xJ t>x 


(ii) 


and this vanishes in view of the requirement that equilibrium musi uc 
maintained in varying U. For then at every point on the boundary we 
must havef o = SX, « IHX, + m8X v + nSX„ 

O - 8Y, = /8Y X + m8Y v + n8Y„ ]- (11) 

O = 8Z„ = /8Z t + m8Z v + n8Z„ 


or, if we substitute for 8X x ,etc. in terms of Maxwell’s stress-functions. 



Therefore the co-factors of u, v and w, in (ii), vanish severally. 

9—The surface integral in (9) can be treated similarly. Thus, when 
we substitute for the strain-components in terms of u, v, w, the terms of 
the integrand which involve may be written in the form 


■, a a - 

l Tz~ n T x . 




+ 


d } : 


Bit 

■> w aJ( 




1 / 

w j / 


dz 


r71 

: dz 


a i asti/. 




ox J dy .1 


3x1 3x 


(i) 


ditioos (3) are satisfied, the six strain-components can be expressed in the usual way 
in terms of some three functions «, t\ tv: this result is all that is needed in the subsequent 
argument. 

* Cf. Love, op. ctt., § 15 and footnote, or Lamb, “ Hydrodynamics ”, § 32. 
t Cf. Love, op. cit., § 47, equations (5). 
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and the first two lines of this expression vanish on integration over the 
whole boundary, by Stokes’s theorem. The remaining terms, com¬ 
bined with the corresponding terms which involve 8 4 *s» * +»> give 


M { 


cy 


m 


Tx 


+ 


384*1 

“37 


+ 


m 


3 z 


('i- 

■£](■ 


3 1 38 4*1 

3 x 1 ‘ 

38j* 
dy 


, + »fa)} 


+ 


-f (corresponding terms involving v and w). 


These vanish at the boundary in view of the requirement that 8 X,, 8 Y„ 
8 Z, must be zero, since we have from (11) 


SX„ - i 


21 


3*84*, 

dydz 


m 


±,<m i 

37 3.v 


384*a 

3j> 


384*3 ) 

3 2 ’ 


_3_/384*i _ £84*_ 2 , 
3y \ 3x 3v 



and two similar equations, when we substitute for 8 X r , 8 X„ 8 X, in terms 
of 84*i, 84*a» 84 * 3 . 


Part II —Some Particular Problems Solved by the Principle of 
Minimum Strain-Energy 

Saint-Venant's Discussion of Uniform Flexure and Torsion 

10—We shall here consider two of the problems treated by Saint-Venant 
on the basis of his celebrated “ semi-inverse ” method,—namely, the 
uniform bending and torsion of an isotropic cylinder. 

Saint-Venant’s approach to these problems may be summarized as 
follows*:—The exact distribution of stress will depend upon the exact 
distribution of the external forces which constitute the resultant action 
(flexure or torsion); but if these forces are applied at points close to the 
ends of the cylinder it is evident that the stresses, excepting in regions 
very close to the ends, will be determined almost entirely by their resultant 
action, and hardly at all by their distribution.f Therefore we need not 
(initially) define that distribution, but may leave it to be determined, 
subsequently, from our solution; and in seeking for this solution of the 

* Cf. Love, op. cit., Introduction p. 19, and § 89; also Todhunter and Pearson, op. 
at., chap. X. 

t Appeal is here made to Saint-Venant’s principle (cf. § 4). This appears to have been 
propounded by Saint-Venant without proof, as a truth which is intuitively evident. 
Cf. Todhunter and Pearson, op. cit., chap. X, § 8. 
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general equations of elasticity we may, without sensibly reducing the 
practical value of our results, restrict its exact application by introducing 
(tentatively) any simplifying assumption which is physically plausible. 
Such simplifying assumptions are: 

(1) that the stresses are propagated, in an axial direction, without 

change in magnitude or distribution; 

(2) that no lateral pressures act between adjacent longitudinal “ fibres ”, 
and the shearing stresses acting on such fibres have an axial 
direction. 


In symbols, if O z be drawn in an axial direction, these assumptions may 
be stated in the form 


X* — Y, = X v = 0; 
ft (Z„ Z„, Z.) = 0. 


The three stress-equations of equilibrium, when simplified with the aid 
of these relations, reduce to one only, viz. 


3Z ,...... q 

7x " r Sy 


(i) 


and the conditions (3) of compatibility, when expressed in terms of stress- 
components, impose the further restrictions 


a a z, 

dx* 

az_. 


3 2 z, a*z. 

If* = WZy = °' 

zz v 

= const. 


(ii) 


The first of (ii), combined with (12), shows that Z, is a linear function 
of x and y only: hence we deduce the familiar solution for uniform 
flexure. From the second of (ii), combined with (i), we obtain the solution 
for uniform torsion. In each instance an exact solution is obtained, 
provided that the external tractions have a particular distribution over the 
areas of the terminal cross-sections. 

11—It will be observed that Saint-Venant’s approach is tentative in two 
respects,—namely, (1) in the appeal to intuition which is implied in his 
enunciation of the principle associated with his name, and (2) in the 
introduction of simplifying assumptions for which nothing more than 
plausibility can be claimed a priori, so that their validity must be left 
for later verification. We now develop, in contrast, the more positive 
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argument which can be based upon the principle of minimum strain- 
energy. 

The Argument from Strain-Energy 

12 — First, we may use that principle to provide a theoretical argument 
for Saint-Venant’s principle of the elastic equivalence of statically 
equipollent systems of load.* The conditions of equilibrium require that 
the stresses shall adjust themselves to be in equilibrium with the applied 
tractions, and so demand a different solution for each particular mode of 
applying a given resultant action; but if the tractions are applied near the 
ends of the cylinder, its central portion (with boundaries free from stress) 
has merely to transmit this resultant action, and the conditions for 
minimum strain-energy in this portion are accordingly invariant. Thus 
the actual stress-distribution (since it must entail minimum strain-energy 
in the cylinder as a whole) will in any particular instance be a compromise 
between demands which call for a particular distribution close to the 
ends and demands which make for standardization in the central region. 
Evidently the compromise will be such that the stresses approach more 
and more nearly to some standard distribution as we leave the (terminal) 
regions in which forces are applied; and so, at parts remote from those 
regions, differences in the manner of applying a given resultant action 
will entail departures from this standard distribution which are negligibly 
small in relation to the “ standard " stresses themselves .f 

The standard distribution is what we have to determine, since it alone 
has claims to adoption as a general formula for practical use. And the 
principle of minimum strain-energy gives us guidance in regard to its 
determination:—The central region of the cylinder has to transmit the 
same resultant action at every cross-section, and every cross-section has 
the same size and shape; therefore in this region the demands of minimum 
energy are the same at every section, and we can assert of the standard 
distribution that the stresses do not vary in a longitudinal direction. We 
thus find theoretical justification for the last three of Saint-Venant’s simplify¬ 
ing assumptions (12), in which z is directed along the axis of the cylinder. 

13— We can now proceed further with the aid of the same principle. 
Having shown that in the “ standard ” solution the stresses have the 
same distribution at every section, we can determine that distribution by 
making U a minimum, subject to the conditions that the stresses are to 

* Cf. the paper cited in § 4, or my “ Introduction ”, §§ 92-95. 

t Some such wording as this might perhaps be substituted, with advantage in 
respect of precision, for the somewhat vague phrasing of Saint-Venant (cf. Todhunter 
and Pearson, loc. cit.). 
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be independent of z and that the resultant action transmitted from section 
to section is not to be varied. In relation to isotropic material the total 
strain-energy may be expressed as 

U ,= * | fj {2 (1 + a) (Y. 2 + Z* + X„ 2 ) + X z * -f Y„ 2 + Z. 2 

- 2a (Y V Z. + Z.X x -f- X x Y v )} dx dy , (13) 

where L is the length of the cylinder and the integration is to be taken over 
the whole area of the cross-section; and then it is clear that the principle 
of minimum energy requires X, and Y, to vanish everywhere, unless 
finite values are demanded by the conditions of equilibrium. Now X z , 
Y 2 do not contribute to the flexural moment, and they are not related 
with X*, Y„, Z„ X, by the conditions of equilibrium, either at the 
boundary or in the interior of the cross-section; for according to the 
conclusions of § 12 we have (suppressing differentials with respect to z) 


3X , 
■a7 + 





az x dZ v 


o. 


(14) 


at all points in the cross-section, and 

/X x + mX„ = 0, /Y x + mY v —■ 0, !Z X + mZ„ * 0, (15) 

at all points on the boundary, where /, m stand for the cosines of the angles 
made with x and y by v, the normal to the (cylindrical) boundary drawn 
outwards. Hence we may assert (instead of assuming) that X„ Y„ vanish in 
the flexural solution. 

In the torsion problem, similarly, we may assert that X*, Y„, Z,, X, 
vanish everywhere. They do not contribute to the torsional action 
(which comes from X„ Y t ); they are not related with X. Y e by the 
conditions of equilibrium; and they would make, if finite, an inde¬ 
pendent contribution (necessarily positive: cf. §3) to the total strain- 
energy. 


Uniform Flexure 

14—Hereafter we shall treat the two problems separately. In the 
problem of flexure we have shown that X> Y, vanish everywhere, so 
that the expression (13) is equivalent to 

U - i| JJ{2 (1 + e) (Xf - X, . Y„) + (X + Y v ) 2 + Z,» - 

— 2 <t (X* + 4 Y v ) Z,} dx dy. (i) 



16 


R. V. Southwell 


This equation can now be simplified further. For the first and second of 
(14) permit us to write (as in the theory of plane strain) 


[ > X, — 


dx dy' 


= 


and then we have 

Jj (X >' - X. y J dx dy - || {i (|. J5L) - ±(&. p)} dx dy. 

= - J |HlXt + mXJds, 

= 0 , by the first of (15). 

Accordingly (i) reduces, in the case of uniform flexure, to 

tl - i |fj {(X, + Y„) 2 + Z 2 - 2a (X* + Y„) Z,} dx dy, 

° r *° U - * | f f {(VA) 2 + Z, 2 ~ 2ax . Z,} dx dy, 

JJ (17> 

02 02 | 

where Vj* denotes the operator ^ + -^-5 , 
if we substitute for X*, Y w in terms of /• 

15—The boundary conditions (15) require that ^^ shall each have a 

ax dy 

constant value at the boundary. Since they can be satisfied by a term of 
the form Ax + By (A and B constant) which, regarded as a component 
of x» has no effect on the stress-components (16), we shall lose no 
generality if we say that (15) impose the conditions 

0 Y 

X — — 0 , on the boundary. (18)‘ 

On this understanding we have to make U as given by (17) a minimum, 
subject to the restriction that the resultant action is specified, so that 

jj Z,dx dy, j jxZ, dx dy, jjyZ, dx dy 

have fixed values. Hence we have, according to the rules of the calculus 
of variations, 

0 = 8U = |jj {SZ, (Z. - P -Qx - R y- aV a *x) 

+ Vi* h (Vi*x - oZ,)} dx dy 
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<P, Q and R being arbitrary constants)* for all permissible variations 

sz„8 X . : 


Using (18), we deduce that 


Z. = P + Qx -f- R.r -j- 

} ® 

eVi* Z, — V x *x, 

and hence, eliminating Z„ we have 


Vx 4 X “ 0. 

(H) 


This condition, combined with (18), shows that V* x> and therefore 
X, Y v , X v , must vanish everywhere: hence, by the first of (i), we deduce 
that Z, has the form (P + Qx + Ry). We have thus obtained by positive 
arguments all the essential features of Saint-Venant’s solution. 


Uniform Torsion 


16—We shall here confine attention to cylinders of solid cross-section, 
but the same method can be applied to hollow sections. 

We showed in § 13 that X„ Y, will be the only stress-components 
having finite values in the “ least-energy ” solution for uniform torsion, 
so that the expression (13) reduces in this instance to 

U - (1 + <r) | J j (X/ + Y, s ) dx dy. (19) 

The conditions of equilibrium are 


ax + dy 

at all points in the cross-section, and 

IX, + mY, = 0 

at all points on the boundary. 

We can satisfy the first of (i) by writing 


v _ dr 


x.= 


sr 
s y’ 


and then the second of (i) requires that dr/ds «* 0, or 

r « r e (a constant), .. 
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at all points on the boundary. The expression (19) takes the form 

and the torque is given by 

T = jj(xY t -yX.)dxdy=- + T 

= 2 


8T \ 

dy ! 


dxdy. 


(21) 


If< T 


T c ) dx dy. 


by Green’s transformation combined with the boundary cofidition (20). 
It can be shown that (20) restricts the resultant action of X,, Y* to a pure 
couple having its axis in the direction Oz, 

17—The function V must be such as will give a minimum value for U 
within the restrictions imposed by (20) and by the requirement that T, 
as given in (21), has a specified value. Applying the rules of the calculus 
of variations, we deduce that the quantity 

su - (1 +‘>111 i 2 (f + ir ir) + m"- mu}** 

0) 


(A being an arbitrary constant) must vanish for any variation ST such 
that ST has a constant value ST, on the boundary. 

The integral in (i), by Green’s transformation, is equivalent to 

jj {ST (A - 2V t *T) - AST,} dx dy + 2 j ST ^ ds, (ii) 


II 


(S T - S T c ) (A - 2V X * T) dx dy, 


(iii) 


since the line integral in (ii) 

8T 


2ST, j ^ dj = 2ST e jj Vx* T dx dy. 


Hence, since SU must vanish for every variation ST, we deduce the 
condition 

Vx*T = constant, at all points in the cross-section, 
which, with the boundary condition (22) 

T — T, (a constant), 

serves to determine T uniquely. This is the known solution. 

Uniform Bending of a Thin Circular Bar {Plane Stress ) 

18—When the central line of a beam is curved, transverse (radial) 
stresses are necessary to the maintenance of equilibrium under flexural 
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moments, and therefore stresses analogous to X,, Y„ X, (in the straight 
beam directed along Or) must be expected. For most shapes of cross- 
section the problem of flexure is difficult, but a solution based upon the 
argument from minimum strain-energy can be obtained without difficulty 
in the particular case where the beam forms part of a circular ring cut 
from a flat plate of small thickness, and so presents a problem in plane 
stress. Reasoning on the lines of §12 we shall seek a “least-energy 
solution ” on the understanding that the resultant action is a pure couple 
M having an axis directed along Or, the axis of the ring. We may 
postulate that X„ Y„ Z, are zero everywhere, on the ground that these 
stress-components must vanish at the faces of the plate, which we take 
to be thin. 

19—As in § 12 we can assert that the demands of least energy, and 
hence the stresses, will be the same (in this standard solution) at every 
section of the ring: so, using cylindrical coordinates r, 6, we have to 
contemplate stress-components rr, 00, r 0, all independent of 0. The 
conditions of equilibrium are* 

rr — rO = 0, when r — a and when r = b, 
and 

5 ('■£)“ M, 

| 0. 

for all values of r between the values a and b, when a and b stand for the 
inner and outer radii of the ring. Taken in conjunction, the first of (23) 

and (24) require that J 66. dr = 0, while the second of (23) and (24) 

require that rd shall be zero everywhere. Thus there is no resultant 
tension and no shear stress on any axial cross-section, so that rr, 06 are 
principal stresses; and the strain-energy stored in the ring is given by 

U « — [* {rr (rr — a 60) + 00 (60 — a rr)} rdr , » 

2E J a 

- 5| f r(fr'-2a?r. 00 + ol*)d!r, (25) 

* Cf. Love, op. ctt* § 39 (i). The three conditions of equilibrium are reduced to 
bwo by bur assumption that there is no stress on planes perpendicular to Oz, and 
two are farther simplified by the requirement that all stresses are independent of 9. 

- . C 2 
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where a is the angle subtended at the axis of the ring by its terminal 
sections, and t stands for the (small) thickness of the ring. 

20— We have from the first of (24) 

2 ee<fr*= ^ J r (r .?rf dr, 

— 0 by the first of (23); and 

when we integrate by parts and make use of (23). Hence we find that 
(25) may be written in the form 

2E r,--~ 

< 26) 

if we integrate by parts with the aid of (23) again. 

The flexural couple 

M = t j r . 06 dr = t J r~(r.rr) dr, by the first of (24), 

-*f/*"*’ (27) 

by (23) again. We have to find that distribution of rr which will make U 
a minimum for all variations hr, subject to the restrictions imposed by 
the boundary condition (23) and by the requirement that M, as given by 
(27), must have a fixed value. 

21— Varying U as before, we have from these conditions (writing p t 
for brevity, in place of rr) 



A being an arbitrary constant, 

“ H (2a > 
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by the boundary condition, when we integrate by parts. Since SU must 
vanish for every variation Sp in the range (a < r < b\ we deduce that 
in this range p must satisfy the condition 


whence we have 


and 



dp A_2B 

dr r r 3 

"“ v B 

rr — p — A log r + + C, 


(29) 


B and C being constants of integration. 


Making this expression satisfy the boundary condition (23), we have 
a unique form for rr and hence, by the first of (24), a unique form for 00. 
The complete solution is given by the expressions 


rr = 4k (^j-log ^ + a 2 log ? + 6 2 log £), 
and 

el = 4k(- ^log^ + a 2 log? + A*log £ + P - a 2 ), , 
where, from (27), 

M = kt [(** - a 2 ) 2 - 4a 2 6 2 (log £)*]. 


(30) 


These are known results.* 

* Cf. S. P. Timoshenko, “ Theory of Elasticity ”, § 23, where the solution is attri¬ 
buted to H. Golovin (’ Trans. Inst. Tech. St. Petersburg’, 1881). 
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On the Foundations of Dynamics 

By E. A. Milne, F.R.S. 

(.Received October 31, Revised December 5, 1935) 

Introduction 

1—Observations of red-shifts in the spectra of the extra-galactic 
nebulae are compatible with the view that the nebulae are receding from 
one another, and the theory incorporating this phenomenon makes it 
appear probable that the universe had a definite beginning about 2 x 10* 
years ago. There is thus a natural origin for the reckoning of time, and 
a definite epoch can be assigned to any given event. Further, at each 
point in space, at any given epoch, there is a characteristic velocity 
relative to any chosen observer, and this defines a standard of local rest. 
This absolute time and characteristic velocity may possibly be involved 
in the description of the fundamental laws of nature, for example the laws 
of dynamics and gravitation. It is the object of the present paper tenta¬ 
tively to examine what, if any, modifications in certain laws of nature 
are to be anticipated in this way. The guiding principle will be to retain 
the forms of Newtonian dynamics and gravitation as far as possible 
unchanged. 


Mach’s Principle 

2—It was held by Mach that the property of matter we call inertia is 
due to the presence of other matter in the universe. Mach’s view was that 
since (in addition to a temporal experience for the observer) we can 
describe the motion of a particle only by reference to other particles, 
these other particles are essential to the description of the motion and so 
to the possibility of observations which could disclose the possession of 
inertia. For example,* “ When we say that a body preserves unchanged 
its direction and velocity in space , our assertion is nothing more or less 
than an abbreviated reference to the entire universe.” Again!: “We 
see that even in the simplest case, in which we deal with the mutual action 
of only two masses, the neglecting of the rest of the world is impossible.” 
Lastly}: “In all the dynamical propositions that we have discussed, 

* Mach, “ The Science of Mechanics," English trans., 1893 (ed. 1919), p. 233. 

t Op. eft., p. 235. 

X Op. ciu P. 233. 
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velocity plays a prominent role. The reason of this, in our view, is that, 
accurately considered, every single body in the universe stands in some 
definite relation with every other body in the universe, that any one body, 
consequently also any several bodies, cannot be regarded as wholly 
isolated." 

Since the extra-galactic nebulae appear to be the units out of which the 
universe is built, it is convenient, in accordance with the usual custom, 
to adopt their nuclei as the fundamental particles with reference to which 
Mach’s principle requires the motion of any other particle to be described. 
But Newton’s First Law of Motion then requires reconsideration. For 
the modern theories of the distribution of matter in the universe, whether 
they contemplate a closed finite space or an open finite space or an infinitely 
extending, occupied space, lead to the result that it is impossible, in 
principle, to remove a given particle to an arbitrarily large distance from 
all attracting matter—in the process of getting further from any given 
set of nebulae we inevitably near others. As Newton’s First Law is 
best regarded as a definition of zero force, it is therefore convenient to 
replace it by the statement that a body is acted on by zero external force 
when its acceleration is simply that due to the general distribution of 
moving matter in the universe. When its acceleration is different from 
this, the difference from the “ cosmical ” acceleration will be in some 
way a measure of the external force applied.* 

From this point of view it is desirable to regard “ local ” gravitational 
phenomena (due to departures of the matter of the universe in detail 
from the assumed smoothed-out general distribution of matter) as the 
effects of “ external ’’ forces, i.e., influences in addition to those arising 
from the general distribution. This is in harmony with the Newtonian 
procedure, which first constructs the ideal dynamics of a particle in 
empty space and then regards gravitation as an external force of the 
kind already introduced. Whether the accelerations of free particles in 
the presence of the smoothed-out distribution are of the same characterf 
as those occurring in “ local ’’ gravitational situations we shall leave 
open for the present. 

3—It now becomes necessary to adopt some model for the smoothed- 
out distribution and some law expressing the acceleration of a free particle 
in die presence of this distribution. The model here adopted is the 
kinematic one investigated by the author elsewhere.}: As this is based 

• NwKkar, * Phil. Mag.,’ vol. 20, p. 1065 (1935). 

t McVHtk ,■* Z. Astrophys.,’ vol. 10, p. 382 (1935). 

t ’ Z. Astrophys.,’ vol. 6, p. 1 (1933); also “Relativity, Gravitation, andWorld- 
%octui$ M < W.S.’). 
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on special relativity kinematics, the modifications of dynamics suggested 
by it should be of the type of Einstein’s special relativity dynamics and 
should reduce to the latter in special cases. Further, the formula 
expressing the acceleration of any free particle in this model was derived 
without recourse to dynamics at all, so that no particular type of dynamics 
was pre-supposed. The properties of this system which we shall use 
will now be summarized. 

4—The smoothed-out distribution of matter representing the universe 
will be called the substratum . With each particle of the substratum is 
supposed to be associated an observer. An observer O associated with 
a particle O of the substratum adopts Euclidean space, of co-ordinates 
x, y, z with himself as origin, and Newtonian time t, measured from the 
natural zero of time. His assignments of epochs and distances to distant 
events are supposed carried out by means of light-signals, but they 
reduce in the present case to those of ordinary physics.* In terms of 
these co-ordinates, in O’s description, the substratum has a distribution 
of particle-density ndxdydz , where n, the number of particles per unit 
volume near (x, y, z) at epoch t in O’s experience is given by 

n “ c®(r* — PV)*’ 

P being the vector (x, y, z), B a constant of zero physical dimensions, and 
c the speed of light. The velocity V of any particle P of the system, at 
epoch t in O's reckoning, is given by 

V = P It. (2) 

Distribution laws (1) and (2) satisfy the condition of hydrodynamical 
continuity, and possess the property that they retain the same form when 
referred to any other observer O' who is a member of the system. AH 
particles or observers are thus equivalent, and the system may be con¬ 
sidered as arranged with spherical symmetry around each member of it, 
as viewed from that member. Each member of the system, according to 
(2), moves with uniform velocity relative to any observer O, but this 
property is a consequence of the symmetry properties of the system—it 
does not involve an appeal to Newton’s First Law. The system possesses 

* The distance-convention adopted is readily eliminated if desired, and all obeem- 
tional results expressed in terms of the temporal experience of the observer. (Cf. 
Whitrow, ‘ Quart. J. Math. (Oxford),’ vol. 6, p. 249 (1935).) It is particularly to be 
noted that each observer adopts a private three-dimensional space—it is not supposed 
that there is a common Euclidean space for all observers. 
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no preferential velocity-frame, the velocity distribution n‘ du do dw in 
O’s experience being given by 


B du dv dw 
c 8 (1 ~ W) a ‘ 


(3) 


In the presence of this substratum, an arbitrary free particle of any 
kind, moving through position P at epoch t with velocity V in O’s descrip¬ 
tion, undergoes an acceleration dVjdt given by 



rfV 

dt 

= 

(P~V/)Xg(5), 


X = 

f 2 

- F/C 2 , 

(«) 

Y = 

1 

- F/c 2 , 

(b) 

Z = 

t - 

i 

< 

> 

(c) 

Z 2 


(t - P • V/c 2 ) 2 ^ , 

id) 

XY 

(? 

- P 2 /c 2 ) (1 - V*/c*) * 


(4) 

(5) 


Here X, Z*/Y, and 5 are invariants for transformation from any O to 
any O', namely the Lorentz transformations corresponding to (2). The 
function G (5) was not determined by the arguments so far advanced. 

In addition to the substratum or simple kinematic system, statistical 
distributions were examined containing free particles in addition to the 
uniformly moving particles of the substratum. In these, the number 
n dx dy dz du dv dw of particles within an elementary domain dx...dw 
near (P, V) at t was shown to be of the form 



c 6 X»Y*’ 


( 6 ) 


where 4» (5) arbitrary. The acceleration of each individual particle of a 
given statistical system 4* (5) was shown to be of the form (4) with G (5) 
given by r 

0 «)=->-(r=W(?)' (7) 


C being an undetermined constant of zero dimensions. 

S—It follows from these results that for the simple kinematic system 
defined by (1) and (2) the function G (5) is given by* 

G(5) = -l. (8) 

* The possibility G (5) ~ — 1 has been considered independently by Lewis 
(‘PhiLMag.,’ vol. 20, p. 1092 (1935)) and Narlikar (‘ mil Mag.,’ voL 20, p. 1065 
(1935) ), but the above argument is new. 
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For if G (5) 36 —. 1, a function (0 can be calculated from (7) and this 
would define a statistical system. Hence unless G (£) EE — 1, the 
system would not be of hydrpdynamical character and therefore could 
not coincide with the system defined by (1) and (2). This argument is 
not wholly conclusive, as there are difficulties in reversing the arguments 
which lead* from (6) to (7), and accordingly we shall not immediately 
make use of the result G (£) = — 1. It will be shown later (§ 12, equation 
(16)) that G (S) = — 1 is the condition that a simple dynamics of 
Newton-Einstein type shall hold good. The weaker result G (1) = — 1 
was derived in various ways in ‘ W.S.,’ and is all that will be needed in 
the first instance. 

The integration of the trajectories defined by (4) as given in ‘ W.S.’, 
chap. 8, becomes indeterminate when G(S;) = — 1. The necessary 
modifications are given in Appendix II below. An alternative method of 
integration has been carried out by Lewis.f 

Formula (4) for the motion of-a free particle was derived without using 
dynamics. Its establishment depends simply on the equivalence of 
the members of the system defined by (1) and (2), and its form is unaltered 
for transformation from any O to any O'. 

6— To distinguish the given particles of the system (1) and (2) from an 
arbitrary additional free particle, the former will be called “ fundamental 
particles”. They represent the nuclei of the extra-galactic nebulae. 
Our ordinary experience is confined to the vicinity of a galaxy, and in the 
vicinity of a fundamental particle, i.e., for |P|/cr small, and for velocities 
|V| small compared with c we have X-wf*, Y~l, Z~t, 1; ~1. 
Accordingly for these approximations the dynamics of a free particle 
should reduce to Newtonian dynamics. 

Tentative Approach 

7— We now consider the motion of a constrained particle, i.e., a particle 
moving in some way different from the motion (4) of a free particle. Let 
the constrained particle be at P at epoch t and be moving with velocity 
V. Let its acceleration (referred to O) be dV[dt. Then the difference 

J-(P-V») |o«), 

is in some way a measure of the applied external force, and to a Newtonian 
degree of approximation, in the vicinity of the fundamental particle O, 

* * W.S.,’ §§ 209, 217. 
t ‘ Phil. Mag.* loc.cit. 
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should reduce to Tjm, where P is the Newtonian measure of force, m the 
Newtonian mass. Hence we ought to have 


F 

m 


dV 

Hit ~ 


P - Vt 

f* 


G(l). 


But G (1) = ~ 1. Hence 


_F 

m 


dV , P - Vt 
3F + —" 



(9) 


This has an immediate physical interpretation: V — P It is the velocity 
of the constrained particle relative to its immediate surroundings, for 
these surroundings possess the cosmic velocity P jt, and m (V — P/0 
may be called the “ relative momentum”. Thus (9) represents the 
external force as the rate of change of the relative momentum, to a 
Newtonian degree of approximation. Whilst the velocity V or momen¬ 
tum mV depend on the observer O chosen, the relative momentum 
m (V — P/0 is roughly independent of the observer chosen (for not too 
distant observers). External force is thus represented as a relation 
between the motion of a particle and the motion of its cosmical sur¬ 
roundings. 

The vector given by the right-hand side of (9) differs from the ordinary 
Newtonian expression dV jdt by the term — ~ (~^j. It is readily seen 


that in our ordinary experience this is a very small term. For P It is 
constant and d (P/t)jdt zero for a fundamental particle, and so small for 
a constrained particle undergoing impressed acceleration in the vicinity 
of a fundamental particle. For a particle momentarily at rest relative 
to the centre of our galaxy, the term is P //*; since our present epoch is 
t = 0 6 x HP 7 sec, the term is numerically of the order of 10~ u cm see - * 
for |P| of the order of 10* parsecs, the sun’s distance from the centre of 
our galaxy. Also, for the velocity of galactic rotation, 300 km sec -1 , 
V/t is of the order of 5 X 10“ 10 cm sec - *. 

If we now adopt (9) as a definition of force, the identity we have obtained 
may be written in the form 


dV 

Tt 


m 


+ *. 


( 10 ) 


where g is the cosmical acceleration appropriate to the circumstances of 
motion of the particle. Thus if (4) is held to replace Newton’s First 
Law of Motion, the Second Law is expressed by the identity (10). 
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Our tentative definition of force by means of (9) will only be useful if 
it can be related to energy and work. Further we have taken over the 
Newtonian conception of inertial mass unanalysed. To make further 
progress we need the Lorentz invariant form of the identity corresponding 
to (10); the terms in the identity will then have to be given dynamical 
meanings. 


The Identification of Mass 

8—We shall expect some scalar to occur in our identity corresponding 
to mass. It will be recognized as the factor converting velocity into a 
vector which can be identified dynamically as momentum, and it should 
reduce to a constant and to m(l — V^'c 2 ) * in the Newtonian and 
Einsteinian cases respectively. It should possess also certain other 
properties which it is as well to state beforehand:— 

(1) the scalar should remain constant for any one fundamental particle 
along its trajectory; 

(2) it should be such a function of the kinematic variables P, V, t, that 
it reduces to the same numerical value for all fundamental particles, 
i.e., for V — P//; 

(3) it should remain constant for any free particle along its trajectory, 
i.e., it should be an integral of (4); 

(4) gravitational mass should be represented by a scalar proportional 

to inertial mass; 

(5) if a free particle describing a free trajectory begins to be acted on 
by a constraint or other external force in some definite way for 
some definite interval of time and is then left to pursue some other 
free trajectory, the difference in values of the mass-scalar should 
be a measure of the work done on the particle by the external force; 

(6) the scalar should be a measure of the total energy of the particle, 
including its potential energy in the presence of the substratum 
if such can be given a meaning. 


The Fundamental Identity 

9—It is convenient first to exhibit the acceleration formula (4) in its 
invariant form. From (4) and (5b) we have for any free particle 

i Y ~* Y ~‘ I • y ~ X T,) Y o (0 - o «). (It) 
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Using (4) again we have at once 

JL fL ( fL\ = /p — y Q(%) (12) 

Y* dt V¥V \ Yi X ‘ 

Since 5, X, and Z/Y* are 4-scalars and (P, cf), (^, are 4-vectors for 

transformations from any O to any O', (12) is clearly invariant in form 
for such transformations. Equation (11) may be written in the form 


Y* dt \Y* 


[ml “ (" 


<• Z\Q(Q 
Y* Y*/ X ’ 


(12') 


which is the time-component corresponding to (12). It follows that the 
three scalar relations implied by (4) are equivalent to any three of the 
four scalar relations contained in (12) and (12'), and conversely the three 
scalar relations contained in (12) imply both (4) and (12'). The time- 
component corresponding to (4) is simply 

G(5) 

which holds identically. 


10—We now seek to add such a term to the right-hand side of (12) 
that it becomes an identity in the seven variables corresponding to P, V, t. 
The first generalization which suggests itself is 


J _£ /v\_ i dry 
Yi dt \YV Y* dt LY* 


pS + (p-v 


Z\G(Q 
y) X ’ 


for this would be Lorentz-invariant and would reduce to (9) near a 
fundamental observer; but it is readily found that no identity of this 
simple type can hold good. 


11—-The next suggestion is to attempt to find a 4-scalar M such that 

X* MII M Yil “ Yi U It [ M H ~ P t)] + ( P “ 7 1) ^ 

is an identity. Equating to zero the coefficients of V and P we find 

0(5)= 

1 UM _ Z 1 rf/Y*\ , Z G(5) 

WM W * “ It\T) + 
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Writing Y*/Z 

whence 


and using the identity dXfdt — 2Z, we have 


Z __ 
Y*Y* 


1 i na\ - 

Hdt\Z! ~ 


XY* + Y* 9 <* 


1 1 




With the value G (£) = — 1 1%, this would make M, though a 4-scalar, 
a function of P, V, t dependent on the path by which the state P, V, t 
was reached. We could not therefore usefully identify M as mass. 

12—We can, however, construct an identity of a slightly different kind 
as follows. First, we construct 4-vectors of interest by partial differentia¬ 
tion of 5, or rather, in the light of later results, of £;*. We have 

4,w)~5*i|-£) os 

V (14) 


The coefficients of on the right-hand side reduce near O to (P — Vf)/t* 
and V — P /t respectively. These suggest a possible form for the desired 
identity. Accordingly we now seek to determine if possible a 4-scalar 
M and a function G (£) such that the relation 


M 


w*[ M w]- H hi ,[ M (n -*?)] + (I - z)°M- < 15 > 


shall be an identity in the 7 scalar variables corresponding to P, V, and t. 
If this is possible, (15) by its form will be Lorentz-invariant for trans¬ 
formation from O to any O'. The last term in (15) is not identical with 
the last term in (12), though it reduces to this near O; the consequences 
of this will be seen later, § 18. 

Carrying out the time-differentiation and using dFjdt =* V, 
Y*/Z * we see that (15) reduces to a linear function of V and 

P in which the coefficients must be zero. This requires that : 

V; 1 + G(S) = 0, (1$) 


P; 


MY* dt - Y*Y *dt { * * • Y* 


ata. 


(17) 


Relation (16) is the same as (8) above. Using (16) in (17) and using 
dXjdt = 2Z, we find that (17) reduces to 


1 dM 


di* 
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Hence 


M - m#. 


(18) 


where m is a constant of integration.* 

We have now established the Lorentz-invariant vector-identity 


1 l d 
m$Y*dt 


mV 


Yi 


.] 


_1_ d 
Y* dt 


H5-'¥)]-(I-S- <”> 


The form of this implies the existence of the scalar identity 

readily verified independently. 


1 1 d 

mV Y* dt 


_L 1 £ 

mV Yi dt 




Mass, Momentum, and Force 

13—We proceed to give dynamical interpretations to the terms in 
identity (19). We write as definitions of symbols M, £2, E, p, F a the relations 

M = mV, £2 = c*V, E - mc*V, (20) 

P = ^J = Mj (21) 

P *“?iJt[ M (5“ P ?)]' (22) 


We shall call M the inertial mass or more simply the mass of the particle, 
p its linear momentum, F 0 the apparent external force acting on it. This 
is simply to have convenient names for the symbols—we do not yet 
assume any dynamical connotations. The phrase “ gradient of” will 
denote Y“* dfdt or djds ; “ rate of change”, similarly, djdt ; and “ space- 
gradient of”, the operation 3/3P. 


14— The Equation of Motion —Identity (19) can now be written, using 
(13), 


1 dp 
Y* li 


= F a 




This has the form of the equation of motion of a particle of mass m moving 
•in a field of potential £2 per unit mass under an additional external force 
F«. It is considered further below (§ 19). 

* Without loss of generality we may take m to be positive. The significant sign is 
not that of m but that of the ratio of gravitational to inertial man, considered later. 



15— Mass —The way is which M or ml* occurs in identity (19) and 
definition (21) suggests that ml* is to be identified as inertial mass. It 
has the following properties. 

It is an in variant scalar function of the variables P, V, / describing the- 
position and velocity of the particle and the epoch, all with reference to a 
chosen observer. It thus takes the same numerical value whatever 
fundamental observer is chosen, and its value is never less than m. The 
following particular choices of observer are of interest 

If we take the observer O to be at P itself, then P = 0, and V is the 
velocity of the particle relative to its immediate surroundings; the mass, 
is then given by 

Mp-o — m m T , 0 = • • (24)* 

Thus our expression for inertial mass reduces to Einstein’s formula for 
mass in this case. It therefore reduces approximately to Einstein’s 
expression whenever the particle observed is near the fundamental 
observer observing it, i.e., in our ordinary experience. 

If we take the observer O to be at that fundamental particle which has. 
at epoch t the same velocity as the given particle P, then V = 0, and the 
mass is given by 

Mr- - » • <25) ' 

where P is the position vector of the particle with reference to that funda* 
mental observer who regards it as at rest. This fundamental observer 
is the centre of symmetry of the substratum to P, and hence if P j* 0, P 
regards himself as eccentric. In this case P might expect to regard 
himself as possessing potential energy in the substratum, and we shall 
show later that (23) may be regarded as 1/c* times this potential energy. 

Thirdly, suppose that P is itself a fundamental particle following its. 
natural motion V = P/f. Then the mass of P is given by 

M^ Tlt ~m{l*]^ rit = m. (26> 

Thus the mass of a fundamental particle remains constant in time along, 
its path. Further, since all fundamental particles are equivalent, we 
must assign the same value, say m —■ m t , to the integration constant m 
for all such particles, and hence the inertial mass M of all fundamental 
particles is the same, namely m 9 . 

Lastly, consider the variation along its trajectory of the mass of a free- 
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particle which is not a fundamental particle. By use of (4) it is easily 
shown* that for any free particle 


and so, by (16), 


or 


Y* dt 


4 G (5)3, 


d# 

dt 


- 0 , 


S 4 const. 


(27) 


Accordingly, along the trajectory of any free particle, 

M — const. (28) 


Thus the inertial mass of a free particle remains constant in time. A free 
particle is one which is not being acted on by external force, and thus we 
may say that as long as a particle is not interfered with, its mass remains 
constant in time and is numerically the same for all fundamental observers. 
Einstein’s measure of mass depends, of course, on the observer chosen, 
and in general varies during the motion of a free particle. The expression 
here adopted for mass, on the other hand, allows the measure of inertial 
mass to be reconciled with the Newtonian notion of the “ quantity of 
matter ” in a body. 

16— Momentum —The vector p is built up out of the inertial mass M 
and the space-part V/Y 4 of the 4-vector representing velocity in the same 
way as momentum is built up out of mass and velocity in the Newton- 
Einstein mechanics. Moreover p reduces to Einstein’s expression for 
momentum for a fundamental particle, since 


Pp~vt ; " ( j ( , 2 )i • (79) 

(But here the denominator arises from the velocity-factor in p, not from 
the mass-factor.) For P = 0, however, p reduces to mV (1 — V 8 /^ 2 ), 
which differs from Einstein’s expression for momentum. But whatever 
the acceleration of a constrained particle, in the space- and velocity- 
neighbourhood of a fundamental particle the rate of change of momentum 
reduces to Einstein’s expression for rate of change of momentum. 

For, for any particle, free or constrained, we have 



\ _ V*_P 
c 5 c 2 


dV 

dt 


t 




r 2 


P.V 

c 2 


4 


V dV~] 
c 2 ’ dt I 



• See ‘ W.S.,’ p. 143, equation (7'). 
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and so, whatever the value of dV jdt we have identically 


Hence 


Ydm 
L dt J*-vf 


= 0 . 


rrfp] _ d mV 
Lrf/Jp-w” dt(l - V*/c*)J' 


( 30 ) 


To complete the description of the momentum of a particle we must 
specify the time-component corresponding to (21) as space-part. If we 
call it n we have 


7i = mV 


c 

Y* 



(31) 


and the absolute magnitude ® of the 4-vector (p, n) is 

® = |(P* - 7r®)*| - mcV = E/c. (32) 

We shall later identify E with the energy of the particle, so that (32) is 
analogous to the well-known result for photons. We see that the 
absolute magnitude of the momentum of a free particle remains constant 
along its trajectory. But the momentum itself, (p, 7t) does not remain 
constant save for fundamental particles. 

17 —Relative Momentum and Apparent External Force —Of more 
significance than the momentum is the relative momentum which we shall 
call p r . We define this as the difference between the momentum p 
and the value which p would have for a particle of the same rest-mass m 
moving with the immediate surroundings. Thus 


p r — p _ [p] v „ P/e 




( 33 ) 


This vector has already occurred in the fundamental identity (19). 
(14) we have 


P,= Y* 


3E 
dV* 


and by (22), 



By 

(34) 

(35) 


Relation (34) shows that the relative momentum is the generalized 
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partial derivative of the energy with respect to velocity, as in Hamiltonian 
dynamics, and (35) expresses the apparent external force as the gradient 
of the relative momentum. It now appears that (23), (34), and (35) are 
the desired generalizations of the Newtonian approximation (10). 

The relative momentum p r has, associated with it, a time component 
n r , given by 

n r = m? (£-«¥'). (33') 

This is negligibly small near a fundamental observer, i.e., in ordinary 
experience. The absolute value @ r of the 4-vector (p r , it r ) is given by 

© r * = p f 2 - it* = m 2 c 2 (5 - 1 ) =» ?* “ mV 1 , (36) 

(r 


as follows on substituting from (33) and (33') and using the definitions 
of X, Y, Z, 5. Relation (36) is formally the same as the well-known 
relation between energy and momentum in relativistic mechanics. 

Near a fundamental particle p r reduces to m (V — P jt) approximately 
and is thus the product of mass and velocity relative to surroundings. 
It is convenient to define as the generalized relative velocity the vector v r 


given by 



(37) 


Associated with this is a time-component u r defined by 


JL_„X! = 5 :. 

yi z m 


Similarly, associated with the apparent external force is a time-component 
<f> a defined by 

< 35 '> 


u, and <f> a are negligibly small near O, i.e., in ordinary experience. 

It is clear from the equation of motion and from (34), (35), and (36) 
that it is relative momentum p r which is the true analogue of Newtonian 
momentum. Relative momentum, as it were, is what has been seized 
on in experience and isolated under the term momentum. 

For a free particle, 5* is constant, and so 
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or using (12) 


1 dp r 
Yi dt 


[- (P _ V |) Jj -1 - ^ ^ ( X i s o] 


F_d 
Y idt 




1 ). 


( 38 ) 


Since 'c, ~ 1 near a fundamental particle here p r is approximately con¬ 
stant. Since p r is the representative of Newtonian momentum, we see 
the origin of Newton’s First Law, namely, that Newtonian momentum is 
constant for a free particle. 

18— True External Force —Since £1 is constant for a free particle, 
equation (12) may be written 


1 1 d 

Y* dt 



(P — V —) — 

\ Y/X* 


(39) 


whilst identity (19) may be written 


J_±d_ 
Y* dt 




(P_v|)^ + y(|-i). <40) 


Comparison of the two shows that for a free particle we must have 


F„ , V i _ 0 
Yi X* 


(41) 


Hence the apparent external force does not vanish for a free particle, 
though in ordinary experience (£ ~ 1) it is very small. It is therefore 
convenient to define the true external force P by the relation 

* = («) 

and its associated time-component by 


+.-*f 5 sr i - <«'> 

The difference between the true and the apparent external force vanishes 
for any particle, whatever its acceleration, if it possesses the momentary 
motion of a fundamental particle; and it is always small in ordinary 
experience (£ ~ 1). The true external force vanishes for any free 
particle. 
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19 —Gravitational Mass —The equation of motion (23) can now 
written in the form 


1 fp p 

Y* dt 


M (P — ~) 1 


Y/X 


be 


= F + Mg, 


(43) 


where g is the generalized acceleration of a free particle according to (12). 
We shall show later that the cosmical acceleration of a free particle is of 
the nature of gravitation—may be described in fact as the gravitational 
effect of the substratum. Hence (43) shows that the inertial mass M is 
also the gravitational mass. 

But (23) is equally valid. Hence we can either use true external force 
F and a gravitational mass equal to inertial mass M, or use apparent 
external force F a and a gravitational mass m combined with an apparent 
potential (2. (The space-gradient — dLl/dP reduces to the actual cosmical 
acceleration near O, but in general does not reproduce the cosmical 
acceleration.) The two modes of description are indistinguishable in 
ordinary experience. 


20—It is of interest to verify that F = 0 does in fact imply* the equation 
of motion of a free particle. By (42), F = 0 implies 


which reduces to 


1 & I J_ JL 

V dt Y ^ Y* 


± (V \... _ (p _ v Z\ 1 

dim) V V Y/X‘ 


Multiplying (44) scalarly by V, we find 

J_ dlH — Y , 1 /V dV \ _/ Z\ 1 

5* dt Y + Y 2 U* ‘ dt ) \ Y/ X ' 


(44) 

(45) 


But (44) implies the scalar relation, (equivalent to <f> — 0), 


l d& c , 1 d ( c\_ 
W dt Y + Y4 It m) 



which reduces to 


1 dVl , 1 /V dV\ __( t Z\\ 

Si’3FY + Y 5 l?-lF7~ YYJX’ 


(46) 


* This is sot obvious, for in writing down (39) we have multiplied by underneath 
the operator d\dt. 



38 E. A. Milne 

Relations (45) and (46) give dZ* jdt — 0, whence (44) gives the equation 
of motion of a free particle. 

21—Since g vanishes for V = P [t, it follows from (43) and (30) that 
the Newton-Einstein equation 

1 £ [ ' mV I = P (4 7) 

Y* dt L (1 - T/c 2 )^ ' * 

holds good for any particle moving momentarily with the velocity of 
the fundamental particle in its neighbourhood, whatever its acceleration. 
Thus classical mechanics holds good in the space- and velocity-vicinity 
of any nebular nucleus. 


Work and Energy 


22—Consider a particle describing some free trajectory. At some 
definite instant let an external force begin to act on it, and let it continue 
to act (not necessarily remaining constant) till some later definite instant, 
after which it ceases. The particle then resumes some other free trajectory. 
We wish to attach a measure to the work performed by the external force 
in this process. Following classical ideas, we shall try to calculate this 
work from the force and the relative motion of the particle and its 
surroundings. The simplest measure of this relative motion is the 
generalized relative velocity v r . As we wish the work performed to 
be a 4-scalar independent of observer O chosen, we now define the 
gradient of the work performed along the constrained path, Y * dV//dt, 
as the 4-scalar product of the 4-vectors representing external force and 
generalized relative velocity. To begin with, we shall use apparent 
external force. Thus 


±dW 
Y* dt 


F«. v r 


^«u f . 


(We are not assuming W to be a definite function of the kinematic 
variables; it is merely a function of position along the particular con¬ 
strained path in question.) 

From the definitions of (F a , <f> a ) and (v f , u f ) we have 
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Let x be the absolute magnitude of the generalized relative velocity, so 
that 


V _ p Y*\» 
Y* Z 


This reduces to 


Hence 


X 2 - c ! 


(v. - 


= ^ (mc 2 V). 
at 

Hence the work W performed by the apparent external force is given by 

W = [mc 2 l i] - [E], (48) 


taken between the initial and final point-events of the constrained path. 
But 5* is constant along a free trajectory. Hence the work externally 
performed in shifting a particle from one free trajectory to another is 
independent of the initial and final point-events chosen and of the path 
ioining them, but depends only on the 5-values for the two trajectories. 
Also me Z 5 1 is a function of the circumstances of motion of the particle, 
not of its past history. From these properties we identify E or mc 2 l* as 
the energy of the particle. 


23—The difference (P — F 0 , <f> — 4> a ) performs no work in any motion. 
For the rate of performance of work by this force is, by (42) and (42'), 


ml- 1 
Yi”XT 



which vanishes identically. Hence the work performed in any process by 
the true external force is equal to that performed by the apparent external 
force, and so equal to [E]. 

24—Instead of using the kinematic variables in calculating the work, 
we may use dynamical variables. Thus by (35) and (37) 

1 1 djL p, I dn r n. 

"i 1 d it o\ 
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or, by (36), 


By relations (20), 


M<ftLc* 

E dE 
Me* dt' 

E = Me* = mQ. 


Thus (49) reduces to dW jdt — dEldt, and the identification of E with 
energy follows as before. 

25—When the origin O is taken at the particle itself, P = 0 and we 
have 

Ep=° — (i _ ya 

When the particle has the velocity of a fundamental particle, V = P It 
and we have 

Ey-p/j — me 2 . (52) 

These are Einstein’s results. Our analysis gives a definite meaning to 
“ rest-mass ” m and “ rest-energy ” me 1 as the mass and energy of a 
particle moving with the cosmical velocity, i.e., at “ local rest ”. 

For a particle in general, when O is so chosen that V — 0, we have 

r=vm- <53) 

This we interpret as the potential energy of the particle in the substratum; 
it is the energy associated with an eccentric particle at rest relative to an 
observer O and hence devoid of kinetic energy in O’s description. It 
follows from (50) that Einstein’s formula E = Me* continues to hold 
good when potential energy is taken into account 
To examine intermediate cases, when neither P — 0 nor V — 0 nor 
V — P/7, we write the energy in the form 


But we have identically 


Z* - XY = I [<? - Vr)» — I (P A V)*]. 
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Hence* 


me 2 


fi (P - V/) 2 - c 1 (P A V)- f 

L c~z~ I 

neglecting the small term c ~ (P a V) 2 we have near O, when Z ~ f. 


(56) 


E ~ me 2 + (V — '—j . 


(57) 


Thus near O the energy E exceeds me 2 by a “ kinetic-energy ” term calcu¬ 
lated from the velocity V — P jt of the particle relative to its surroundings. 
When P = 0, the energy is counted as wholly kinetic, and when V — 0 as 
wholly potential; but in intermediate cases the energy cannot be resolved 
into the sum of two separate terms which could be called kinetic and 
potential energies. Thus kinetic and potential energy are not additive. 
By suitable choice of observer the energy may be regarded as wholly 
potential (particle eccentric and at rest) or wholly kinetic (particle central 
but moving) or as a mixture of the two, but its numerical value remains 
the same whatever observer is chosen. The value given to E according 
to Einstein’s formula for the energy depends on the other hand on the 
value assigned to V, i.e., on the observer chosen. 

26—Since 5* is constant along the trajectory of a free particle, so is 
the energy E. It follows that the “ field ” of the substratum possesses a 
property which is a generalization of that of being a conservative field 
of force. Let (P,, V 1( f x ) be any velocity-event along the path of a free 
particle, (P 2 , V 2 , /*) any later velocity-event along the same path. Then if 
the particle is acted on by constraints of any kind which bring it by any 
path from the circumstances (P lt V 1( ti) to the circumstances (P a , V 2 , <a)» 
the work done by the constraining forces along the constrained path is 
zero. For the corresponding values 5i 4 , 5* 1 are equal. In particular, 
any “ circuit ” from rest at a given fundamental particle to rest at a later 
instant at the same fundamental particlef is described with zero work. 
This result takes full account of the “ expansion ” of the substratum which 
is continually going on, and the resulting changes in the field of cosmical 
acceleration. 


* The denominator in E is analogous to the denominators occurring in Bom's 
generalizations of Maxwell’s electromagnetic theory, * Proc. Roy. Soc.,’ A, vol. 147, 
p. 522 (1934), e.g., equation (2.4). 
t Or at any other fundamental particle. 
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Gravitational Potential. Poisson’s Equation for the 
Substratum 


27—The invariant & has appeared in four different roles:—(1) As an 
integral of the equations of motion of a free particle; (2) as inertial mass; 
(3) as gravitational mass; (4) as energy. We have seen also that near the 
observer the negative space-gradient of measures the cosmical accelera¬ 
tion. We now show that £2 or c 2 £ J behaves as a “ kinetic potential ” per 
unit mass. We already know that when the observer O is chosen so that 
V 0, £2 is the energy (here potential energy) per unit mass. It will be 
shown that what we have hitherto called “ cosmical ” accelerations are 
essentially gravitational in character and that £2 is a generalization of the 
notion of gravitational potential. 

Let us calculate the Laplacian of £2, V 2 £2. We have 


whence 


^£2 __ £j / Jf 

ax 4 lx 


i£\ 

Z>' 


d£2 _ Ki (ct _ c\ 

cdt X zr 


a 2 £2 tf/x u f , jrj /1 , 2(x*/c 2 ) 

ax 2 ~ ? lx z- + " lx ^ x 2 

u 2 jc 2 \ 

Z 2 /’ 

(58) 

c 2 dt* 4 lx z/ ^ 4 1 x T x 2 

-h)- 

(58') 

Hence the d’Alembertian of £2 is given by 



□* £2 — V 2 £2 — i — — — 

u “ v “ c 2 dfi x • 


(59) 


Near the observer we have X ~ I 2 , Z ~ t, and hence by (58'), near O 


Hence near O, where 5 


1, 


m 

c 2 dt 2 


o. 


V*£2~3/t*. 


(60) 


We compare (60) with Poisson’s equation for the substratum. By (1), 
the mass-density p 0 of the substratum near O at time t is given by 


Po 



(61)* 


* Since the scope of the present paper is restricted to the dynamics of a single 
particle in the presence of the substratum, it is not possible here to compare masses of 
different particles, but (63) shows that the determination of y does not require the 
separation of m* and B. 



On the Foundations of Dynamics 

Hence we can write (60) in the form 

V 2 f2 ~ 4rcyp 0 

provided y is taken to be the number given by 

V = l =, & 

(4tt/ 3) p 0 t 2 (471/3) m 0 B * 
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(62) 


(63) 


It follows that, near O, Q plays the part of a gravitational potential 
satisfying Poisson’s equation in the substratum provided y as given by 
(63) can be identified with the Newtonian “ constant of gravitation 

28—By (63), y is an essentially positive number. This is in agreement 
with empirical Newtonian theory; for in the latter, where — y mjr is the 
potential energy of unit mass distant r from m, Poisson’s equation has the 
form V 2 V = + 47typ, V being the potential energy of unit mass and 
— d\jdr the acceleration. 

On the other hand according to (63) y is not a constant but is pro¬ 
portional to the time t. To see the meaning of this, consider the first of 
(63). This states that y is determined by the matter and motion actually 
present in the substratum, i.e., by the mean matter and motion in the 
universe. For p 0 is the mean density near ourselves, and t, the reciprocal 
of Hubble’s ratio |V|/|P| for external galaxies, is simply a measure of 
the scale of motion in the universe at large. 

Now it has been the conjecture of many thinkers that the value of y is 
determined by the total amount of matter in the universe. On our basis 
of argument, the total amount of matter in the universe is infinite, as 
follows by integrating (1) over the sphere |P| < ct. The idea is, how¬ 
ever, readily given precise form by examining the second of (63). If we 
construct a fictitious homogeneous universe by filling a sphere of radius 
ct with matter of density equal to the actual density near ourselves at 
time t, the total mass M x of the fictitious homogeneous universe is given 
by 

Ml=I T (c,) '^ = T m ° 0 , (64) 

and so is an absolute constant.* The second of (63) may then be written 

y - AlM v (65)f 

* This constant is assigned as the actual mass of the universe in certain cosmologies. 
See * W.S.,’ p. 292, 8 414. 

t Established by a different method in * W.S.,' p. 103. 
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To the notion that y depends on the total amount of matter in the universe 
our analysis has simply added the notion that y depends also on the 
amount of motion in the universe. The relationship is expressed by (65). 
The result is to make y proportional to t, i.e., y should be increasing at 
the rate of 1 part in 2 x 10° per year. 

29— The numerical value of y given by the first of (63), taking for p 0 
the present mean density near ourselves, agrees as far as can be said at 
present with the value of y given by terrestrial experiments namely 
6 6 x 10 8 . The evaluation of y from the data is given in Appendix I, 
where the uncertainty in the value of p 0 is discussed. Of course we have 
given no reason why local gravitation and cosmical gravitation should 
give the same value for y, but further investigations based on (7), not 
here given, suggest that the cosmical gravitation here examined obeys an 
inverse square law. 

30— Since il satisfies Poisson’s equation for the substratum, near the 
observer, with the right value of y, since — dil/dP gives the acceleration 
near the observer due to the substratum and plays this part everywhere 
when the apparent force F 0 is used in the equation of motion, and since 
(mU) T „i, is the potential energy of a particle of rest-mass m, we now 
identify Li or as the equivalent of a gravitational potential for the 
substratum. As ti is a function of P, V, and t it is appropriate to call it a 
kinetic potential We can of course always put V — 0, by appropriate 
choice of observer, before or after space-differentiation, momentarily. 
In general 12 satisfies not Poisson’s equation but an invariant d’Alem- 
bertian equation, namely (59). That y is positive is an alternative way of 
stating that the ratio of gravitational to inertial mass is positive, a result 
assumed empirically in Newtonian theory and in general relativity. 

31— We have now extended Einstein’s result as to the equivalence of 
mass and energy so as to include the gravitational potential energy of a 
particle in the presence of the substratum. We pass freely from a 
description of energy as kinetic to a description of energy as gravitational 
and potential simply by changing the observer, without altering the 
numerical value assigned to the energy. Whether “ local ” gravitational 
energy can be treated similarly remains for future investigation. 

In the meantime the dynamics to which we have been led permits a 
dynamical interpretation of the motion-features of the universe on the 
large scale.* For example, the energy of a galaxy per unit rest-mass is 

* In this summary, we are referring to the substratum, and “ local ” gravitational 
phenomena due to the aggregation of the matter of the universe into discrete galaxies 
are disregarded. 
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the same for all galaxies, whatever the observer. The swiftly moving, 
distant galaxies are not to be regarded as endowed with a large store of 
kinetic energy in spite of their high velocities. Since the m inimum value 
of 5 s is unity and since this value is assumed for cosmical rest, (V — P/f), 
the nebular nuclei possess the minimum energy per unit rest-mass, and 
we may say that the bulk of the matter of the universe is found con¬ 
centrated in circumstances (places and velocities) of minimum energy. 
Energy must be given to any particle to endow it with any motion other 
than that corresponding to cosmical rest and this energy remains constant 
during free flight, it follows that such a particle cannot of itself come 
back to “ rest ” at any nebular nucleus, and that a particle projected from 
the vicinity of any given nebular nucleus so as to pass through some other 
given nucleus must arrive at the second with non-zero velocity. Although 
each nebula is to be considered as in the gravitational field of the remainder, 
this field can be ignored for an observer situated at the nucleus of the 
nebula in question, where the laws of motion hold good in their classical 
form. The work done along any constrained path from rest at any one 
nucleus to rest at any other nucleus is zero. The “ field ” of the totality 
of galaxies, smoothed out, can be described by a kinetic potential 
analogous to, but a generalization of, that of a conservative field of 
force. The significant quantities are not velocity and momentum 
relative to an arbitrary observer, but the Lorentz generalization of velocity 
and momentum relative to a particle’s immediate surroundings. 

Summary 

32—The object of the paper is to examine what modifications in the 
classical laws of dynamics are suggested by the observed existence of a 
natural origin of time and a natural standard of local rest in the phenome¬ 
non of the recession of the galaxies, and by the consequential existence 
of a cosmical acceleration for any free particle of given circumstances of 
motion. Newton’s First Law may be replaced by a statement of the 
latter acceleration, and the Second Law by a definition of external force 
in terms of the difference between the observed acceleration of the con ¬ 
strained particle and the cosmical acceleration appropriate to its circum¬ 
stances of motion. Using a simple kinematic model for the smoothed- 
out universe or “ substratum,” it is shown that to a Newtonian degree of 
approximation external force is equal to the rate of change of the momen¬ 
tum of a particle relative to its immediate cosmical surroundings. By 
means of a kinematic identity, the Lorentz generalization of this is 
determined. The inertial mass of M a particle is shown to be of the 
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form M — mfy, the energy E of the form E == Me* — me *5* and the 
kinetic potential Q of the system of the substratum of the form ii — c*i;*, 

where _ 

t — P. V/c 2 

(/* - F/c 8 )* (1 - F/c 8 )*’ 




t being the epoch reckoned from the natural zero of time, and P, V the 
position and velocity of the particle concerned, all reckoned by an 
observer situated on an arbitrary galactic nucleus; 5* is an invariant 
taking the same numerical value for all fundamental observers. Near a 
fundamental observer, the energy E is approximately 

E ~ me* + (V - P//) 2 , 

V — P It being the velocity measured with reference to the local standard of 
rest. For local rest (V = P/7), E reduces to me 2 ; for the fundamental 
observer near the particle concerned, P — 0 and E and M reduce to 
Einstein’s expressions. For the observer who reckons V as zero, the 
energy reduces to a function of P and t which may be regarded as the 
potential energy of the (now stationary) particle in the field of the sub¬ 
stratum. But kinetic and potential energy are not additive. The energy 
of a particle may be regarded as wholly ki netic or wholly potential accord¬ 
ing to the observer selected. The increment of E measures the external 
work performed along any constrained path, and E is constant for a free 
particle. With these definitions, the Hamiltonian relations between 
energy and momentum are the same as in classical mechanics, but force, 
relative momentum, and relative velocity require to be specified by 4- 
vectors whose time-components, in ordinary experience (i.e., near a 
fundamental observer) are negligibly small. The external work performed 
along a constrained path from any fundamental particle (nebular nucleus) 
to any other is zero, and the field of the substratum possesses a property 
which is a generalization of that of being a conservative field of force. 
The cosmical acceleration of a free particle is shown to be gravitational 
in character, the potential 12 obeys Poisson’s equation for the sub¬ 
stratum near any fundamental observer, and the value of y» the constant 
of gravitation, can be calculated in terms of the matter and motion in the 
universe. But its value should change secularly directly as the epoch t. 
Within the limited domain of phenomena here considered, namely the 
dynamics of a single particle in the presence of the substratum, gravita¬ 
tional energy can thus be included in Einstein’s relation E — Me*. 

It is a pleasure to express my indebtedness to Professor R. H. Fowler, 
who kindly criticized an earlier draft of the paper and made certain 
suggestions; and also to a referee. 
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Appendix I—The Numerical Evaluation of y 

33—We wish to calculate y from (63), § 27. It is necessary to know 
t and p 0 . Hubble’s value for the ratio of distance to velocity for the 
extra-galactic nebulae, namely 10 8 parsecs approximately per 500 km 
sec* 1 gives as is well known 



10" x 3 x 10 ,f! 
500 x 10 5 


— 0-6 x 10 17 sec. 


The present value of p 0 , the mean density of the substratum near our¬ 
selves, may be estimated by spreading the contents of our galaxy through 
a cube of side equal to the distance of our nearest extra-galactic neighbours, 
say lO” L.Y. or 10 24 cm. The mass of the contents of our galaxy within 
the sun’s distance (10 4 parsecs) from the centre has been estimated recently 
by J. S. Plaskett* as 1 -65 x 10 11 O from galactic rotation. The galaxy 
itself, according to the same authority and others, extends to at least 
1-5 x 10 4 parsecs from the centre. The estimate 1-65 x 10 11 O is a 
somewhat rough one owing to the uncertainty in the scale of distances 
and in the assumed application of Kepler’s Third Law over such huge 
distances. Alternative procedure is to count the stars and make an 
allowance for obscuring matter. Seares and van Rhijnj estimated a 
galactic population of 0-3 x 10 11 © by star-counts, and Plaskett esti¬ 
mated 1 x 10 n O for obscuring matter following Pannekoek. Stebbins 
and Huffier J have, however, drawn attention to the probability of more 
obscuring matter in space in the region of the galactic centre (in addition 
to the usually admitted plane slab along the galactic diametral plane), and 
this would increase the mass both directly and because it would increase 
the allowance for obscured stars. Plaskett’s estimate of 1 -65 x 10 11 G 
is therefore more likely to be an under-estimate than an over-estimate. 
If we were to increase it in the ratio (1 *5/l) 3 to allow for the extension of 
the galaxy to 1 - 5 x 10 4 parsecs radius, we should get about 5-5 x 10 u G. 
Since there is probably a considerable amount of central condensation of 
matter, this procedure would exaggerate the importance of the outlying 
mass. On the other hand we have to allow for the outlying portions 
of the diametral obscuring layer (which from the analogy of some external 
nebulae may be extensive), and for the diffuse matter, stray stars, etc., 
in the inter-galactic spaces between our nebula and its neighbours. It 

* ‘ Mon. Not. R. Astr. Soc.,* vol. 94, p. 709 (1934); “ Halley Lecture ” (Oxford), 
1935. 

t ‘ Astrophys. J.,’ vol. 62, p. 372 (1925); * Mt. Wilson Contribs.,’ No. 301, p. 434. 

t ‘ Proc. Nat. Acad. Sci„ Wash.,* vol. 19, p. 600, (1933). 
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is clear that there is great uncertainty in even the first significant figure 
of the mass to be assigned to the whole of our galaxy, but it seems reason¬ 
able to multiply Plaskett’s estimate by a factor of 3 and adopt 5 x 10 11 © 
as the mass of our galaxy. To convert this to grams we multiply by the 
sun’s mass,’ 1 ' 2 x 10 33 gm. Distributing this in a cube of side 10 8 * cm 
we havef 


Po 


5 x 10 11 x 2 x 10 83 
(10 24 ) 3 


10' 27 gm cm -3 . 


The numerical value of y given by (63) is then 


1 

(4tc/ 3) p„f 2 


3 1 

An’ 10 27 X (0-6 x 10 17 ) 2 


6-6 x 10 8 cm 8 gm -1 sec 2 . 


34—The precise agreement of this estimate with the terrestrially deter¬ 
mined value 6 -66 x 10 8 is of course an accident. But the agreement as 
to order of magnitude is clear. We have thus in effect predicted the order 
of magnitude of the constant of gravitation from the observed matter 
and motion in the universe.+ 


Appendix II—Free Trajectories in the Substratum 
35—We propose here to integrate the equations of motion 

f - V, (P " v ° (66) ’ (67) 

for a free particle in the presence of the substratum G(E) == — 1. 

As shown elsewhere,§ these possess the integrals 

P - V/ - 10, (68) 

P A V = dO, (69) 

* The determination of the sun’s mass in grams requires, of course, a terrestrially 
determined value of y, and the object of our calculation is to determine y. But (63) 
is independent of Newtonian theory, and the identification of the y determined by 
(63) with the y determined terrestrially will suffice to show that our cosmical accelera¬ 
tions are gravitational in character. 

t The mean density of the universe is often given as 10 30 gm cm' 8 . We are here 
interested, however, in the mean density near ourselves (for comparison with terres¬ 
trially determined y), whilst these smaller estimates for the mean density in space are 
based on the supposed smaller size of the external galaxies as compared with our 
own. The whole present tendency is to increase the estimates of the linear dimensions 
of other galaxies and to make them comparable with our own. 
t Professor H. H. Plaskett has kindly assisted me in this section 
S 4 W.S.; p. 146. 
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and f, 1 are vector constants subject to 

f. 1 = 0, f 2 - l 2 = c 2 , (71) 

but otherwise arbitrary. These are equivalent to four independent 
integrals. A fifth is the integral 


5* = const. 

36—Solving (68) and (69) we find 

V = c ! -A- f + Xf, 

r = c l -^t + w+ o)t 


(72) 


(73) 

(74) 


where X is some function of position along the trajectory not determined 
by (68) and (69). Introducing (73) and (74) in (67) we find 


But 


dX 

dt 


•x 

dX* 

dt 


a - i) j 


Y* 


= Y* 5*. 


Hence 

But from (73), 

Y = 

where 


I dx 

Y dXl 




p0 - A 2 ), 


(75) 

(76) 

(77) 


From (75), (76), and (77) we have the integrable relation 

dA _/, 1 \4 dXi 

i - a* y l) xi ’ 

yielding 

j ■■ = DX“' (1 “ t ' ,)4 . (78) 

This is the sixth integral, D being arbitrary. By substituting for V and 


VOL. cuv.— k. 


E 
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P from (73) and (74) in the expression for Z we find t explicitly in the 
form 

+ <79) 

The variables P, V, t are thus determined explicitly as functions of the 
parameter A (or alternatively X) and the six constants of integration 
comprised in 1,1, £, D. 

37—To obtain a physical picture of the trajectories, write 

f=/i, 1 - (P - c*)i k, (80) 

where i, k are unit perpendicular vectors: i is arbitrary in direction, and 
k lies in an arbitrary azimuth. Defining j by j — k A i, equation (73) 
becomes 

V - c*) l j + j Ai. (81) 


As we trace the trajectory backwards to t — 0, we have X 0 since 
0 < X < t 2 . Hence by (78), A + 1. Then if V 0 is the value of V at 
t ~ 0, we have from (81) 




(82) 

whence* 

|V„| - c. 

(83) 

Now put 

cos a = V„ . i [c — cjf. 

(84) 

then 



V = V 0 — c (1 - A) cos a i 

(85) 


P = V/ + cX*(5- 1)* (1 - A 2 )i i 

(86) 


X‘ 

cos a (1 — A*)* 

(87) 


It is now convenient to adopt V 0 as an arbitrary vector of modulus c, 
the remaining four constants of integration being contained in i, £, and 
D. Write 

= cosh c, (l - 1)‘ - sinh S, (88) 

A = tanh a, (89) 

then (78) gives 

X* = (90) 

* This result was first obtained by T. Lewis, who has also obtained, by a different 
method, other properties of the trajectories. 
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where Xj is arbitrary (replacing D), and the trajectory is given by 


V = V 0 — c cos a —-— i, 

cosh <r 

P « V 0 r - cXfe-« + '» i, 
t — X i sec a cosh (£ -f- <r), 

P - Vr = cXi i, 
cosh a 

Y - (cos 2 a) /(cosh 2 a). 


(91) 

(92) 

(93) 

(94) 

(95) 



0 

Fio. 1.—Position-hodograph diagram for free trajectories for G (5) = — 1. 

These express the trajectory parametrically in terms of cr and .the six 
arbitrary constants equivalent to V 0 , i, X, and X x . 

38—As t -> 0, we have o + oo, P -»■ 0, V -> V 0 ; as / -» o© we have 
a -* — oo, V -v V 0 — 2c cos a i, | V | ■+ c. The hodograph of the tra¬ 
jectory is a straight line in the plane of V 0 and i through the point V 0 . 
The position P always lies on the line parallel to i through V 0 r, and so 
does P 0 or Vf, the apparent centre of the substratum in the frame in 
which P is momentarily at rest. The career of the particle is one of 
passage from speed c at / = 0 to speed c at t -* oo, with change of direction. 
A sketch of the position-hodograph diagram in the space of an observer 
O is shown in fig. 1. The points M define the hodograph. 

E 2 
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39—The space-curvature l/R of any three-dimensional trajectory is 


given by* 


Hence in our case, 

1 _Y|P AV| 

R X jV| 3 



(96) 


(R is of course not a Lorentz invariant—it depends on the observer O 
chosen.) As an example consider the sun, for which jP| = 10 4 parsecs = 
3 x 10 22 cm, taking for O the galactic centre. It is moving, say, per¬ 
pendicularly to its radius-vector with a speed |V| 300 km sec 1 -- 

3 x 10 7 cm sec 1 . Then the value of R is about lO 2 * cm — 3 x 10 7 
parsecs, and so the curvature (as reckoned by the observer at the galactic 
centre) of the world-trajectory is very small indeed. This shows how 
small is the actual departure from Newton’s First Law in the field of 
the substratum. 


* The space curvature of world-trajectories has also been determined by V. V. 
Narlikar, ‘ Phil. Mag.,’ vol. 20, p. 1065 (1935). 
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The Symmetrical S/>iVo-heptanediamine and its Resolution 
into Optically Active Components 

By Stanley Eric Janson and Sir William Jackson Pope, F.R.S. 

(Received November 19, 1935) 

The experimental realization of the simplest possible types of molecular 
configuration which can show optical activity in the amorphous con¬ 
dition is important in connexion with stereochemical theory. Among 
optically active spiranes containing no asymmetric carbon atom such 
simple types are found in the d- and /-l-methyl-c - yc/o-hexylidene-4-acetic 
acids* and the d- and l-spiro-5: 5-dihydantoins,f but no satisfactory case 
has hitherto been described of optical activity in substances of the 
constitution 

H\ /(CH,)„\ /(CH 2 )„ x /X 

x/ C \ch 2 )/ C \ch 2 )/ Cx h ‘ 

One of the simplest conceivable examples of the latter kind should be 
found in the previously unknown symmetrical .v/wro-heptanediamine of 
the constitution— 

NH 2 \ /CH a \ /CH a \ /H 

h /C \:h / Cx ch / C \mh a 

We have now prepared this compound and resolved it into its dextro- 
and lae,vo-components with the aid of the d- and /-camphor- (1-sulphonic 
acids. Since the optically active bases have high specific rotatory powers 
and do not undergo racemization they constitute the missing type case 
of the class of optically active substances to which they belong. The new 
diamine contains no asymmetric carbon atom but is enantiomorphous 
because no centre or plane of symmetry is present in its molecular con¬ 
figuration ; the latter possesses an axis of twofold symmetry which lies 
in the plane of the two nitrogen and the central carbon atoms, bisects the 
angle made by those three atoms and passes through the central carbon 
atom. 


* Perkin, Pope, and Wallach, ‘ J. Chem. Soc.,’ vol. 95, p. 1789 (1909). 
t Pope and Whitworth, ‘ Proc. Roy. Soc.,’ A, vol. 134, p. 357 (1931), 
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Whilst this piece of work was in progress, Backer and Schurink* described 
the separation of the dextro-component of Fecht’s symmetrical spiro- 
heptanedicarboxylic acid, from which we were preparing the new spiro- 
diamine; the observed rotatory powers were, however, very small so 
that the Fecht acid itself does not provide a satisfactory type example. 
Backer and Schurink gave, however, an improved method for preparing 
the Fecht acid which we found useful. We prepared the diamine by 
converting Fecht’s acid into the acid chloride by treatment with phos¬ 
phorus trichloride, forming the acid amide by the action of ammonia, 
and subjecting the amide to the Hofmann degradation by dilute potash 
and bromine. The diamine was prepared in this way but the preparation 
is tedious and gives but small yields. At this stage in the work, however, 
a very elegant method for replacing a carboxyl group by an amino group 
was described by K. F. Schmidtf; this consists in treating carboxylic 
acids with azoimide. With Fecht’s acid the reaction proceeds in accord¬ 
ance with the following equation: 

C,H 10 (CO. OH)* + 2N S H - C,H 10 (NHj) 8 + 2N a + 2C0 2 , 

the yield of diamine being nearly quantitative. The introduction of the 
Schmidt method leaves the Hofmann method of great historical interest 
but deprives it of importance for costly and delicate synthetic work. 


Experimental 

Symmetrical dl-spho-heptanediamine Dihydrochloride —The symmetrical 
.v/vro-heptanedicarboxylic acid of Fecht is converted into the acid chloride 
on heating under a reflux with phosphorus trichloride; on running the 
upper layer into a strongly cooled solution of ammonium carbonate in 
ammonium hydroxide and allowing to stand, a crystalline deposit forms 
which yields the diacid amide on crystallization from water; it forms 
colourless needles melting at 249-250°. The acid amide is also obtained 
by the action of ammonia on the dimethyl ester of the Fecht acid and, in 
much smaller yield, by heating the acid at 200° in a current of gaseous 
ammonia. (Found: N = 15■ 45%; C 9 H 14 0 2 N 2 requires N = 15>4%.) 
The diamide undergoes the Hofmann degradation with caustic potash 
and bromine solution in the usual way and the cyclic diamine is obtained 
in poor yield. As indicated above the diamine was eventually produced 
in quantity by the following method. 

* ‘ Rec. Trav. Chim. Pays-Bas,’ vol. 50, p. 921 (1931). 

t English Patent 307,789; see also von Braun, 1 Liebig’s Ann.,’ vol. 490, p. 125 (1931). 
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The Fecht acid (5'52 gm) is dissolved in concentrated sulphuric acid 
(55 cc) in a beaker immersed in a water-bath at 40°; to the solution is 
added, with vigorous stirring, a 10% excess over theory of a chloroform 
solution of known strength (about 10%) of azoimide, the rate of addition 
being such that the temperature remains below 45°. Stirring is continued 
until the evolution of gas ceases and, after cooling, the solution is poured 
onto crushed ice; after separating the chloroform, the aqueous solution 
is made strongly alkaline with caustic soda and distilled with steam. The 
distillate is then neutralized with hydrochloric acid and evaporated to 
dryness on the water-bath; the crude dihydrochloride remains as a 
crystalline mass (5 -8 gm; 95% of theory). After one crystallization from 
alcohol the pure salt is obtained in colourless, deliquescent needles (4-8 
gm; 80% of theory) which do not melt below 300°; it is exceedingly 
soluble in water, sparingly so in alcohol, and almost insoluble in the other 
ordinary organic solvents. Found: C = 42 0; H = 81; Cl 35-5%. 
C 7 H 16 N 2 C1 2 requires C = 42-2; H « 8 -1; Cl = 35-6%. 

Symmetrical d 1 -Spi To-heptanediamine —On distilling the dry hydro¬ 
chloride several times with solid caustic potash under reduced pressure 
the pure base is obtained as a colourless liquid boiling at 91-92° under 
12 mm pressure; on cooling it solidifies to a mass of colourless crystals 
melting at 7-8°. Found: C = 66-9; H — 11 *2%. C 7 H 14 N 2 requires 
C = 66-6; H - 11-2%. 

Symmetrical d\-§pko-heptanediamine Dihydrobromide and Dihydriodide 
—On neutralizing the aqueous solution of the amine with hydrobromic 
acid and evaporating to dryness a crystalline mass results; on recrystall¬ 
ization from alcohol this yields the pure dihydrobromide in stout, colour¬ 
less needles which do not melt below 300°. The salt is more soluble in 
water and alcohol than the dihydrochloride and is almost insoluble in the 
usual solvents other than alcohol. Found: Br — 55'7%. C 7 H 16 N 2 Br 2 
requires Br =* 55-5%. 

The dihydriodide is obtained in a similar manner and crystallizes from 
alcohol in colourxess plates which do not melt below 300°. Found: 
1-66-5%. C 7 H 16 Njl a requires I - 66 • 4%. 

Symmetrical dl-Spko-heptanediamine Picrate —The picrate, prepared 
from sodium picrate and the hydrochloride of the diamine, crystallizes 
from water in pale yellow plates which decompose at about 250° without 
melting. Found: C — 39-2, H — 3'6%. C M H 20 O 14 N 8 requires 
C = 39• 1; H - 3-4%. 
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Symmetrical dl-Diacetyldiaminospiro-heptane —The acetyl derivative is 
obtained by treating the anhydrous base with acetic anhydride or by 
boiling the hydrochloride with fused sodium acetate and acetic anhydride 
under a reflux; it crystallizes from boiling water in colourless prisms 
melting at 195-197°. Found: C — 62-8; H = 8-8%. C u H lB O a N a 
requires C =- 62-8; H -8-6%. 

Symmetrical dl-Dibenzoylcliaminospko-heptane —The dibenzoyl-deriva¬ 
tive of the externally compensated diamine is formed from the hydro¬ 
chloride by the Schotten-Baumann reaction; it crystallizes from alcohol 
in colourless, well-formed plates which melt at 223-224°. Found: 
C «= 75-3; H - 6-6%. C 2) H 22 0 2 N 4 requires C = 75-4; H = 6-6%. 

Symmetrical di-Amidocarbonaminospivo-heptane —This diurea is ob¬ 
tained by mixing aqueous solutions of the ^/-hydrochloride (1 mol) and 
potassium cyanate (2 mols) and evaporating to dryness on the water-bath; 
it crystallizes from boiling water in colourless octahedra which melt with 
decomposition at 243-244° when put into the bath at 230°. Found 
C -- 50-8; H = 7-6%. C 9 H 18 0 2 N 4 requires C — 50-9; H — 7-6%. 

Resolution of the d\-Diamine — A known weight of the externally com¬ 
pensated dihydrochloride is distilled in steam after addition of excess of 
caustic soda solution; the theoretical quantity of d-camphor-p-sulphonic 
acid is added to the distillate and the solution evaporated to dryness. 
After seven crystallizations from alcohol the rotatory power of the salt 
becomes constant and the d-diami noheptane di-d-camphor-|S-sulphonate 
is obtained in tufts of long, fine colourless needles which melt at 276- 
277° with decomposition. Found: C — 54 • 7; H == 7 • 8%. C 27 H 46 0 8 N 2 S a 
requires C — 54-9; H = 7-8%. The following determinations of 
rotatory power were made in aqueous solution at 13° (1 — 4; c = 2-062) 
Hr,40. - + 25 • 33, [MUi - + 149 • 5°. [«] BW0 ~ 20• 59°; [M] 57B „ - 

+ 121 '5°. The mean values for the rotatory powers of the cupric, zinc, 
magnesium, cadmium, calcium, and barium salts of d-camphor-p- 
sulphonic salts in 2% aqueous solution at 20° are = + 132*0 and 

[M]b 7 ho — + 106 *8°.* The molecular rotatory powers of the ion of 
the d-spiro-ditmine, calculated from the above figures are thus = 

+ 17-5° and [M]r, 7 8«= + 14*7°. 

The mother liquors from which the pure d-camphorsulphonate of the 
d-amine has been separated are now evaporated to dryness and the residue 


♦ Graham, ‘ Trans. Chem. Soc.,’ vol. 101, p. 746 (1912). 
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distilled in steam after addition of caustic soda; the distillate is neutralized 
with /-camphor- (3-sulphonic acid and the solution evaporated to dryness. 
After seven crystallizations from alcohol /-rp/ro-heptanediamine di-/- 
camphor-fi-sulphonate is obtained, like its mirror-image isomeride, in 
long colourless needles melting with decomposition at 276-277°. The 
rotatory powers were determined in aqueous solution at 15° (/=■-* 4; 
c 2-058) with the following results:—[a] 54( „ -■ — 25-40°; [MU, = 
— 149-9° and [aU» ~ — 20-86; [MUn - — 123-1°. The molecular 
rotatory powers of the ion of the /-diamine in aqueous solution are hence 
calculated as [MU, = — 17-9° and [M] 5TSU ~ — 16-3°. 

The residual diamine contained in the mother liquors from which the 
pure /-base, /-acid had been obtained was recovered as before and the 
alternate crystallization with d- and /-camphor-p-sulphonic acid was 
repeated until a stock of the pure salts of the d- and /-diamine had been 
accumulated. 

d- and 1- Spiro-heptanediamine Dihydrochlorides —On distilling d-spiro- 
heptanediamine </-camphor-fJ-sulphonate in steam after addition of 
caustic soda solution, evaporating the distillate with hydrochloric acid, 
and crystallizing the residue from alcohol, the dihydrochloride of the d- 
diamine is obtained in colourless needles which do not melt below 300°. 
Found: Cl - 35-4%. C 7 H le N 2 Cl a requires Cl — 35-6%. The rotatory 
powers were determined in aqueous solution at 14" (/ 4; c — 2-067) 

with the following results:—[a]m» — 4 - 14-9°; [M] 4S5 # = + 29-7°. 
[«W = 4-8-9"; [MU, - + 17-1°. [«Uo - + 7-8°; [M] 67s0 = 4 
15-5°, the rotatory power was unchanged after the solution had stood for 
100 hours. The following values were obtained in 95% ethyl alcohol 
solution (/ - 4; c •- 0 -828) at 17°:—[«]r, 4 «i ■■ 4- 7-3°; [a] ft7lift — 4-6-5°. 

The dihydrochloride of the /-diamine was obtained in a similar way 
from the corresponding camphorsulphonate and had the same scalar 
properties. Found: Cl — 35-5%. The following rotatory powers were 
obtained in aqueous solution (/ -4; c — 2-077) at 12°; [a] m# = — 
15-3°; [MW- — 30-5°. [a] MB , - - 8-9°; [MU, = - 17-7°. 
[#]„*> - - 7-8°; [M] 57 ho = - 15-5°. The series of measurements in 
Table 1 was made and shows that the rotatory dispersion is normal. 

In order to ascertain whether any racemization occurs during the 
steam distillation of the optically active base with alkali and subsequent 
evaporation with acid to yield the crystalline salt, the pure hydrochloride 
of the d- base (0-5 gm) was steam distilled from a 25% caustic potash 
solution (125 cc); the distillate was evaporated to dryness after addition 
of hydrochloric add. After one crystallization from alcohol the recovered 
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hydrochloride (0-33 gm) gave the values [aj^" 0 = + 7*8° and [a]‘J M = 
+ 9 0° in a 1-329% water solution. It therefore appears that optical 
inversion was not caused by this drastic treatment. 

Table I—Rotatory Dispersion of 1 - 3 : 6-S/>z>o-heptanediamine 
Dihydrochloride in Water at 20° 

2 -8008 gm of salt per 50 cc; / - 6 dm. *msl<*-&**i = 1-70. « = 



— 

- 0-8112 /(X 2 — 

0-02109). X 0 = 

- 1452 A 

a obs. 

Light 

X A 

a obs. ° 

[a] obs. ° 

a calc* ° 

— a calc. 

Li 

6708 

— 1 *98 

— 5*9 

-1*89 

-0*09 

Cd 

6438 

— 2*03 

— 6*0 

-2*06 

4 0*03 

Zn 

6362 

— 2*11 

-6*3 

-2*11 

±0-00 

Li 

6104 

-2*35 

— 7*0 

2*31 

-0*04 

Na 

5893 

-2*50 

-7*4 

-2*49 

-0*01 

Cu 

5782 

-2-56 

—7*6 

-2*59 

4-0*03 

Hg 

5780 

-2*54 

—7*6 

“2*59 

+0 05 

Cu 

5700 

— 2*65 

-7*9 

-2*67 

*f 0*02 

Ag 

5468 

— 2*89 

-8*6 

-2*92 

4-0*03 

Hg 

5461 

-2*89 

— 8*6 

— 2*93 

40*04 

Cu 

5219 

— 3* 17 

-9*4 • 

-3*23 

4-0*06 

Ag 

5209 

—3 *2J 

-9*6 

-3*24 

+003 

Cu 

5153 

—3 • 30 

-9*8 

-3*32 

+0*02 

Cu 

5105 

— 3 *39 

—10*9 

-3*39 

±0 00 

Cd 

5086 

™ 3 * 43 

-10*2 

-3*42 

-0*01 

Zn 

4810 

-3-88 

-11*5 

-3*86 

-0*02 

Cd 

4800 

— 3*93 

— 11*7 

-3*88 

-0*05 

Zn 

4722 

— 4*03 

-12 0 

-4*02 

-0*01 

Zn 

4680 

4*14 

-12*3 

-4*10 

-0*04 

Cd 

4678 

-4*10 

-12*2 

-4*10 

±0*00 

Li 

4602 

-4*37 

-13*0 

-4*25 

-0*12 

Hg 

4358 

-4*90 

— 14-6 

-4*80 

-0*10 


d-Spiro-heptcmediamine Dihydrobromide —This salt was prepared in the 
way previously indicated; it crystallizes from alcohol in colourless needles 
which do not melt below 300°. Found Br —55-6%. The rotatory 
power was determined in aqueous solution (l — 4\ c — 2-884) at 15°. 
Mm. == + 10-7°; [MW ~ + 30-9°. [a] 5461 = + 5-6°; [MW - 

+ 18-3. [«]ri7»o == ■■)■ 5-6°; [M]s7«o = 4- 16-0°. 

\-Sp\ro-heptanediamine Dihydriodide —This salt crystallizes from alcohol 
in colourless plates which do not melt below 300°. Found I = 66-7%. 
The following rotatory power determinations were made in aqueous 
solution (/ = 4; c 3-830) at 15°. [*]„«» = - 9-0°; [MW = - 34-3°. 
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1*35461 = - 5-r ; [M] 5 46, = - 19-6°. [«] 5780 - - 4-5°; [M] r>78 „ = 

- 17-3°. 

The crystals of the externally compensated and optically active salts 
of the diamine with the halogen acids were submitted to Mr. J. D. Bernal 
for X-ray analysis; he reports that the hydrochlorides and hydrobromides 
are isomorphous and crystallize in the orthorhombic system but that the 
crystals of the dl- salts are identical in crystal structure with those of the 
optically active salts. It is thus indicated that the externally com¬ 
pensated salts are not racemic compounds; this conclusion was confirmed 
in the following manner. 

The finely powdered dihydrochloride of the dl- base (0-75 gm) was 
shaken with 95% ethyl alcohol (20 cc) for several hours at 16°, giving a 
saturated solution in equilibrium with undissolved solid salt. Finely 
powdered dihydrochloride of the dextro-base (0 * 5 gm) was then added, 
and the whole shaken for a further hour, after which the excess solid was 
removed by filtration. The filtrate was made up to 25 cc and, on examina¬ 
tion in a 4-dm tube found to be optically inactive. The externally 
compensated hydrochloride is thus either a non-racemic mixture or a 
pseudoracemic conglomerate.* 

In view of the non-racemic character of the externally compensated 
hydrochloride attempts were made to resolve it by seeding the super¬ 
saturated alcoholic solution with the crystalline optically active salt; 
these attempts were unsuccessful. 

Symmetrical d-Dibenzoyldiamino-spiTO-heptane —This substance, pre¬ 
pared by the Schotten-Baumann reaction, crystallizes from alcohol in 
colourless needles melting at 242°. Found: C 75-3; H = 6-7%. 
The rotatory power was determined in anhydrous pyridine solution 
(/ = 4; c = 0-6570) at 12°. [a] M#1 = + 14-5°; [a] 578 „ « + 13-0°; these 
values remained unchanged when the solution was kept for 6 days. 

Symmetrical l-Diamidocarbonaminospiro-heptane —This diurea, prepared 
from the hydrochloride of the /-diamine, crystallizes from boiling water in 
colourless plates melting at 259-260° with decomposition when put into 
the bath at 250°. Found: C — 50-8; H — 7-6%. The rotatory power 
was determined in glacial acetic acid solution (/ ----- 4; c = 1 -678) at 14°. 
[«W — - 3-3°; [oi]g 7 8o = — 3-0°. 

Symm. Spiro-heptanediamine symm. Spiro-heptanedicarboxylate —The 
identity in molecular configuration of the new diamine and Fecht’s acid 

* Kipping and Pope, ‘Trans. Chem. Soc.,’ vol. 71, p. 991 (1897); vol. 75, p. 36 
( 1899 ). 
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suggests that the salt of the d -base and the /-acid might differ much more 
than is usual in such cases from the salt of the d -base and the d-acid ; an 
easy method for the resolution of the externally compensated acid might 
thus be devised. The fully racemic salt was first prepared by neutralizing 
the externally compensated diamine with the externally compensated 
acid, evaporating to dryness and crystallizing from dilute alcohol; it 
forms colourless needles which decompose at 250-260° and loses its 
water of crystallization in a vacuum over sulphuric acid. Found: 
C =» 50 1; H = 9 0; N — 7-5; H a O - 18-8%. C 7 H 14 N 2 , C 8 H 12 0 4 , 

4H a O requires C - 50-2; H 9 0; N = 7-3; H s O « 18-85%. 

The corresponding salt was then made from the ^/-diamine and the 
externally compensated acid; this crystallized readily from dilute alcohol 
and on fractional crystallization its specific rotatory power for light of 
5461 A fell from +4-0° to +2-6° during five crystallizations. It was 
found, however, that the samples of acid separated from the fifth fraction 
and from the mother liquors showed no appreciable optical activity in 
ammonia solution. The resolution was thus not successful. 

The study of the new diamine will be continued and it is proposed to 
investigate its condensation with the acid chloride of Fecht’s acid. 

Our thanks are due to Mr. A. F. B. Neal for preparing the Fecht acid 
and to Imperial Chemical Industries, Ltd., for a grant for the purchase of 
materials. 


Summary 

Externally compensated symmetrical sp/ro-heptanediamine has been 
prepared and resolved into its optically active components; salts and 
derivatives of the d- and /-components have been obtained in a state of 
optical purity. This diamine, which contained no asymmetric carbon 
atom, is the most simple compound of its type which has been resolved 
into its optically active components. Although the molecular configura¬ 
tion has a twofold axis of symmetry the rotation constants are of notable 
magnitude. The optically active compounds described show no tendency 
to undergo spontaneous racemization. 
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The Inertia of Electrons in Metals 

By C. G. Darwin, F.R.S. 

(Received November 30, 1935) 

1—According to the accepted theory of metals, the crystalline field 
produces a displacement of the energy levels of the moving electrons in 
a manner which may be regarded as an increase of their apparent mass. 
Now there exist direct experiments on the masses of electrons in certain 
metals, and the present work was undertaken to see whether the results 
of these experiments would support the modern theory. It will be 
shown that the mass as measured in these experiments is the ordinary 
mass of the free electron, and is unaffected by the disturbance of the 
energy levels. 

The experiments in question are those of Tolman.f working with others 
some 15 years ago. At that time the gyromagnetic anomaly was not 
understood, and the aim of their work was to find whether it might not 
be the solid state rather than the magnetism which was responsible for 
halving the value of mje. It is perhaps because this anomaly was so 
completely cleared up not long afterwards, that these brilliant experiments 
never seem to have attracted the attention they most certainly deserved. 
Working with copper, aluminium, and silver, Tolman showed that mje for 
the electrons appeared to be rather larger than the normal value, and cer¬ 
tainly not half of it in the way that was needed to explain the gyromagnetic 
anomaly. Values of mje between 10 and 20% too large were obtained, 
but there were indications of systematic error which suggested that the 
normal might well be correct. In similar work Barnett confirmed Tol- 
man’s results with copper and got values even nearer to the normal. At 
the time of all this work there was, of course, no knowledge of the new 
theory of metals, so that the results seemed entirely natural. With 
the new theory it becomes worth while to examine whether these increased 
values might not be genuine, for, if so, much valuable information about 
the lattice of metals might be derived from experiments on electron 

t Tolman and Stewart, ‘ Phys. Rev.,’ vol. 8, p. 97 (1918); vol. 9, p. 164 (1917); ' 
Tolman, Karrer, and Guernsey, ‘Phys. Rev.,’ vol. 21, p. 525 (1923); Tolman and 
Mott-Smith, ‘Phys. Rev.,’ vol. 28, p. 794 (1926); Barnett, ‘Phil. Mag.,’ vol. 42, 
p. 349 (1931); an excellent account of the subject will be found in ‘ Rev. Mod. Phys.,’ 
vol. 7, p. 159 (1935) by S. J. Barnett. 
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inertia. However, we shall see that such experiments will be expected 
always to yield the normal value of mje. 

2—Without going into the practical details, it will suffice to take an 
idealized experiment which contains the essence of the actual ones. 
Imagine a copper bar moving along its length with a constant acceleration. 
To its ends are attached perfectly conducting flexible wires leading to a fixed 
galvanometer. This galvanometer will then show a constant current. 
In some of the actual experiments the bar was a circular coil spinning 
about its centre at high speed, which was rapidly brought to rest, and the 
discharge was measured ballisticaily; in others the motion was oscillatory, 
but the principle was the same in all. 

Let g be the acceleration of the bar, and let x' be the coordinate of an 
electron relative to the bar. Its motion will then be governed by the 
equation 

m (x' + g) + kx' = 0. (1) 

Here the last term is due to the ohmic resistance, and its value may be 
derived from considering a steady current in the unaccelerated bar. Let 
n be the numerical density of free electrons, e the charge of each, and a 
the conductivity. Then under field E we should have kx — eE, which 
must be equivalent to nex — aE, so that 

k --- ne 2 1v. (2) 

The equation (1) has steady solution 

*' - mg Ik, . (3) 

and so, if A is the cross-section of the bar, the current through the galvano¬ 
meter will be 

— Aagmje, (4) 


from which the value of mje is found. 

3—In setting down (1) we have not included any allowance for the 
self-induction of the circuit. In Tolman’s work the effects of this were 
considered quite correctly and shown to make no difference, but a super¬ 
ficial argument might suggest the contrary. A discussion may not be 
out of place, because questions about the self-induction of circuits are 
usually treated by the older methods and are not a frequent feature in 
discussions based on the theory of electrons, and the properties of moving 
conductors are much less familiar to the theoretical physicist than to the 
engineer. Furthermore, in the new theory of metals it has not yet been 
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found possible to discuss the mutual influences of the electrons in any 
satisfactory way, so that the question of the self-induction of the circuit 
must be disposed of before we may proceed to the quantum theory. 

The mutual induction of two electrons is represented by a contribution 
to their Lagrangian of the form 

I _ ^2 ((*1, *2) 1 (*1, *2 ~ *l) (X», x* — X,)) ,c, 

Ll2 - 2? njr -J ' ( ) 

This will yield several terms to the equation of motion of the first electron, 

of which the most important has the form ^ s -x 3 , so that the equation of 

c~r I2 

this electron will have as its main accelerative part the terms: 


WjXj + 


S £&r 


rr 1 


J* 


( 6 ) 


In an ordinary fixed circuit the second term is simply the inductive force 

and so is ~ LJ, where / is the length of the circuit, L its self-induction, 
cv at 

and J the total current. For a circuit of ordinary size containing electrons 
all accelerating at the same rate it will be found that this term is about 
10“ times as large as the first,! so that it is certainly necessary to see that 
it does not swamp the effect of the first term. That it does not do so 
when the bar is accelerated as a whole is seen from the consideration that 
(6) must include terms arising from the oppositely charged atomic ions 
also. In the circuits we have to consider there is nowhere an accumulation 
of electricity, so that the contribution to (6) from each part of the wire 
will consist only of the difference between the accelerations of the positive 
and negative charges. Consequently, it is the relative acceleration of the 

electrons that counts, and this is derived from J? LJ, where J is the current 

in the fixed galvanometer. In the experiments this was allowed for and 
shown to be without effect; in our idealized experiment the variations of 
L can be made insignificant and the current is steady, so that there will be 
no inductive force. 

4—The modem theory of electrical conductivity falls into two parts 
which have to be considered separately. One is the effect of the acceler¬ 
ating electric field in changing the energy states of the electrons, and the 

t The ratio in question is LA ne'/mc'l, and a circuit might have / «* 10 cm, L = 
50 cm, A — 10 “* cm*, n =* 6 x 10 ** cm-*, e*/mc* = 10 -“ cm. 
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other is the manner in which the collisions with the atoms of the metal 
lattice restore them to their old states. In this second part the accelera¬ 
tion due to the field is disregarded, and we may take over this part into 
our present problem without further consideration. For the first part 
there will be no need to consider the motions of the atoms, but it will 
suffice to regard the metal as an electric field rigidly held together and 
accelerating as a whole. Moreover, we can find what we want without 
paying any attention to its lattice structure. 

When the solid is at rest, let the potential energy of an electron be 
given as V (.v, y, z ). We consider first a single electron, as this contains 
the whole principle. Then the motion we require is represented by 

- Ym + V (X - te' 2 ’ + = « 4*. (7) 

where for convenience the time-origin has been chosen at the instant 
when the solid is at rest. It is obviously appropriate to make the sub¬ 
stitution : 

x' = x-\gt\ / - y, z' = z, t' t. (8) 

and then it is found that if 

ij, _ (9) 

the equation reduces to 

- w + v (x\ y, z’) y + mgx' y = ». (i0) 

Now when the solid is fixed, but the electron moving under electric force 
E, the motion is given by 

- ^« -f V (x,y, z) + - eExt> = ^ (H) 

The similarity of (10) to (11) is evident, and suggests that mg is exactly 
equivalent to —eE, but to establish this fully we must compare the electric 
currents in the two cases. 

Equation (11) is of the standard quantal type, so that the solutions are 
of the form 

<1' — m* (x, y, z) (12) 

where the eigen-funqtions and the energies will depend on — eE. Replacing 
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—eE by mg, we shall therefore have corresponding solutions of (7) in 
the form: 

y = u n (x — %gt 2 , y, z) (13) 

Though this solution is not quite of the usual type, the current function 
has the ordinary form ^ — <P and making the sub¬ 

stitution (8) we find: 


Jn 


ii ( 

2 mV 


fan 

CX' 


du' 


dx' 


r) 4- egtu* 


(14) 


The last term represents the convection of the electron by the solid, and 
for each of the electrons thus convected there will be an oppositely charged 
atomic ion moving also with velocity gt, which will balance this term. 
The first term is the relative current, and we see that this is exactly the 
same as the current in the fixed solid under electric force — mg/e. 

When many electrons are considered simultaneously, the work is so 
little changed that there is no need to repeat it, and this is true including 
the mutual repulsions of the electrons and also the exclusion phenomena. 
Transformations (8) are applied for each electron, and an analogue to 
(9) then reduces the whole to apparent rest by the addition of a term in 
Zmx'gty', which is to be compared to the corresponding equation with 
— The current is worked out according to the ordinary exten¬ 

sion of (14) for many electrons, and the convective part again cancels the 
convection of the atomic ions. There is thus an exact dynamical similarity 
between the acceleration g and an electric force — mg/e. The second 
half of the problem of conductivity will be exactly the same in both 
systems. Hence the density of the relative current will be — amg/e, and 
this is Tolman’s result. 

The dynamical similarity only holds as long as all the particles moving 
in the solid have the same mje. For example, with two particles of 
masses m x and m 2 the transformation will introduce a term 

{m x x\ + mgx' a )g<p', 

and this will have to be compared with one in — (cix x + e a x 2 ) E+. This 
does not, of course, matter in practice, because the highest attainable 
accelerations are to be counted as small, so that only electrons need be 
considered. If such gigantic accelerations could be attained that the 
freedom of the atoms came into play, the whole problem would be com¬ 
plicated by the necessity of considering the elastic compression of the 
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solid, and the dynamical similarity between acceleration and force would 
no longer hold. 

It is much to be desired that some experimental method should be 
devised for revealing the energy levels of the electrons in metals; but the 
method of electron-inertia is evidently no help. This is not because the 
levels are not involved, but because they occur here in exactly the same 
way as in the theory of ordinary conductivity, so that their influence is 
automatically eliminated by the use of the numerical value of the metal’s 
conductivity. This may provide a little negative guidance in the con¬ 
triving of experiments to exhibit the levels; such experiments must in 
some way make use of deeper physical properties of the metal than are 
implied by its mere conductivity. 


Summary 

In the theory of metals it is believed that the effective mass of the free 
electrons is increased on account of the disturbance of their energy levels 
by the field of the lattice. It is shown here that such an effect will not be 
exhibited in experiments on electron-inertia. This is in conformity with 
Tolman’s experiments. 
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On the Action of Viscosity in Increasing the Spacing 
Ratio of a Vortex Street 

By S. G. Hooker, D.I.C., Senior 1851 Exhibitioner, Brasenose 
College, Oxford 

{Communicated by L. Bairstow, F.R.S.—Received July 4, 1935) 

[Plate 1] 

1—von Karmen, by considering two parallel rows (of indefinite extent) 
of isolated, equal, point-vortices existing in a non-viscous fluid, has shown 
that the only stable vortex arrangement is the asymmetrical staggered 
one; and then only provided that the geometry of the system is such that 

h/a = 0-281, 

where 


h — width between the rows, and 
a distance between consecutive vortices in one row. 

Since von K&rmhn’s investigation was published, writers on the subject 
have attempted to connect up the street with an obstacle producing it;* 
and to investigate the effect of channel walls upon the stability and spacing 
ratio of the ideal street.f At the same time efforts have been made to 
verify von Karmhn’s spacing prediction £ by experiment, and to check the 
theoretical conclusions concerning the effect of parallel walls ;§ but the 
results have been far from satisfactory. 

For example, in Rosenhead and Schwabe’s work the vortices were 
formed in water by the steady motion of a cylinder along a parallel walled 
channel. It was stated that “ the spacing ratio in the regular part of the 
trail of vortices is 0-32, and this value holds for all systems in which the 
distance between the rows is less than onerthird (approximately) of the 
distance between channel walls”. The “ all systems ” here referred to are 
only those photographed by the authors. Arrangements in which hja 
considerably exceeded 0-32 have been observed by other investigators. 

* Heisenberg, ‘ Phys. Z.,’ vol. 23, p. 363 (1922). 

t ‘ Phil. Trans.,’ A, vol. 228, p. 273 (1929). 

$ Fage and Johansen, ’ Aero. Res. Ctee., Rep. and Mem.,’ No. 1104 (1927). 

9 Rosenhead and Schwabe, ‘ Proc. Roy. Soc.,’ A, vol. 129, p. 113 (1930). 

F 2 
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For example, Fage and Johansen in their work have examined the flow 
of air behind a flat plate of infinite span, and some results given by them 
are 

h/a — 0-248, 0-381, 0-525, 

the lower value being obtained close behind the plate, and the higher 
values by proceeding further in the wake. 

Again, some very fine photographs of Kfirm&n streets have been taken 
by Richards* in the water tank at the Aeronautical Research Laboratory 
of the Imperial College. These photographs show a street of vortices to 
extend in a perfectly regular manner for a large distance behind an elliptic 
cylinder moving steadily in the direction of its major axis. A typical 
measured spacing of this street at a place where the regular features were 
fully developed (estimating the centres of rotation by eye) was 

hja 0 -42, 

and the ratio increased slowly with distance in the wake. 

In all of the experimental work cited, an outstanding feature of the 
flow is the constancy of the longitudinal spacing in any one experiment. 
For any given street the distance between consecutive vortices remains 
remarkably constant, and the increase of the spacing ratio is entirely 
due to an increase in h , the width between the rows. It is worth noting 
that the constancy of the longitudinal spacing implies that the speed of 
translation of the vortices remains constant. 

The general conclusion has usually been that, no matter whether the 
street be formed by the motion of a body through a fluid or by the flow of 
fluid past a body, the spacing ratio as measured is largely in excess of 
that predicted by von K&rmhn, and does not remain constant. 

This difference (if it really exists) cannot be attributed to the effect of 
the walls of the channel in which, of necessity, the experiments must be 
made; for both Rosenheadf and GlauertJ have shown that in all practical 
cases the effect of the walls is negligible, and in any case would tend to 
make the ratio h I a smaller. 

The question then arises—is it justifiable to say that the observed 
divergence from Karman’s value 0-281 for the spacing ratio, which is 
normally found, is an indication of instability in the street ? And if so, 
how can the photographs of Richards, Schwabe, and other writers be 
accounted for, in which an apparently stable arrangement persists, being 

* See ‘ Aero. Res. Ctee., Rep. and Mem.,’ No. 1590 (1934). 
t ‘ Phil. Trans.,’ A, vol. 228, p. 275 (1929). 
t ‘ Proc. Roy. Soc.,’ A, vol. 120, p. 504 (1928). 
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ultimately destroyed only by the diffusion of the vorticity throughout the 
fluid ? In these also the spacing ratio considerably exceeds the theoretical 
value and is not constant. It is the object of this paper to consider 
points having a bearing on these questions. 

2—The Khrmhn problem of the stability of a street of filaments in a 
perfect fluid involves no direct hydrodynamical considerations, except 
so far as it is necessary to know the velocity field due to a single vortex 
of strength K. In an inviscid fluid the characteristics of the street do not 
change with the time; and the effect of the system is to pump, per unit 
time, an amount of fluid equal to K hja back between the rows. Outside 
the street the velocity fluctuations are such that their mean over a period 
“ a ” is zero. The street acts, on the average, like a channel of width 
“ h ” containing fluid moving with a uniform speed K/a. 

Now in a real street existing in a viscous fluid the characteristics do 
change with the time. We can identify time with distance down the 
street from the body, and what immediately suggests itself is that the 
ability of the street to pump back fluid might be impaired by viscous 
action causing the vortices to diffuse. If this be so, we should expect the 
distance between the rows to increase as we proceed downstream in order 
to compensate for a progressive loss occurring in this manner. The 
question then arises—is the back flow of fluid between the rows influenced 
by this diffusion? We can proceed to investigate this point in the 
following manner. 

We abandon the conception of immutable vortex filaments forming 
the regular, periodic wake of a bluff obstacle moving in a viscous fluid, 
and certainly approach nearer to reality by assuming such wakes to be 
composed of eddies in each of which the distribution of vorticity £ is a 
function of r only, r being measured from the centre of the vortex in 
question; and further, that X, is negligible outside a certain circle r — r 0 . 
Due to diffusion this circle will vary from vortex to vortex, increasing in 
size as we proceed downstream. Consider the back flow at a section 
where the conditions are as shown in fig. 1, where vorticity is to be taken 
positive when clockwise, and velocities positive when in the direction of 
that of the generator of the street. 

ABCD is a contour, approximately rectangular, enclosing the vortex 
of strength K, which has not yet spread sufficiently to cross the centre 
line of the channel. CD is supposed so remote that the velocities pro¬ 
duced by the street along it are negligibly small.* We can so choose AD 

* It should be noted that DC can also coincide with a solid boundary, at which, of 
necessity, velocities are zero in a viscous fluid. 
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and CB that the fluid crosses every point of them normally, and then the 
total circulation r o in the contour ABCD is 

r 0 = f A udX. 

Jit 

This integral can be written as 

a . u (0), 


where u (0) is the mean velocity in the direction X along AB. 

The circulation is equal to the vorticity enclosed in ABCD, which is 
K; and hence 

u (0) = K/a. 



Fio. 1—Karman street of diffuse vortices. 


If we now take the contour EFCD, where EF is parallel to AB and 
has a variable ordinate Y, we see that from Y ~ 0 to Y — {h — r 0 

u (Y) = K/a; 


when Y exceeds \h — r 0 , a portion of the vortex is excluded from the 
contour, giving a corresponding decrease in u. For example, when 
Y = ih, 

u - K/2 a, 


because half the vortex is excluded. 

The curve showing the mean velocity as a function of Y will therefore 
be of the form given in fig. 2, which is symmetrical about the point P. Its 
shape will depend upon the particular distribution of vorticity in the 
vortex. 
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The back flow of fluid at any section is 

pcc 

+ 2 udY, 

J<) 

and since this must be independent of the particular section chosen it 
can be written 

C ao 

+ 2 I udY. 


u(Y) 



Fig. 2—Distribution of mean velocity. 


It is thus given by the area of the curve in fig. 2, and accordingly is equal 
to K hja, since the shaded areas are equal. 

As r 0 increases up to A/2, the distribution of mean velocity alters as 
shown by the dotted curves in fig. 2. At the same time the back flow 
remains unchanged and equal to Kh/a, and is thus the same as the back 
flow produced by a street of concentrated filaments of strength K. 

Care must be exercised in estimating the mean velocity when the vortices 
have spread sufficiently to cross the centre line of the channel; but a little 
consideration will soon show that the back flow is still of amount Kh/a, 
provided that the vortices have not spread sufficiently to intermingle and 
suffer any appreciable neutralization. 
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It follows that the gradual, symmetrical, spread or diffusion of the 
vortices has no effect on the amount of fluid which is pumped back 
between the rows. There will, therefore, be no widening of the street 
on this account. Conversely, if there is a widening of the street and no 
loss in vorticity, then more fluid will be pumped back in the wider portions 
than in the narrower ones, and the extra amount will be directly pro¬ 
portional to the increase in width. 

Now considering a street formed by a symmetrical body moving along 
the axis of a long but finite parallel walled channel, it is evident that 
there is no resultant flow across sections a large distance ahead of the 
body, and hence, in order to maintain continuity of flow, none across any 
section in the wake. The flow of fluid back between the rows is com. 
pensated by a downstream flow of corresponding amount in the fluid 
exterior to the street. If the width of the street increases then the down¬ 
stream flow as well as the amount of fluid pumped back between the 
rows must increase proportionately: causing a state of affairs which has 
no counterpart in the classical theory of the stability of vortex streets in 
channels. 

It will, therefore, be worth while to consider, in the next section, the 
effect of diffusion upon the velocity distribution in rather more detail. 


3—The Apparent Increase in the Spacing Ratio of an Ideal 
KArmAn Street due to Viscous Action 

We shall now deal theoretically, and approximately, with the ideal 
case of an infinite Kflrman vortex street of point filaments suddenly 
subjected to a small viscous action. Previous to an initial arbitrary 
instant the fluid is taken to be inviscid, but at t = 0 it acquires by an 
unspecified means a kinematic viscosity equal to that of water. Subse¬ 
quent to this instant, the initial infinite velocities and infinite negative 
pressures existing at each filament are therefore obliterated, and the 
vortices commence to diffuse, thereby realizing a state of affairs more in 
keeping with those actually prevailing in any observed street. 

The problem of the action of viscosity in causing the diffusion and 
decay of an isolated line vortex concentrated initially in the axis of Z is 
amenable to analysis; and it can be shown that the vorticity spreads into 
the fluid in a manner analogous to the two-dimensional diffusion heat of 
from an instantaneous line-source in an infinite medium.* 


* See Lamb's “ Hydrodynamics,” 5th ed., p. 599 et seq. 
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The distributions of vorticity £ and the circumferential velocity q at 
time t and radius r are given by 


and 


r — K 

An vf 


q^JLf l 

q 2 nr U 




), 


( 1 ) 

( 2 ) 


where K is the strength of the original line vortex, and v is the kinematic 
viscosity of the fluid. 

The total vorticity enclosed with a circle of radius r is 

T = f 2nrZ dr -- K (1 - 
Jo 

and it follows that the vorticity enclosed within a very large circle does not 
differ appreciably from K for all finite values of the time. Hence none 
of the vorticity is destroyed in course of finite time; but is merely diffused 
by viscous action through the body of the fluid. 

At a given time t, the velocity q, as determined from (2), will be a 
maximum when 

R 2 /4vr ™ 1 -26, (3) 

and in the subsequent discussion the radius of an eddy will be identified 
with the radius of maximum velocity as determined by (3). Conversely, 
if the radius of maximum velocity is known (say from experimental 
observation), then the “ age ” of the vortex could be taken as the time 
determined from (3). 

The velocity q falls to nothing at the centre of the vortex, i.e., at r =* 0. 
For a single eddy, r — 0 corresponds with £ a maximum, and the centres 
of rotation and vorticity coincide. 

In water for which v = 0-0114 c.g.s. units, it can be shown from (2) 
that if t < 30 secs, the effect of the viscosity term on the fluid velocity 
is inappreciable outside a radius of about 2 cm.* It follows that during 
this time all the vorticity is confined within this circle. 

In the experimental work which will be described hereafter, a vortex 
street was formed for which the longitudinal spacing “ a ” was constant 
and equal to 6 -9 cm. Let us, then, consider the action of viscosity upon 
a filament street having this longitudinal spacing, and satisfying initially 
the condition shown by von Kkrm&n to be necessary for stability, viz.: 

hja = 0-281. 

* The truth of this statement is self-evident from the curves shown in fig. 3. 
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Thus at t = 0 the vorticity will be concentrated at points which lie in 
parallel rows a distance apart 

h = 1 -935 cm. 

With coordinate axes along and at right angles to the axis of the 
street, the initial potential function will be* 


sin z 0 ) 

*„£ log _a-, 

sin - (z + z 0 ) 
a 

where 

z 0 = a 1 4 + ihl2; 

and the corresponding velocity field at / = 0 will be given by 


dw 

dz 


cosh 


7T h 


u — iv 


iK 

a . . , 7t h 2it z ' 

i sinh-f- cos — 


(4) 


Along a line at right angles to the axis of the street and passing through 
the centre of a vortex (such as OPY, fig. 1), z — a \4 -j- iy. Substituting 
this value for z in (4), it will be found that v — 0, and u is given by 


u rch 

„ cosh — 

K a 

0 ' sink sinh 5 -S 


(5) 


Inserting the initial values chosen for a and h, this becomes 

u __ 0-205 

K 1 -sinh 0-91 y' W 

This expression evidently has a pole at the centre of the vortex, and gives 
the distribution of velocity along OPY at time t = 0. 

Now the equations of motion of a viscous fluid are linear if 

(a) the lines of constant vorticity are concentric circles (as in the 
solution already propounded for a single eddy); or if 

(b) the motion is so slow that the inertia terms are negligible. 

It is probable that neither of these conditions is realized exactly in 
the vortex street which has been photographed, and is described hereafter; 
but as the maximum velocity occurring in the street is of the order of 

* See Glauert, ‘ Proc. Roy. Soc.,’ A, vol. 120, p. 504 (1928). 
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0 • 5 cm per sec, and as the stream lines in that region of the eddy for 
which the vorticity is appreciable are approximately circular, there can 
be little doubt that, in actual fact, both the conditions (a) and (b) are 
closely approached. 

If this justification for assuming linearity in the viscous equations of 
motion as applicable to the present problem is accepted, we can clearly 
replace the ideal vortex filament at P (whose velocity field is included in 
(6)) by a viscous vortex as determined by (2). In order to do this we 
subtract from (6) the velocity field due to P and then add the field due to 
(2); thus 


J£ 

K 


0-205 


1 — sinh 0-91^ 


J_|—L (i 

2nr 2nr ' 


e^‘% 


or 

jm _ 0 205 __ e~* M 

K 1—sinh0-91>’ 2nr 


(7) 


where r is the distance from the centre of P, and is so related to y that 

y — r — hj2. 

It is futile to replace any other vortex by the viscous form: for each 
will be at a distance greater than 4 cm from P; and it was pointed out 
earlier that the diffusion term is negligible under these circumstances. 
So far as their effect along the line OPY, fig. 1, is concerned, the velocity 
field of all the remaining diffuse vortices (excluding P) will be the same as 
if they were concentrated as filaments at their original positions. 

The velocity distribution given by (7) has been plotted as a function of 
y for water (i.e., v — 0-0114) for the following values of the time t: 

t — 0, 10, 17, 25, and 30 sec, 

and the corresponding curves are shown in fig. 3. They evidently must 
all intersect at a point whose abscissa is y — 0-968 cm; for it is here that 
the velocity due to P itself is zero, and the ordinate represents the effect 
due to the remaining vortices, which is independent of the time. This 
ordinate gives, therefore, the uniform speed at which the whole system 
moves due to their mutual action, and shows that this is independent of 
the spread of the eddies. Hence diffusion causes no increase in the 
longitudinal spacing. 

The important thing to notice about the curves in fig. 3 is the points at 
which they cut the axis u — 0. In any experimental determination of the 
vortex centres, involving velocity measurements or photography, the 
fluid will appear to circulate about these points of zero velocity; and one 
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would naturally suppose these positions to coincide with the centre of the 
vortex. Actually the vorticity is still symmetrically distributed about, 
and has its maximum value at, the point of initial concentration, i.e., 
at y — 0-968 cm; and so the centre of vorticity is now located at some 
point which is not the centre of rotation of the fluid. Thus some ambiguity 
arises in speaking of the “ centre ” of a vortex in a street. In conformity 
with previous writers, the “ apparent centre ” is always taken to be the 
point about which the fluid appears to circulate; or, what is the same thing, 
the position of zero velocity. At a time later than t — 0 this centre of 



Fig. 3 —Theoretical velocity distribution through vortex centre, perpendicular to 
axis of street. 
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0-205 

1 — sinh 0-91y 


e ~r»IM 
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; y - 


r = 0-968. 


Curves I, t-0; II, t= 10sec; III, /= 17sec; IV, f=25sec; V, t-30sec. 


rotation will not coincide with the position of maximum vorticity (i.e., 
the centre of vorticity), for this remains fixed at the initial position of 
concentration. 

It follows that the variation in spacing ratio caused by the diffusion of 
the vorticity is more apparent than real. One would estimate (pre¬ 
supposing the possibility of experimental observation) the vortex centre 
to be at the position of zero velocity, whereas in actual fact the vorticity is 
still symmetrically distributed about its initial axis of concentration. As 
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the rotational centres of the vortices move outwards, the vorticity still 
remains concentrated around these fixed axes (i.e., at points nearer the 
centre line of the street than the apparent centres); and from experimental 
data given hereafter considerable evidence is forthcoming in support of 
this idea. 

From fig. 3 it is quite easy to calculate the apparent spread of the 
street. The abscissae of the points of zero velocity determine half the 
apparent width of the street at the corresponding time, and since the 
longitudinal spacing has remained constant, the variation in the apparent 
spacing ratio hja can be calculated and is shown as the full line in fig. 4. 



0 5 10 15 20 25 30 35 sec 10 -15 


Age of vortex 

Fro. A —Comparison of the theoretical and experimental increase in spacing ratio. 
a, experimental increase measured from figs. 11 and 12, Plate 1; b, calculated 
increase due to diffusion; c, the Kkrm&n value. 

In comparing this calculated variation in spacing with the amount 
observed in the photographs described hereafter, it is as well to consider 
how far the ideal conditions postulated in this section are realized in 
experiment. The following points will immediately come to mind: 

(a) Never at any stage of their existence are real vortices ever filaments. 

( b ) In a real street, the vortices are all of unequal age. 

(c) No real street is of infinite length. 

But from the similarity between the theoretical fig. 3 and the experimental 
curves in fig. 10, it appears that diffusion does take place in a manner similar 
to that visualized in Lamb’s solution. Further, the fact that a street is of 
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finite length is of small importance, because computation will show that 
it is only the neighbouring few vortices whose effect is of importance. 
More distant vortices annul one another in their effect on the velocity 
distribution at any given section. For this reason also, and for the reason 
that appreciable viscous action is confined to the vortices themselves, 
inequality of age does not render a comparison of experiment with the 
foregoing theory invalid. In fact, points (b) and (c) are secondary effects, 
provided that we consider a region of the street at which the vortices have 
not spread sufficiently to intermingle. 


4 — The Measured Distribution of Vorticity and Velocity in 

a Vortex Street 

The experimental part of the work described hereafter was conducted 
at the Aeronautical Laboratory of the Imperial College, by kind per¬ 
mission of Professor L. Bairstow. 
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Fio. 5—Sketch showing the approximate positions of the two photographs, figs. 11 
and 12, relative to the model. The longitudinal spacing of the vortices is constant 
at 6-9 cm. 


A long street of rectilinear vortices was formed in the fluid motion 
machine* by the steady motion of an elliptic cylinder in the direction of 
its major axis; and at two different positions, showfi approximately in 
fig. 5, full-plate photographs of the wake were taken. With this apparatus, 
it is the central section of the water channel which is photographed, and 
not the surface “ dimpling ” produced by the vortices. In this way it is 
anticipated that surface tension effects are minimized, and the motion is 
restricted to two dimensions. The movement of the fluid is made visible 
by a suspension consisting of a mixture of condensed milk and alcohol, 
which when added to the water in the tank forms a cloud of small white 
particles of the correct specific gravity. The section of these in the medial 

* For a detailed description of this apparatus, see Richards, ‘ Phil. Trans.,' A, 
vol. 233, p. 279 (1934). 
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plane of the tank is illuminated by a narrow beam of ultra-violet light, 
and it is the movements of these particles which appear as the short 
white tracks in the photographs. 

The full particulars of the two pictures, taken on one run of the model, 
are given in Table 1. 

Table I —Particulars of the Photographs, Figs. 11 and 12, 



Plate 1 


/Elliptic cylinder moving in the direction of its major axis. 

Model . * . . < 

. ( Major axis — 9 * 55 cm ) , 

Dimensions L_. t Fineness ratio 0 :1 . 

1 Minor axis — 1-585 cm J 

i 

\ Speed, 2 • 33 cm per sec. 


' Water made visible by an alcohol-milk suspension. 

Fluid . i 

Temperature, 16 J C; kinematic viscosity ~ 0*0114. 


„ ,, . model speed x minor axis 

Reynolds number — - T --■■■■— -r- — 324. 

k kinematic viscosity 

Exposures .. 

Fig. 11, 0-502 sec; fig. 12, i *03 sec. 


In the time interval between the exposures the cylinder travelled a distance of 

41 • 5 

41 -5 cm. This interval is therefore , ^ ~ 17-8 sec. 


Points Arising from a General Observation of the Photographs 

Before proceeding to a more detailed analysis of the measurements, it 
is worth while noting a few obvious features of the photographs. The 
symmetry of the motion displayed on both plates, figs. 11 and 12, indicates 
that equal amounts of vorticity of opposite signs are generated on either 
side of the model. The greater part, if not all, of this vorticity appears in 
the wake as discrete rectilinear vortices, each of which passes through 
precisely the same phases in the course of its existence. It is noticeable 
that the positions of the centres and the sizes of these vortices are changing 
and it will be shown later that their strength is decreasing very slowly with 
the time. 

It is also evident that the centres of rotation of the vortices (as esti¬ 
mated by eye) do not lie in parallel rows. In each photograph they 
lie on lines approximately straight, diverging as we proceed further in the 
wake. Direct measurement of the estimated apparent centres shows that 
the longitudinal spacing “ a ” remains remarkably constant at 6*9 cm for 
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both plates; with the result that the apparent increase in “ h ”, the width 
between the rows, causes the spacing ratio hja to vary from 

hla — 0-326 at vortex (1) on fig. 11, i.e., at the nearest point to the 
model, 
to 

h/a = 0-537 at vortex (12) on fig. 12. 

It appears that the spacing ratio is everywhere greater than the constant 
value predicted by von KArman for stability, viz.: 

hja ~ 0-281, 

and, at first sight, a natural inference is that the divergence of the street might 
be merely evidence in favour of its instability. 

Another notable feature of both photographs is the marked regions of 
stagnation which occur midway between vortices in the same row at the 
positions marked P, Q, R, .., etc., in the pictorial diagram, fig. 6. No 
such regions would occur if the fluid were inviscid; and their existence 
is a necessary consequence of a downstream flow exterior to .the street. 
For inside the street the fluid is, in the mean, pumped upstream towards 
the model, whilst outside there is a downstream flow of equivalent amount 
in order to maintain continuity of flow across each section of the channel. 
It follows that at every section of the wake the w-component of velocity 
must change sign at some position intermediate between the axis and the 
wall, and at lines such as AD and BC, on which the u-component of 
velocity is everywhere zero, there will be positions of stagnation which 
remain fixed during the ensuing motion. 

Contours of Zero Circulation 

In the pictorial representation of the photographs shown in fig. 6, it 
will be first assumed, as in §2, that the vorticity distribution is sym¬ 
metrical in each eddy about the apparent centre, and confined to the circles 
drawn. We proceed to investigate how this assumed state of affairs 
compares with those actually prevailing in the street when the photo¬ 
graphs were taken by the consideration of two special contours, in each 
of which the circulation is zero. 

By examination of figs. 11 and 12, it can be seen that a curve LR, 
fig. 6, can be drawn from the apparent centre* of a vortex to the adjacent 
stagnation area such that the circulation along LR is negligible. Also it 

* In what follows the “ apparent centre ” must be taken to mean the point about 
which the fluid appears to circulate. 
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can be seen that the circulation along a line such as LM, joining the 
apparent centres of two adjacent vortices, is negligible, while the velocity 
is normal to the line MR at all points. It follows that the circulation 
round the contour LMR is zero, and hence that the sum of the included 
vorticities vanishes. But the portions of the two vortices included in the 
contour, shown shaded in fig. 6, differ considerably in area; and con¬ 
sequently the assumption of symmetrical diffusion of vorticity from the 
apparent centres is incorrect. Evidently, in order that the sum of the 
vorticities included in the contour LRM shall vanish, it is sufficient that 
either the vorticity be more concentrated in the smaller shaded area (i.e.. 



Fig. 6—Pictorial representation of the photographs, figs. 11 and 12. 


nearer the axis of the street), or that negative vorticity exists exterior to 
to the two shaded areas in the contour. At the same time, it is necessary 
that one or both of these conditions be operative. 

In the same way, we notice that the vorticity included in the contour 
YLRC is zero. Since this contour includes a considerable amount of 
positive vorticity from L, there is no alternative but that a corresponding 
amount of negative vorticity exists in the remainder of the contour, i.e., 
in the fluid exterior to the street. 

We are therefore forced to the conclusion that the vorticity in an eddy 
in a vortex street is not solely symmetrically distributed about the 
apparent centre of rotation of that eddy, and further that regions con¬ 
taining vorticity of opposite sign exist exterior to the street. 

VOL. cuv.—A 
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The Measured Distribution of u- Velocity 

In § 2, it was shown that information regarding the mean distribution 
of vorticity T on each side of the axis of the street can be obtained by 
measuring the w-component of velocity at' all points of lines such as 
EF, fig. 6, and then determining the mean value of this quantity. 

The measurements of the lengths of the tracks in the photographs by 
means of the specially designed microscope (which has been described 
in the work of Richards (loc. cit .)) involves little difficulty, and quite a high 
degree of accuracy can be attained. The results are shown for fig. II 
in fig. 7; and for fig. 12 in fig. 8. In these diagrams the ^-coordinate is 
the distance in cm of the line EF from the axis of the street. 

Apart from the fact that, with the possible exception of that along the 
axis, the velocity distribution is markedly different from that pertaining 
to a Karman street of point-vortices, the general appearance of these 
curves calls for little comment. In curves/, g, and h of fig. 7, and/, g, h, 
and i of fig. 8, it is evident that the mean value of the u-velocity is negative 
and hence that the vorticity included in the corresponding contours is 
negative. 

The mean values of the curves are easily determined by graphical 
methods, and are shown in fig. 9. The ordinates in this figure evidently 
represent the algebraic sum of the vorticity enclosed by the contour 
EFCD as EF moves from the axis of the street outwards. In both photo¬ 
graphs the enclosed vorticity changes sign, and the field of opposite sign 
exterior to the street is clearly indicated. 

In order to estimate the strength of the individual vortices, the positive 
vorticity must be at least equal to the sum of the maximum and minimum 
ordinates of the curves. 

The numerical values in the two cases are: 

K/aU == 0-186 + 0-046 = 0-232 for vortex (4) 
and 

K/aU = 0-178 + 0-038 = 0-216 for vortex (9), 

showing that the maximum positive vorticity, which presumably makes 
up the vortex, has decreased by some 7% in the time intervals between the 
two photographs. The apparent loss of energy has, in all probability, 
gone in a frictional heating effect. 

It is noticeable that the curve relating to vortex 4 in fig. 9 is nearly 
symmetrical about the centre of the vortex, as it would be if the vorticity 
in 4 were distributed symmetrically about its centre. This symmetry has 
entirely disappeared in vortex 9 where by far the greater part of the 
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Fig. 7—Distribution of K-velocity along lines parallel to the axis of the street, fig. 11, 

Plate 1. 








To obtain velocities as a fraction of model speed multiply these ordinates by 0 -01383 
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Distance in the direction of the t of street 

Fig. 8— Distribution of w-velocity along lines parallel to the axis of the street, fig. 12, 

Plate 1. 
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vorticity is concentrated in that part of the vortex nearer the axis of the 
street. The probability of this state of affairs occurring has been indicated 
earlier in § 3; and additional evidence in favour of this has been given 
previously in this section. 

The area under the positive parts of the curves in fig. 9 determines the 
amount of fluid which is, in the mean, pumped upstream by the vortices. 
For the whole of any one curve the total area must be zero in order to 
conform to the condition of no flow across any section. Evidently the 
amount of fluid pumped back between the rows is increasing slowly as we 



a, apparent centre of vortex 4; b, apparent centre of vortex 9 

FlO. 9—Mean distribution of a-velocity over a period for figs. 11 and 12. + fig. 11; 

© fig. 12. ul U = IVj/U. 

proceed further in the wake. It is suggested that this extra fluid is 
taken in from the stagnation areas P, Q, R, etc., of fig. 6, where the viscous 
action will tend to drag the still fluid into the relatively swiftly moving 
stream between the vortex rows. Section 2 shows that this increase in 
back-flow must be associated with a widening of the street. 

In general shape the curves of fig. 9 resemble closely the curves pre¬ 
dicted earlier for the mean velocity distribution. They differ only in 
the negative field of vorticity exterior to the street. The extreme steepness 
of the slopes of the curves of fig. 9, near the centres of the vortices, indicates 
that the vorticity is concentrated in the neighbourhood of a single point, 
and has not yet diffused over a very large area. 



Velocity as fraction of model speed 
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5—Comparison of the Calculated Spacing Increasb with 

the Observed 

In fig. 10 the measured distribution of «-velocity along a line passing 
through the apparent centre of a vortex and at right angles to the axis of 
a street, such as OLY, fig. 6, is shown. The vortices chosen were vortex 
4 of fig. 11, aftd vortex 8 of fig. 12, Plate 1. 

In general appearance the curves resemble the theoretical curves of 
fig. 3; but are naturally modified at their outer parts by the downstream 
flow which has been shown to exist there. 



Fig. 10—Measured velocity distribution through vortex centre and perpendicular to 
the axis of the street, n, axis of street ; b, centre of vortex 4, fig. 11 ; e, centre 
of vortex 8, fig. 12, Plate 1. 

Before any direct comparison can be made with the theory of § 3, it is 
necessary to determine the “ age ” of at least one vortex. This is estimated 
from the radius of the eddy, and the one chosen for this purpose is vortex 
4 of fig. 11. From fig. 10 it is evident that the radius of this particular 
eddy is between 

0-75 and 0-755 cm, 

and fig. 3 shows that when r = 17 sec, the approximate radius of a 
theoretical eddy will be 0-755 cm. Hence the “ age ” of vortex 4 will 
be taken to be 17 sec, although, admittedly, this may well be only a rough 
estimate. The time interval between consecutive vortices of one row being 
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known to be 3*20 sec (from the experimental data), once the age of 4 
has been fixed the age of all the other vortices on fig. 11 is known. Conse¬ 
quently, the variation with time of the spacing ratio on fig. 11 can be 
determined by estimating the apparent centres of the vortices, and the 
result is shown as the first set of crossed points in fig. 4. Neglecting 
the doubtful measurements pertaining to the early elliptic vortices, the 
values obtained are all slightly less than the predicted amount, indicating 
that either the estimate of the age of 4 is too great or that the centres of 
vorticity have a spacing ratio slightly less—but only very slightly less— 
than the value predicted by von Karman. It seems evident that, although 
the apparent spacing of the vortex centres considerably exceeds von 
K&rm&n’s value, yet if the suppositions developed in the previous section 
are correct, the positions of the vorticity centres are arranged in an order 
very , very close to that pertaining to the ideal stable system. 

The time interval between the exposures of fig. 11 and fig. 12 is given 
in Table I as 17-8 sec. Evidently, then, the age of vortex 8 is some 14 sec 
more than the vortex 4 (actually vortex 2 develops into vortex 6 after a 
time interval of 17 - 8 sec). Thus the age of 8 is taken to be approximately 
30 sec, and the variation in spacing for fig. 12 is shown as the second set 
of crossed points in fig. 4. The spacing ratio now exceeds the predicted 
amount, showing that diffusion cannot account entirely for the observed 
increase in width between the rows. It is suggested that this further 
increase might be associated with the increasing quantity of fluid which 
fig. 9 indicates is being pumped back between the rows. 

Stating the results in a more concise manner, so long as the observed 
apparent centres of the vortices lie along the theoretical line of fig. 4, then 
the centres of vorticity will be arranged in the constant Karm&n order 
necessary for stability. In these experiments, the deviations from the 
line are small, particularly near the model; and the conclusion is that the 
stable arrangement is formed behind the model and persists for a con¬ 
siderable period of time. 

Any direct measurement of the distribution of vorticity in a fluid 
presents considerable experimental difficulty. One of the best means is 
evidently this photographic method in which a direct measurement of the 
circulation in any contour can be obtained. In the past, several methods 
have been adopted to obtain the strength of the individual vortices in a 
street. For example, Fage and Johansen* in their work obtained the 
magnitude of the velocity fluctuations at a point outside the street, and 
hence determined the strength of the equivalent vortex filaments which 

• * Aero. Res. Ctee., Rep. and Mem.,’ No. 1104 (1927). 



88 


S. G. Hooker 


would produce these fluctuations. Again, other writers 1 * have measured 
the speed u 0 at which the individual eddies move due to their mutual 
action, and from this determined value have estimated the vortex strengths 
from the well-known formula 

«o = £ tanh ^. 

2a a 

In both methods a knowledge of the positions of the centres of vorticity 
is absolutely essential; and the fact that this point may differ considerably 
from the apparent centre of rotation is of obvious importance. . 

I should like again to express my gratitude to Professor L. Bairstow for 
placing the facilities of the Fluid Motion Machine at the Aeronautical 
Laboratory of the Imperial College at my disposal: also to thank Mr. T. 
Tanner, A.C.G.I., A.F.R.Ae.S., Lecturer in Aeronautics at the Imperial 
College, for his great assistance in the experimental part of this work 
and for many helpful suggestions. 

Summary 

The paper considers the effect of viscosity upon the distributions of 
vorticity and velocity in a Karman vortex street. 

In §2, the influence of symmetrical diffusion of vorticity caused by 
viscous action is considered with special reference to the amount of fluid 
pumped back between the vortex rows. It is shown that, provided there 
is no intermingling, the pure spread of the eddies causes no diminution in 
this; and there is, therefore, no widening of the street on this account. 
Conversely ,if the street does increase in width, then the back-flow between 
the rows increases proportionately. 

In § 3 is considered the problem of the diffusion in water of an infinite 
street of point vortices arranged initially in the K&rm&n order necessary 
for stability. It is found (with the assumption of linearity in the viscous 
equation of motion) that, although the centres of vorticity remain always 
fixed at their original positions, the centres of rotation of the eddies, as 
they would be estimated experimentally, move outwards away from the 
axis of the street, thus causing an apparent increase in the spacing ratio. 
In course of time, the centre of vorticity (which remains fixed) and centre 
of rotation for any one eddy move further and further apart, and a curve 
showing the rate at which this occurs is given. A natural consequence is 

* For example, Lock, * Phil. Mag.,’ vol. 50, p. 1083 (1925). 
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that the vorticity must be concentrated in that region of an eddy which 
is nearer the axis of the street than the apparent centres. 

It is also deduced that, during a time interval for which a vortex street 
is known to exist in a perfectly regular manner in water, the diffusion 
of vorticity has no appreciable effect upon the general speed of translation 
of the system. This is in accordance with the universally observed fact 
that the longitudinal spacing of a street remains constant, even while the 
apparent spacing ratio may double itself. 

Photographs of a vortex street formed in water behind an elliptic 
cylinder are described in §4. Curves showing the measured values of 
the periodic velocity distribution are given, and from these estimates of 
the mean distribution of vorticity are made. From the latter it is evident 
that the vorticity is concentrated in regions of the eddy nearer the axis 
of the street than the apparent centre of rotation. This conclusion 
receives further support when one considers special contours in each of 
which the sum of the enclosed vorticity is zero. 

In a time interval of some 17 sec, the strength of the individual vortices 
is calculated to decrease by approximately 7%; while the amount of 
fluid pumped back between the rows increases slightly. It is pointed out 
earlier that this in itself should cause a widening of the street. 

From the measured velocity distribution along a line perpendicular to 
the axis of the street and passing through the centre of a vortex, a rough 
estimate is made of the “ ages ” of the eddies. Once this has been done, 
it is possible to compare the observed widening of the centres of rotation 
with the calculated amount found for the initially ideal street subjected 
to viscous action. The agreement is quite good, and appears to indicate 
that the arrangement of the vorticity centres is far nearer the neutral 
K£rm4n arrangement than, on the face of them, the photographs would 
have us believe. 
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Fluorescent Emission of the Mercury Line 2537 A at 
Pressures between 10~ 3 and 10“ 1 mm 

By Peter Pringsheim and O. D. Saltmarsh 

(Communicated by Lord Rayleigh, F.R.S.—Received July 24, Revised 

November 18, 1935) 

[Plate 2] 

In his first papers on the resonance radiation of mercury and sodium 
Wood describes how the character of the emission changes with increasing 
pressure of the fluorescent vapour. At low pressure (p = 10~ 3 mm) the 
emission comes wholly from a narrow well-defined beam corresponding 
to the path of the primary light (beam fluorescence). With increasing 
density of the vapour the beam becomes diffuse until the luminosity fills 
the whole volume (volume fluorescence) and finally at pressures of about 
0 • 1 mm it withdraws entirely to the spot of entrance of the primary light 
(surface fluorescence). In all three cases the absorption and emission 
of light are due to normal atoms; the phenomenon is that of normal or 
true resonance radiation. For the D-lines of sodium, Lord Rayleigh* 
showed as early as 1919 that, even at pressures at which the true resonance 
radiation is concentrated on the surface, an emission can in addition be 
observed within the volume along the path of the primary light, if the 
D-lines in the spectrum of the exciting source are not,too narrow. This 
new fluorescence beam which can only be excited by the outer parts of 
the D-lines is partially polarized. Later Jablonsky and Pringsheimf 
found that though the normal resonance radiation observed on the surface 
is unpolarized under these conditions, the degree of polarization of the 
new fluorescence beam can be as high as 30% and is practically unaltered 
by the action of a magnetic field. 

For the mercury resonance line 2537 A it was Rayleigh who again 
studied the phenomena at higher pressures but with his main interest 
concentrated on the duration of the processes and on the appearance of 
the well-known mercury bands. In his paper, J the continuous change of 
the fluorescence in the vapour volume is studied from room temperature 

* Strutt, • Proc. Roy. Soc.,’ A, vol. 96, p. 272 (1919). 

t ‘ Z. Physik,’ vol. 70, p. 593 (1931); vol. 73, p. 281 (1931). 

} ‘ Proc. Roy. Soc.,’ A, vol. 125, p. 1 (1929). 
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up to 200° C. He used as a source of excitation a “ not fully cooled ” 
mercury lamp, giving a somewhat broadened and partially self-reversed 
line at 2537 A, which produces the effect called by Rayleigh “ core- 
effect”. The latter is in Rayleigh’s terminology the fluorescence of 
mercury vapour produced by the more central part of the 2537 A line 
while the very different fluorescence emission which is excited by a much 
broadened and self-reversed line is called by him the wing effect. The 
core effect always shows a line which, with the available dispersion, seems 
to coincide with the resonance line itself; when the pressure increases, a 
number of bands appear which have no importance for the present paper. 
Since in saturated vapour at 100° C the normal resonance radiation has 
withdrawn to the surface, it is improbable that the core effect is produced 
by the most central region of the primary line by which the normal 
resonance radiation at the lowest pressures is excited. 

In Rayleigh’s apparatus designed for quite different purposes, the 
pressure is, as the author himself states, very badly .defined; at the spot 
where the observations are made, it is certainly below the saturated vapour 
pressure corresponding to the temperature of the mercury reservoir. 
For our work we used a cylindrical quartz vessel of 20 mm diameter 
having an optically plane window at each end. It contained a few drops 
of pure mercury and was highly evacuated and sealed off. Hence the 
mercury vapour pressure could be regulated at will by changing the 
temperature of the surrounding oven. As sources of light we used two 
lamps with activated electrodes filled with rare gas and mercury vapour. 
The first lamp (Houterman’s lamp) having a low energy input gives a 
very narrow resonance line. The second (Osram lamp) having a higher 
input gives a rather broadened but still hardly self-reversed line. The 
construction of the lamps is such that there is practically no space between 
the luminous column and the window. The primary light coming from 
these lamps entered the fluorescence vessel through the cylindrical surface 
rather close to one of the plane windows through which the fluorescence 
was photographed by means of a camera having a quartz-fluorite achro¬ 
matic lens of 10 cm focus. 

Under excitation from the Houterman’s lamp, the well-known 
phenomena mentioned above were observed at increasing mercury 
vapour pressure, fig. 2, Plate 2. At about 80° C, 0 • 1 mm Hg, there is 
hardly any luminescence to be seen beyond the thin sheet of surface 
fluorescence. If the same series of photographs is repeated using the 
Osram lamp the phenomena are in the main the same but in addition 
there appears again at higher pressures in the interior of the vessel a well- 
defined luminous beam which reaches its maximum intensity at about 
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80° C, fig. 3, Plate 2. This phenomenon is best observed when the 
absorption of the central part of the line is produced in a separate cell 
containing saturated mercury vapour at 80° C so that the surface fluores¬ 
cence is entirely absent in the second vessel, .fig. 4, Plate 2. By means of 
a small quartz spectrograph of great luminosity we made sure that, under 
these conditions, the non-orthochromatic plates which we used showed 
in fluorescence spectrum exclusively the line 2537 A and no trace of the 
mercury bands. It was therefore possible to continue the experiments 
with spectrally unresolved light. 

The resulting increase of intensity of the light was of great advantage 
in measuring the polarization of the fluorescence radiation. In these 
experiments, the primary light was polarized by means of a Wollaston 
prism, its electrical vector being vertical and perpendicular to the direction 
of observation. Two images of the so produced fluorescence beam with 
their planes of polarization respectively vertical and horizontal were 
formed on the photographic plate by a second Wollaston prism P 4 , 
fig. 5, Plate 2. Under these conditions one of the images was much 
stronger than the other as a result of a partial polarization of the fluorescent 
light, although the normal resonance radiation observed as volume 
fluorescence at lower pressures was practically unpolarized. In order 
to measure quantitatively the degree of polarization we isolated a small 
spot of about 2 mm 2 area from the fluorescence beam by means of a 
vertical slit. The light from the double image of this spot formed by 
P a passed through a third polarizer P 3 and the angle a between the planes 
of polarization of P 3 and P 3 for which the two images were of equal 
intensity was determined. With total depolarization (the intensities of 
the two images produced by the second Wollaston prism being equal) 
this would occur at an angle a = 45°. After the proper adjustment had 
been approximately found a series of photographs was made with small 
increments in the angle a. The ratio of the blackening of the two images 
on the plates was measured for every setting by means of a photoelectric 
cell. The log of the value so found was indicated in a diagram as a 
function of a and the angle at which the ratio is exactly equal to one was 
found by interpolation a — 38 • 5°, fig. la. The advantage of this method 
is that no intensity marks are needed on the plate. If and i t are the 
intensities of the fluorescence beam producing the two images we have 

now as in any polarization photometer: j* — tan* a and hence the 

*2 

degree of polarization is p — ^ = cos 2a = 0-22 for a = 38*5°. 

A magnetic field of about 20 gauss, produced by a coil of 30 windings. 
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with the lines of force in the direction of observation did not alter this 
degree of polarization to a measurable extent. As a control we measured 
the degree of polarization of mercury resonance radiation at low pressure 
under the same conditions and found p between 60 and 70%.* On 
repeating this experiment with the same magnetic field which we used 
before, we found p less than 1%, fig. lb and lc. 

In general the phenomena are quite analogous to those observed with 
sodium vapour. At high pressures a fluorescence appears for which not 
only the exciting but also the emitted frequency is different from the 


T 



Fro. 1—Logarithm (T) of ratio of blackening of the two images against angle («) 
between the planes of polarization of polarizer and analyser, (a) Fluorescence 
at 80° C. a Without magnetic held; o with magnetic field. ( b ) Resonance 
radiation at -20° C, without magnetic field, (c) Resonance radiation at 
—20° C, with magnetic field. 

proper frequency of the atom since the fluorescent light comes only from 
the area covered by the primary beam and is not reabsorbed by the 
surrounding vapour. It must be remembered that atoms which absorb 
light of a frequency different from that of the central part of the absorption 
line in consequence of Doppler effect or any sort of collision damping 
re-emit the line with its normal energy distribution, /.<?., with the maximum 

* since we did not intend to make exact measurements we did not compensate for 
the earth’s magnetic flrid but found it sufficient to make our observations in the E.-W. 
direction and it may thus be explained that our value of p is less than that found in 
previous well-known publications. 
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restored to the central part of the line.* When excited by polarized 
light the secondary radiation shows a considerable degree of polarization; 
this polarization is not destroyed by magnetic fields. The normal 
resonance radiation, on the contrary, is perfectly depolarized at much 
lower vapour pressures by the interaction of the neighbouring atoms; i 
is also depolarized by the action of a magnetic field at lower vapour 
pressure where a high degree of polarization is observed in the 
absence of such a field. On the contrary the band fluorescence of diatomic 
molecules (1 2 , Na 2 , etc.) usually shows a polarization of the same order 
of magnitude (20-30%) and this phenomenon is not influenced to a 
measurable degree by a magnetic field. From these facts we draw the 
conclusion that the fluorescence which we observed in our experiments 
is not to be described as a normal atomic resonance radiation. As in the 
case of the D-lines, two explanations seem to be possible: according 
to the now generally accepted theory there is no sharp limit between 
resonance radiation and the classic “ Rayleigh ” scattering. The latter 
always has exactly the frequency of the primary light and, if mercury 
atoms are the scattering centres, it would probably show a polarization 
very close to 100% independent of vapour density and magnetic fields. 
The emission described in this paper could possibly correspond to the 
transition from the first phenomenon to the second. But sirfce Dus- 
chinskyt has shown that for sodium vapour the “ beam fluorescence ” at 
high pressure has a duration at least as long as the normal resonance 
radiation whereas Rayleigh scattering should be cut off instantaneously 
with the primary light, we are inclined to discard the first hypothesis. 
The other explanation is that we are dealing in our experiment with real 
fluorescence which is not due to Hg-atoms but to some sort of very loosely 
bound Hga-molecules with proper frequencies quite close to those of the 
single atoms—probably van der Waals molecules. Without having a 
definite proof, we think that this hypothesis is probably correct. Although 
we do not wish to draw untimely conclusions we hardly think it possible 
to attribute the core-effect observed by Lord Rayleigh to the absorption 
of light in monoatomic mercury vapour. 

Finally we want to mention that we have also repeated the experiment 
of Badger £, who found that it is possible to excite intense beam fluorescence 
in mercury vapour at room temperature in the presence of nitrogen of 
sufficient pressure, by the radiation of a mercury lamp, the quenching 

* Rump, *Z. Physik,’ vol. 29, p. 196 (1924); Orthmann and Pringsheim, ‘ Z. 
Physik,’ vol. 43, p. 9 (1927). 

t ‘ 2. Physik,’vol. 78, p. 586 (1932). 

t * 2. Physik,’ vol. 55 p. 56 (1929). 
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effect of the nitrogen being compensated by the broadening of the line 
and the resulting increase of absorption. We observed this effect up to 
a pressure of 120 mm of nitrogen with great intensity and found that this 
fluorescence is completely unpolarized, as would be expected in view of the 
known depolarizing effect of collisions between excited atoms and other 
molecules. 

We want to express our thanks to the Assistance Acadlmique in 
Brussels and to Professor A. Piccard who gave us facilities to make these 
experiments in the Physical Laboratory of the University Libre de Bruxelles, 
and also to Professor Swings of the University of Liege who kindly lent 
us one of the Wollaston prisms used. 


The Influence of Pressure on the Spontaneous Ignition 
of Inflammable Gas-Air Mixtures 

IV—Methane-, Ethane-, and Propane-Air Mixtures 

By D. T. A. Townend, D.Sc., and E. A. C. Chamberlain, B.Sc., High 
Pressure Gas Research Laboratories of the Imperial College of 
Science and Technology, London 

(Communicated by W. A. Bone, F.R.S.—Received August 1, 1935) 

Introduction 

In previous papers* the results of investigations into the influence of 
varying initial pressures up to 15-20 atmospheres on the spontaneous 
ignition of mixtures with air of butane, fso-butane, pentane, and hexane 
were described. On the attainment of a critical pressure, which varied 
both with the hydrocarbon concerned and the composition of its mixture 
with air, the ignition points were always found to fall sharply from a 
higher temperature range above 500° C to a lower range at about 300° C. 
At pressures just exceeding the critical transition pressures ignition 
occurred at first only within limited temperature ranges which widened 
and ultimately merged with increasing pressure. The striking relation¬ 
ship between the behaviours of the hydrocarbons referred to under the 

* * Proc. Roy. Soc.,' A, vol. 141, p. 484 (1933); vol. 143, p. 168 (1933); vol. 146, 
p. 113 (1934). 
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experimental conditions and their " knocking ” propensities in an engine 
was also indicated. 

While the data available were inadequate for drawing any final con¬ 
clusion as to the character of the phenomena referred to, a tentative 
hypothesis was advanced that while ignition in the higher temperature 
range pertains mainly to the thermal decomponents of intermedially 
formed compounds, ignition in the lower system occurs when temperature 
and pressure conditions favour the survival and further oxidation of 
such bodies, particularly aldehydes. 

We had refrained from attempting to examine in detail the course of 
combustion of the paraffins referred to because an interpretation of our 
observations would be more easily reached by first directing attention 
to that of the lower members of the series, which are less complex. The 
first part of this programme, with which this paper is concerned, con¬ 
sisted in determining the influence of pressure up to 30 atmospheres upon 
the ignition temperatures of mixtures with air of methane, ethane, and 
propane. 

The methane and ethane employed were prepared by the catalytic 
hydrogenation under pressure of carbon monoxide and ethylene, respec¬ 
tively, the product (after removal of ethylene by bromine in the case of 
the ethane) being subsequently purified by liquefaction and fractional 
distillation. 

The propane was taken from cylinders containing the liquefied gas 
supplied by the Ohio Chemical Manufacturing Company, Cleveland, 
U.S.A., its declared purity of 99-9% being confirmed by chemical 
analysis. 


Results 

A — Methane-Air Mixtures 

With methane-air mixtures two series of determinations were carried 
out in one of which (A) the explosion vessel was provided with a silica 
liner which in the other (B) was replaced by the more customary mild 
steel liner. Although at room temperature and pressure the limits of 
inflammability of methane-air mixtures for horizontal propagation of 
flame are approximately 5-4% methane (lower) and 14-0% methane 
(upper), at the higher temperatures employed in these researches they 
would be widened in each direction. We have restricted our observations 
to four mixtures containing 3, 5, 12, and 15% of the combustible, respec¬ 
tively, in series A and to five mixtures containing 5, 10, 12, 13, and 15% 
of it respectively, in series B. 



The Spontaneous Ignition of Inflammable Mixtures 97 

In figs. 1 and 2 curves have been drawn showing the infiuenoe of pro¬ 
gressive increase of initial pressure on the ignition points of the mixtures 



referred to. The method employed in plotting these curves was to 
determine at intervals of every few degrees over the whole temperature 
range two pressures separated usually by not more than 0*05 to 0-1 
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Fig. 1 Methane-air mixtures. Percentage mixtures for the curves:_ I = 3, 2 = 5, 3 = 12, 4 — 15 
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atmospheres at the lower of which ignition did not occur and at the higher 
it did; little difficulty was ever experienced in repeating the curves very 
closely. 

There is little difference between the nature of the results obtained in 
the two series except that the ignition points were generally 20 to 30° C 
higher over the whole pressure range with the mild steel liner (iig. 2) than 
with the silica liner (fig. 1). The principal feature of the results, however, 
is that quite contrary to the behaviour of the higher paraffins already 
studied (q.v.) at no pressure range was there any abnormal lowering of 
the ignition points from a higher to a lower temperature system; indeed, 
the ignition points fell quite smoothly about 200° C as the pressure was 
increased from about 1 to 7 atmospheres. For a reason apparent in what 
follows we have halved the pressure scale usually adopted in plotting 
such curves, the pressure range being therefore limited in figs. 1 and 2 to 
7 atmospheres. It may be taken, however, that at higher pressures very 
little further fall in the ignition points occurred, the drop being about 
10° C for an increase of pressure up to 30 atmospheres. 

These results are in general agreement with the observations of H. B. 
Dixon* who obtained a smooth curve by plotting against pressure the 
ignition points of methane in air as determined in the concentric tube 
apparatus for a constant lag of 0-6 second and pressures up to 7 atmo¬ 
spheres, and those determined with a 7% methane-air mixture in the 
adiabatic compression machine at ignition pressures calculated to be 
between 18 and 37 atmospheres. The actual fall in ignition temperatures 
in his experiments over this pressure range namely from about 750° C 
to 380' ; C, however, is rather more than the corresponding fall in our 
own. 

An interesting feature of the curves best brought out in fig. 1 is that 
whereas at 1 atmosphere the 5% methane-air mixture, curve 2, which 
contains an excess of air has the lowest ignition point, at higher pressures 
the curves for the individual mixtures cross so that at 3 atmospheres there 
is a progressive fall in the ignition points with increase in the combustible 
content in the mixtures. This fact is well illustrated by the curves drawn 
in the inset, fig. 1, which show the variation in ignition points with mixture 
composition at pressures of 1, 2, 3, and 4 atmospheres. 

It may here be recalled that in 1924 Mason and Wheelerf who deter¬ 
mined at atmospheric pressure the “ relative ignitabilities ” of mixtures 

• See " Safety in Mines Research Board Paper No. 53,” 1929. 

t ‘ J. Chem. Soc.,’ vol. 125, p. 1869 (1924) or “ Flame and Combustion in Oases," 
fig. 7, p. 71. 
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with air of methane, 4 ' ethane, propane, butane, and pentane showed that, 
whereas with methane-air mixtures a minimum ignition point occurred 
with a mixture containing an excess of air, with all other paraffins examined 
the ignition points fell progressively as the combustible content of the 
mixture increased. It is now seen that the behaviour of methane-air 
mixtures simulates that observed with higher members of the series only 
when the experimental pressure exceeds about 3 atmospheres. 

Lags —The pre-ignition time-lags showed no irregularity such as was 
found with the higher paraffins in the lower temperature system between 
300° and 400° C (see Part III). They were in fact mainly dependent upon 
temperature being for rich mixtures about 40 seconds at temperatures 
below 500° C, about 10 seconds at 550° C, and usually between 3 to 5 
seconds at about 650° C; this may be seen from the small figures along 
some of the curves, fig. 2. If anything, a small peak was observed in the 
lags at about 650° C above and below which temperature they were a 
second or so less. Differences in the lags occurred both with mixture 
composition and the nature of the surface employed but as at any one 
pressure the corresponding ignition points were variable no general 
inferences may be made regarding them. 

The Influence of Formaldehyde —A matter of great interest in recent 
researches on the combustion of hydrocarbons has been the influence of 
the successively formed intermediate products and other materials on the 
progress of the combustion as a whole. Thus, for example, in the slow 
combustions of methane, ethane, and ethylene Bone and collaborators! 
have shown that additions of small quantities of the aldehydes and alcohols 
known to be produced in intermediate reactions, as well as of water 
vapour and nitrogen peroxide, have an accelerating influence, which is 
particularly marked with aldehydes and nitrogen peroxide. And in 
support of our view that with the higher paraffins ignition in the lower 
temperature range is the outcome of the survival of intermedially formed 
products, particularly aldehydes, it was demonstrated (Parts II and III) 
that while addition of corresponding aldehydes had a marked influence 
in facilitating ignition in the lower temperature range, at higher tempera¬ 
tures this diminished and was no longer • observable at temperatures 
above about 500° C. 

* Mason and Wheeler's results at atmospheric pressure agree closely with our own, 
series A, fig. 1. 

f *Proc. Hoy. Soc.,’ A, vol. 129, p. 434 (1930); ibid., vol 134, p. 378 (1932); ibid., 
vol. 143, p. 16(1933). 
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A knowledge of the ignition points of methane-air mixtures is particu¬ 
larly helpful in throwing light upon the whole subject because normally 



the first intermediate products in its combustion are restricted to methyl 
alcohol and formaldehyde. We have carried out determinations of the 
ignition points of mixtures of these combustibles with air under pressure 




and it need only be stated here that the characteristics of the ignition 
point curves are in both instances much the same as those of methane-air 
mixtures. The ignition points of corresponding mixtures, however, are 
much lower with formaldehyde than with either methyl alcohol or 
methane, and methane-air mixtures have ignition points slightly above 
those of corresponding methyl alcohol-air mixtures. It is also important 
to stress that, while the ignition points of formaldehyde-air mixtures at 
sufficiently high pressures do ultimately fall below 400° C, the curves are 
quite smooth there being no introduction of a lower ignition system. 

In fig. 2 inset, we have drawn ignition point curves (A) for a 12% 
methane-air mixture, and (B) for a similar mixture to which 2% of form¬ 
aldehyde had been previously admixed. The general influence of the 
formaldehyde was ( a ) to reduce the time-lags, and ( b ) to lower the ignition 
points usually by about 40° C*; the lowering effect diminished, however, 
at higher temperatures and was less marked above 700° C. 

We have formed the opinion that the ignition points of methane-air 
mixtures are confined to one system which does not fall much below 
500° C however high the initial pressure employed. This is supported 
by the fact that the ignition point curves of the principal intermediate 
products, methyl alcohol and formaldehyde, exhibit the same character¬ 
istics as those of the parent hydrocarbon. Moreover, it should here be 
emphasized that the curves determined for the three combustibles under 
consideration are characteristic of those for “ non-knocking ” fuels. 

In order to explore further the remote possibility of a lower ignition 
system with methane an attempt was made to replace the air employed 
as the supporter of combustion by oxygen, cf. similar determinations 
with hexane-oxygen media, Part III. Unfortunately the ignitions were so 
violent that it would have been unwise to proceed with them under the 
existing conditions of experimental procedure. 


B — Ethane-Air Mixtures 

Having found that the principal products intermedially formed in rite 
combustion of methane are unlikely to play any leading role in the intro¬ 
duction of a lower ignition system as previously observed between 300° 
and 400° C with higher paraffins, the possible behaviour of ethane-air 
mixtures became a matter of great interest because with two carbon atoms 
in the molecule the number of intermediate products known to be formed 

* This is in agreement with the observations of Naylor and Wheeler at atmospheric 
pressure, ' 1. Cbem. Soc.,’ p. 2496 (1931). 
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is greater. In particular, acetaldehyde, which as far as our experiments 
have proceeded has always been found to be the most potent oxygenated 
body capable of inducing ignition in the lower system is the first product 
formed after ethyl alcohol*; we therefore anticipated finding a lower 
system with ethane-air mixtures. 

On account of the large quantities of pure ethane required for such 
experiments we restricted our investigation to three representative 
mixtures containing 6, 10, and 13% of ethane respectively, the mixtures 
at the limits of inflammability under atmospheric conditions containing 
about 3-0% (lower) and 11 0% (upper) of the combustible and the 
theoretical mixture containing 5 -64% of it. 

The influence of increasing initial pressure up to 26 atmospheres on the 
ignition points of the three mixtures referred to is illustrated by the three 
curves, 1, 2, and 3 in fig. 3. With the 6% mixture (No. 1) the curve fell 
smoothly from about 530° C to 430° C as the pressure was raised to 26 
atmospheres. 

With the 10 and 13% mixtures the ignition points of which were always 
somewhat lower, as soon as the curves approached a temperature of 
roughly 435° C at 15-2 and 13 atmospheres pressure with each mixture 
respectively, a sharp inflexion occurred and at higher pressures the ignition 
points followed an imposed lower system, settling down to temperatures 
about 325° to 340° C at 25-30 atmospheres. 

A most interesting feature of the experiments was the very long time- 
lags recorded for the ignitions, these steadily increased from about 50 
seconds at 550° C to a few minutes at 435°, the point of inflexion; subse¬ 
quently the lengthening was very marked and at temperatures between 
325° and 340° C the lags had reached 2 hours or more. Under these 
conditions the superposition of the lower system was not responsible 
for any irregularity in the lags their variation with temperature being 
uniform. In spite of length of the lags the reproducibility of the experi¬ 
ments was remarkable but their completion occupied a considerable 
amount of time. 

In order to accentuate the lower system attempts were made to employ 
ethane-oxygen mixtures but as with the methane experiments the ignitions 
were much too violent. 

The Influence of Acetaldehyde —Probably the most impressive series of 
experiments was that carried out with a 13% ethane-air mixture to which 
1% of acetaldehyde had been admixed; curve 4, fig. 3. Not only was 

* Cf. Newitt and Szcgo, * Proc. Roy. Soc.,’ A, vol. 147, p. 553 (1934), 
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ignition effected in the lower system at markedly lower pressures than 
with the simple mixture but the time-lags were reduced from more than 
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2 hours to a few seconds. Moreover, this effect was limited entirely to 
(he lower system for above 435° the acetaldehyde had no influence what¬ 
ever, if anything it tended to retard the ignitions and we hold the opinion 


!. 3—Ethane-air matures. Percentage mixtures for the curves:—1 = 6, 2 = 10, 3 = 13, 4 and 5 are as 3 
but with 1 and 2% addition of acetaldehyde. Mild steel liner in use. 
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that in such circumstances the decomposition of the aldehyde was a 
faster process than its oxidation. Curve 5 shows the ignition points for 
the same ethane-air mixture in which the acetaldehyde content had been 
increased from 1 to 2%. 

These results also throw light on the apparent disagreement between 
the striking observation of Bone and Hill (loc. cit.), who found the presence 
of 1% of acetaldehyde to cause the ignition of a C 2 H 6 + O a mixture at 
316° C and 710 mm pressure under conditions when normally the reaction 
proceeded quite slowly, and the more recent observation of Steacie and 
Plewes,* who found that with a C a H e -f 2 • 30 2 mixture at 452° C acetalde¬ 
hyde while virtually eliminating the “ inhibition ” period, had little or 
no effect upon the subsequent oxidation of the ethane. 

Viewing our results for ethane-air mixtures generally and having in 
mind those for methane-air mixtures we think that the best explanation 
of the lower ignition system is that its incidence depends upon pressure 
conditions at the experimental temperatures which allow of an adequate 
(a) rate of formation and (A) survival of acetaldehyde. 

Convincing as the evidence already put forward for this view was it 
became greatly strengthened when determinations were made of the 
influence of pressure on the ignition points of acetaldehyde-air mixtures; 
for it was then found that the characteristics of the curves for the 
higher paraffins are much more pronounced with acetaldehyde itself. 

C— Propane-Air Mixtures 

Three propane-air mixtures (mixtures at normal limits of inflamma¬ 
bility, 2-2% and 7-3% propane approximately; theoretical mixture, 
4*02% propane) were investigated, each containing 2-6, 5, and 7*5% of 
the combustible respectively. 

It will be observed from the ignition point curves shown in fig. 4, 
Nos. 1, 2, and 3, that their general contour simulates that characteristic 
of the higher paraffins (Parts II and III). Thus the curves for the 5 and 
7 • 5% mixtures, Nos. 2 and 3, show two pressure minima in the lower 
ignition system, the higher at about 370° C and the lower at 330° C, The 
minimum pressure necessary to initiate ignition in the lower system is 
with the 7-5% mixture, No. 3, about 4-2 atmospheres, so that for corre¬ 
sponding mixtures with air the paraffins to hexane fall into line in this 
respect as follows:—Ethane 13, propane 4-2, butane 1 *75, pentane 1 *25, 
hexane 0-9, and iso-butane 3*25 atmospheres. This is in direct accord 

* ‘ Proc. Roy. Soc.,’ A, vol 146, p. 583 (1934), 
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with the known “ knocking ” propensities of these combustibles when 
used as fuels in petrol-air engines. 
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The lags were again found to show the irregularity characteristic of 
the higher paraffins as may be seen from the figures indicated along curve 
3, for while in general they decreased with rise of temperature from about 


Pressure in atmospheres 

Fig. 4 —Propane-air mixtures. Percentage mixtures for the curves:—1 = 2 6 , 2 = 5 0, 3 = 7*5. Mild steel 

liner in use. 
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170 seconds at 310° C to 4 seconds at 560° C a minimum value of 
seconds was found at 370° C cortesponding with the incidence of the 
lower ignition system at the critical transition pressure, 4-2 atmospheres. 

Cool Flames —In the experiments with methane- and ethane-air 
mixtures we were never able to detect the occurrence of cool flames (cf. 
Parts II and III). It may here be recalled that Prettre* who made a 
special study of the phenomenon with paraffin, etc., hydrocarbons at 
atmospheric pressure likewise failed to observe them with these hydro¬ 
carbons but always did so with rich mixtures only of the higher paraffins 
from propane upwards. As in our previous experiments with higher 
paraffins we had found no difficulty in detecting cool flames with mixtures 
containing an excess of air but generally at pressures higher than those 
employed by Prettre we had considered it likely that cool flames might 
possibly be observable at least with ethane-air mixtures were some suit¬ 
ably high pressure employed; such anticipation, however, was not borne 
out. With propane-air mixtures Prettre observed the phenomenon at 
atmospheric pressure with only a very rich 14-5% propane-air mixture; 
in our experiments cool flames were observable with each of the three 
mixtures studied at pressures above about 2 atmospheres, the minimum 
pressure being least with the 7 • 5% mixture. The pressure and tempera¬ 
ture limits within which cool flames were observable are defined by the 
boundaries of the diagonally shaded areas, fig. 4, shown for each mixture. 
The characteristics of the cool flame phenomena may be taken as much 
the same as observed with hexane-air mixtures, Part III. The limits of 
the temperature ranges were generally somewhat closer, however (325° 
to 345 c ‘-400° to 410° C compared with 300° to 310°-390° to 400° C), and 
the pressure pulses less intense than with hexane; indeed it may be said 
that the intensity of the pulses increased progressively as the paraffin 
series was ascended. 

Time-Lags and Knock —In Part III we pointed out that in considering 
our results in the light of their probable application to internal com¬ 
bustion engines the question of time-lag was of predominating importance 
because in such conditions the maximum time-lag permissible would not 
exceed (say) 0-005 second; and we determined for a hexane-air mixture 
the boundary curve defining the limits of pressure and temperature for 
ignition to occur with a constant lag of 1 second (the lag observed at 
350° following our normal procedure) indicating its probable shift m the 

* ' Bull. Soc. Chim. Fr.,' vol. 51, p. 1132 (1932). 
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direction of increased pressure for ignition with the stipulated lag reduced 
still further.* 

There can be little doubt that were it possible to determine syste¬ 
matically the influence of pressure on the ignition points of fuels for 
constant very short lags, much help would be forthcoming in considering 
problems of both petrol and compression ignition engines. Unfor¬ 
tunately it is not possible with our present apparatus to measure with 
precision lags of less than 0 • 5 second. Propane-air mixtures, however, 
while exhibiting the behaviour characteristic of the higher paraffins 
generally, have much longer time-lags than hexane-air mixtures so that 
it was possible to study more accurately the influence of pressure on them. 

We selected the 7*5% propane-air mixture as being best for our purpose 
and have plotted in fig. 5, curve 1, its ignition points against pressure 
together with the cool flame area in the ordinary way. The lags printed 
against curve 1 are by definition (Part 1, p. 486) those for the lowest 
ignition temperature at the experimental pressure. The figures in the 
cool flame area are the lags observed at 360° and 370° C prior to the 
appearance of a cool flame; these lags decreased with increase of pressure 
and corresponded with the lags observed for true ignition when the 
requisite pressure had been attained. As indicated already the tempera¬ 
ture of minimum lag on curve 1 was found at about 370° C; at higher and 
lower temperatures on the curve this lag increased but by increasing the 
pressure the lags could be shortened, and curve 2 is the curve so plotted 
for ignition with a lag of 3| seconds. In a similar way curves 3, 4, and 5 
were plotted for lags of 2, 1, and 3/5 seconds, respectively. 

In accordance with our expectation with hexane-air mixtures marked 
pressure minima persist in the wo-lag curves at higher pressures. An 
interesting feature of the curves is that the temperatures of the pressure 
minima do not remain fixed but show an immediate sharp rise from 
370° C to about 415° C, thereafter apparently remaining constant. 
When it is remembered that the compression temperature of the working 
fluid in an engine varies with the compression ratio employed somewhat 
as follows 4:1, 385°; 5:1, 410°; 6:1, 430° C; the significance of the 
curves needs no further emphasis; indeed, they also throw light on the 

* “Knock” in internal combustion engines most probably arises in circumstances 
responsible for pronounced chemical reactivity in the unburat explosive medium (c/. 
Egerton, Llewellyn Smith, and Ubbelohde, ‘ Phil. Trans.,’ A, vol. 234, p.433 (1935)). 
Our experiments have indicated without exception that the circumstances of com¬ 
pression ratio, working temperature, and engine speed responsible for the phenomenon 
correspond with the pressure and temperature conditions requisite for spontaneous 
ignition within an appropriate time-lag, whatever the chemical mechanisms involved. 
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observation of various investigators that raising the working temperature 
may actually suppress “ knock 
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We had hoped to calculate by extrapolations from the observed lags 
the pressure requisite for ignition to occur with short lags of die order 
of 0*005 second and to compare this estimated pressure with the com* 
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pression pressure estimated at the H.U.C.R.* determined in engine tests 
for propane-air mixtures. As far as could be judged, however, the so- 
determined pressures were high, for the calculation demanded an accurate 
knowledge of the true reaction lag, particularly for values of less than 
1 second, whereas the lags measured in our experiments included the 
short time-interval required for the filling operation which though constant 
was not determinable with accuracy. 

Some idea of the relation between time-lag and pressure may be gathered 
from the curve relating to 360° C plotted in the inset, fig. 5. The left- 
hand shaded side of the diagram corresponds with cool-flame ignitions 
and the right-hand side with true ignitions. A slight break in the curve 
will be observed at the point of transition from one system to the other. 
For when the minimum pressure for true ignition was reached the latter 
occurred after a measurable time interval following the passage of a cool 
flame. With increasing pressure this interval decreased and became too 
short to be measurable; in our opinion, however, the spontaneous 
ignition of such media is always a two-stage process. 

When 0-05% of lead tetraethyl was added to the 7-5% propane-air 
mixture the ignition point curve (No. 1) was shifted at the pressure 
minimum (370° C) in the direction of higher pressures, as observed 
previously with butane-, pentane-, hexane-, and wo-butane-air mixtures. 
Parts II and III. A somewhat higher minimum pressure was also required 
for cool flames without the temperature limits being materially affected. 
As regards the time-lags, whereas at the lowest ignition pressures they 
were about the same or even less with lead tetraethyl addition to the 
mixture, with rise of pressure the lags did not appear to decrease as 
rapidly as those of the undoped mixture. This is indicated by the dotted 
curve shown in the inset, fig. 5, and is no doubt of significance in con¬ 
sidering these results in regard to their probable relation to “ knock ”. 

The Influence of Additions of Prop - and Acet-aldehydes —With propane- 
air mixtures the aldehydes likely to have most influence on the course of 
combustion and ultimate ignition are prop- and acet-aldehydes. In fig. 6 
curves have been drawn showing the ignition points of a 7 • 5% propane-air 
mixture, No. 1, which contains defect of air to which 1 and 2% of 
propaldehyde, Nos. 2 and 3, and 1 and 2% of acetaldehyde, Nos. 4 and 
5, had been admixed. The influence of acetaldehyde on the cool flame 
areas has also been illustrated. 

There is little difference in the behaviours of the two aldehydes in 
facilitating ignition. Both induce ignition in the lower temperature 

* Highest useful compression ratio. 
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system at much lower pressures and temperatures than are observed 
with the simple mixture; moreover, both have much less influence on the 
ignition points at higher temperatures, and comparatively none above 
550° C. Generally speaicing propaldehyde is a slightly more prominent 
promoter of ignition at temperatures above 320° to 350° C; at lower 



Pressure in atmospheres 

Fio. 6—Curve 1 ~ 7-5% propane-air mixture; curves 2 and 3 = the same with 
addition of 1 and 2% of propaldehyde; curves 4 and 5 — the same with addition 
of 1 and 2% acetaldehyde. 

temperatures acetaldehyde is probably the more potent. It is important 
to note, however, that whereas the lower pressure minimum occurring 
at 330° C with the simple 7 -5% propane-air mixture is reproduced at 
lower temperatures in the ignition point curves of the mixtures to whjph 
propaldehyde was admixed, Nos. 2 and 3, it is not so when acetaldehyde 
was used. We hope to obtain more light on these matters when farther 
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experiments are completed to determine (a) the influence of successive 
small additions of these aldehydes to such media, and (b) the influence of 
pressure on the ignition points of the higher alkyl aldehydes. 

Our tentative view is that in the course of the combustion of propane, 
the propaldehyde produced breaks down more or less rapidly according 
to circumstances as follows: C 2 H s CHO > C 2 H 6 -f- CO. The ethane thus 
formed is further oxidized ultimately giving rise to acetaldehyde and 
water. The process is then repeated the acetaldehyde similarly breaking 
down: CH 3 . CHO -*• CH 4 + CO. Finally formaldehyde is formed; a 
product which we have found to be more stable in such experiments. 
Support for this view is forthcoming from the fact that whereas aldehydes 
are important intermediate combustion products in the low temperature 
system 300°-400° C and particularly so after the passage of a cool flame, 
they become much less prominent at higher temperatures and are not 
easily detectable above 500° C. Moreover, carbon monoxide is a 
principal product of the slow oxidation of the paraffin hydrocarbons in 
the temperature range referred to. 

If this view be correct it may well be that the pressure minimum always 
observed at 350°-370° C marks the rapid breakdown of acetaldehyde; 
that at 300°-330° C may pertain to propaldehyde. These matters, 
however, are being made the subject of a separate investigation in which 
the course of the reactions involved is being studied over the entire 
temperature range. 

In conclusion, we desire to express our thanks to the Gas Light & 
Coke Company for their Research Fellowship which has enabled one of 
us (E. A. C. C.) to devote his whole time to the work. 

Summary 

Previous investigations into the influence of pressure on the spontaneous 
ignition of butane, iso-butane, pentane, and hexane-air mixtures have 
been extended to the lower paraffins methane, ethane, and propane. 
Whereas with the higher paraffins previously reported the ignition points 
were found to lie in two well-defined temperature ranges, location in the 
higher range occurring at low pressures, and in the lower range at higher 
pressures, with methane or the intermediate products to which it gives 
rise, they were confined to an upper range even at pressures up to 30 
atmospheres. 

With ethane-air mixtures a lower temperature ignition system developed 
at pressures above 13 atmospheres; the presence of 1% of acetaldehyde in 
the medium, however, reduced this to below S atmospheres. 
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Propane-air mixtures revealed all the ignition characteristics of the 
higher paraffins, ignition in the lower system being greatly facilitated by 
the presence of small amounts of either prop- or acet-aldehyde. 

The influence of pressure on the pre-ignition time-lags was also investi¬ 
gated the wo-lag curves for lags of less than 2-seconds exhibiting a marked 
pressure minimum at about 410° C, an observation of importance in 
regard to “ knock 

The view previously put forward that ignition in thfe lower system occurs 
when temperature and pressure condition favour the survival and further 
oxidation of aldehydes has found further support and the mechanisms 
of the reactions involved over a wide temperature range form the subject 
of a separate investigation. 
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October 30, 1935) 

The results of investigations on the phenomenon of migration in films 
of alkalis on relatively inert metals fall naturally into two classes. Those 
authors who have worked on the thermionic properties of the composite 
surface, and who, as a result of the high temperatures necessarily employed, 
have usually been concerned with dilute films, have recorded that a 
relatively large activation energy is required for migration. Those, on 
the other hand, who have used a photo-electric method of observing change 
in the surface and have on that account usually dealt with relatively close 
packed (and so more photo-sensitive) films, have recorded measurable 
mobility at quite low temperatures. Thus Lukirsky and 'Ryanoff* 
believe as a result of their experiments on the photo-sensitization of 
potassium by hydrogen that the surface film is mobile at a temperature 
as low as 210° K. Kollnerf found that the oxidation of caesium at 
93° K enhances the photo-sensitivity owing, he claims, to the formation, 
by a process of surface migration, of a monolayer of caesium over die 

• ‘ Z. Physik,’ vol. 25, p. 249 (1932). 
t • Ehys. Rev.,’ vol. 36, p. 1S43 (1930). 
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caesium oxide formed as a result of primary oxidation. More recently 
the writer* found that films of sodium a little thicker than a monolayer 
had quite a high mobility on tungsten at 300° K. 

It has been recorded in a few instances that the mobility of films of 
foreign material rises with surface concentration. Thus Taylor and 
Langmuirf examining dilute films of caesium on tungsten found that at 
967° K a fourfold increase in the concentration resulted in an elevenfold 
increase in the surface diffusion coefficient D. Becker and Brattain’sJ 
work on the surface diffusion of thorium on tungsten also indicated an 
increase of D with the surface concentration. This increase was due, 
they suggested, to partial evaporation followed by recondensation. 
Langmuir§ pointed out that this migration was not assisted by a strong 
negative field around the filament. We should expect such a field to 
assist the evaporation of positive ions and consequently expedite surface 
diffusion. We are thus led to postulate the existence of a surface spread¬ 
ing force F originating in the mutual repulsion of the adsorbed positive 
ions, which, rising with increasing concentration, serves to assist any 
surface movement which would result in the equalization of surface 
concentration. The existence of this spreading force has been emphasized 
by Langmuir, who points out, in particular, that F and therefore D should 
rise extremely rapidly as 0, the fraction of the surface covered, tends to 
unity. It may, however, also be observed that the activation energy, E, 
associated with the diffusion process should fall with rising 0 on account 
of the lowering of the effective potential barrier opposed to surface 
diffusion by means of the potential of the spreading force F. A knowledge 
of the functional connexion between E and 0 would enable F to be 
calculated and the nature of the repulsive forces acting between adsorbed 
positive ions elucidated. 

An experimental difficulty met with in investigations on the photo¬ 
electric properties of films of alkali has been the tendency of the films 
to “ dissolve ” in the surface. This tendency, attributed to migration 
down slip planes and intercrystalline cracks has been shown to be most 
troublesome with the lighter alkalis. With sodium on tungsten this 
phenomena is so marked that measurements of diffusion are restricted 
to relatively thick layers. By using films of. potassium on tungsten, 
however, it has been found possible to measure the diffusion coefficient 
over quite a wide range of concentration. 

* Bosworth, * Proc. Roy. Soc.,’ A, vol. 150, p. 58 (1935). 

t * Phys. Rev.,’ vol. 44, p. 423 (1933). 

t ‘ Phys. Rev.,’ vol. 43, p. 428 (1933). 

§ ‘ Acta Physicochem., U.R.S.S.,’ vol. I, p. 34 (1934). 
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The method used was identical with that employed in the earlier work. 
A beam of potassium ions from a Kunsman source was fired on to the 
centre of a tungsten strip filament and the photo-emission along the strip 
was recorded as a function of the distance from the centre, the time, and the 
temperature. 

Results 

As with sodium the first effect noted was a uniform fading of the total 
emission (r), and investigation showed that provided s was not initially 



0-J 06 0-8 10 

Distance in cm 
Fio. 1. 


too large, the sensitivity at any one point was related to the time by an 
equation of the type: 

= J* 0 + to). 

where t Q depends on the choice of zero for t the time. In other words the 
decay process follows the course one would expect from a diffusive 
mechanism and the reaction constant k, measured from the experimental 
results as d(\!&)ldt is proportional to the diffusion coefficient A for 
intergranular diffusion; and the activation energy of & is identical with 
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the activation energy of A. Working in exactly the same way as in the 
earlier experiments on sodium a value of 0-30 volt was obtained for this 
activation energy. A value only some 7% higher than that recorded for 
sodium. 

In other respects, however, the behaviour of the potassium films was 
markedly different from that of the sodium, in that even after quite 
moderate treatment of the filament with potassium ions the decay process 
left a residual film of small but definite photo-sensitivity, which was 



2-4 2-8 3-2 

Distance in cm 
Fig. 2. 


perfectly stable at 400° K, but began to spread slowly over the filament 
when it was heated above 500° K. 

Figs. 1 and 2 show the results of two separate experiments. In each 
the photo-sensitivity has been plotted against distance along the strip at 
a number of selected times. In fig. 1, curve A shows the initial distribu¬ 
tion, curve B the distribution after 10 minutes at 480° K, and curve C 
after a further 3 minutes at 590° K. In fig. 2, curve A shows the initial 
distribution, curve B the distribution after 29 minutes at 510° K, curve C 
after 1 minute at 710° K, and curve D 1 minute at 780° K. These curves 

12 
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may now be used to obtain diffusion coefficients by the method given in 
the earlier paper; and the following figures have been read off from the 
graph: 

At 480° K 

j (Co — C) <& = 4 ■ 8 x 10-* 

St — 600 seconds 


accordingly 


At 590° K 


S~=^ 14, 
dx 


D 


f (Co - C) dx 
dx! 


St x S i 

dx 

= 0-57 x 10- 5 


J (Co - C) dx = 1 -08 x 10- 1 
St = 180 


therefore 
At 510° K 


therefore 
At 710° K 



D = 10 0 x 10~ B . 


| (Co — C) rfjt = 3 -2 x 10-* 
St = 1740 



D = 1 -4 x 10- 5 . 


j (Co — C) dx — 5-2 x 10-* 
St = 60 


therefore 


D = 140 x 10“°. 
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At 780° K 


therefore 


(Co - C)dx = 2-5 x 10~ 2 
*/ = 60 



D = 280 x 10~ 5 . 


These figures may be compared with the results given by Taylor and 
Langmuir* for dilute caesium films, i.e., 

D 70irK - 0-8 x 10 5 

D 8irK — 3-4 x 10 r ' 

Doer" k == 11 X 10 

and it will be seen that temperature for temperature the potassium films 
appear to be more mobile although by plotting log D against 1 /T an 
activation energy of 0 -66 volt is obtained for potassium films as compared 
with 0-61 volts for the caesium films studied by Langmuir and Taylor. 


The Increase in the Diffusion Coefficient with Concentration 

In the results given above only very dilute films were studied, but once 
concentrated films were formed it was found that diffusion began 
to appear at lower and lower temperatures, while at any fixed temperature 
the diffusion coefficient increases as C increases. Now the measurement 
of D involves taking readings over a range of values of C and the measure¬ 
ment of the activation energies E taking a range of D with an ever- 
decreasing concentration. But since D varies with C it is not strictly 
accurate to measure the activation energy E from a single run, and the 
method which has been adopted was that of measuring D at a series of 
fixed temperatures over a wide range of value of C; for each D the mean 
concentration during the observations was recorded and the results 
obtained are shown in fig. 3, where log D is plotted against log a at a 
series of fixed temperatures, a the number of atoms per square centi¬ 
metre was computed from the value of the photo-sensitivity given to a 
measured area of the filament by a known positive ion current flowing for 
a known time. It will be seen from fig. 3 that D rises steadily with a 


* • Phys. Rev.,’ vol. 44, p. 423 (1933). 
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and at lower temperatures D rises proportionally faster, i.e., the activation 
energy associated with D falls with rising concentration. The actual 
activation energies may be calculated by drawing a number of lines 
parallel to the abscissa through the set of curves in fig. 3. Reading along 



Fig. 3. 

these lines we obtain log D as a function of T at a selected set of constant 
<r’s, and in this way obtain the family of lines shown in fig. 4, the slopes of 
which give the activation energies at these selected values of a. The 
results are given in Table I. 

The rapid rise in the diffusion coefficient with surface concentration 
recorded in Table I is to be attributed to the mutual repulsions of the 
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adsorbed particles, which, in virtue of the metallic surface with which 
they are in contact act as a series of parallel orientated, and therefore, 
repelling dipoles. If the electric moment jx and concentration a be 
known the spreading force F may be calculated. 



1 i 3 

Log T 4 - constant 

Fio. 4. 


Topping* found for a plane network of dipoles in rectangular array— 
and tungsten has a rectangular lattice—that the spreading force was 
given by 

F *= 4’51 <s 6li (x* dynes per cm. 

* • Proc. Roy. Soc.,’ A, vol. 114, p. 67 (1927). 
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A connexion between the spreading force and the measured lowering 
of the activation energy may also be deduced with the help of the theory 
proposed by Lennard Jones.* 

Table I 


n x 10 14 atoms/sq cm 

Activation energy in volts 

0*06 

0*69 

012 

0*67 

0*24 

0*63 

0*48 

0*59 

0*60 

0*57 

1*2 

0*52 

1*5 

0*47 

2*4 

0*35 

3*0 

0*33 

4*8 

0*29 


In broadest outlines the theory for this type of activated diffusion 
postulates that an adatom is normally at rest on the surface and when 
suitably activated is raised to a mobile state, in which state it may move 
freely (i.e., without doing work) over the surface until deactivated. 

Let us consider a process whereby a charge da from unit area of surface, 
at a position where the concentration is a, is activated to the mobile 
state, allowed to move in that state till it reaches a portion of the surface 
where a is zero and is then deactivated. 

To render the charge mobile work equal to Edo must be done, to move 
it in that state no work is required—to deactivate it work equal to Eoda 
is obtained; where E is the activation energy for surface diffusion at. 
o — a, and E o is the activation energy at a — 0. 

The net result is that in taking the charge da from a — a to a — 0 work 
equal to (Eo — E)da is obtained. 

Or, in other words, there exists a spreading force tending to drive the 
concentrated film to regions where a is small. This spreading force per 
unit length must be equal to the work done per unit area in moving the 
charge from a = a to a ~ 0, or 

F = (Eo — E) a electron volts per cm 
1*58 x 10" “ (Eo — E) a dynes per cm. 

By extrapolation of the experimental results given above it may be shown 
that E 0 = 0*72 electron volts—and then Table II may be obtained. 

* * Trans. Faraday Soc.,’ vol. 28, p. 333 (1932). 
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Table II 


a x !0“ M atoms/sq cm 

F in dynes/cm 

0*06 

0*23 

0*12 

0*96 

0*24 

3*5 

0*48 

10*0 

0*60 

14*3 

1*20 

38 

1*5 

60 

2*4 

142 

3*0 

187 

4*8 

322 


The plot of log a against log F from Table II shows that for the most 
dilute films F does indeed vary as cr 5/s , as required by dipole repulsion. 
With increasing a, however, F varies less rapidly. Two possible explana¬ 
tions for this breakdown may be mentioned. 

The ordinary law of dipole repulsion which has been used in calculating 
the spreading force, viz.,/~ 3 \j?r x , assumes that r is always greater than 
the dipole length. It will, however, be shown later that the dipole length 
for dilute films is of the order of 5 A, and thus for a = 4-0 x 10 14 the 
distance between two nearest neighbouring atoms will be equal to the 
dipole length—assuming always that this is not altering with concentra¬ 
tion. Experimentally, however, the breakdown in the five halves law of 
variation of F with 0 occurs long before a approaches 4-0 x 10 w . It 
is necessary then to assume either that the adions are becoming less polar 
with increasing concentration or, what amounts to the same thing, the 
effectively polar adions are becoming diluted with neutral adatoms. On 
the former hypothesis the values of [x may be calculated from the experi¬ 
mental results by means of equation (1) and the figures in Table III show 
how the dipole moment varies with concentration. 

Table III 

0 n in Debyes 


0*012 

23 

0*025 

21 

0*10 

13 

0*5 

6*0 

1*0 

2*8 


It will be seen that the mutual depolarizing effect results in a depressing 
of the ionic dipole moment in the monolayer to 1/8 of its value in a very 
dilute film. 
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Langmuir* has recorded some measurements on the dipole moments of 
caesium ions obtained from contact potential difference measurements 
and has obtained the following results: 

0 (x in Debyes 

0-0 14-6 

0-5 61 

The variation of jx with 0 is not quite so large as that recorded for 
potassium, but this is only to be expected from the higher electron affinity 
of a potassium ion. 

On the assumption that the true values of |x are fixed it is possible to 
reconcile experimental results with theory by postulating the co-existence 
of atoms and ions on the surface—the adatoms at a concentration er B 
and ions a v . The equation for the spreading force now reads: 

F = 4*51 a,, 6/2 [x®. 

At selected values of total a the ion concentration a p required to give the 
experimental F may be calculated, on the assumption of constant (x. 

Table IV then shows how aja v varies with 0. 


Table IV 


0 


0*012 

0*0 

0*025 

0*05 

010 

0*6 

0*5 

1*9 

1*0 

4*4 


Or the experimental results can be explained if [x is constant and for a 
monolayer only about 1 atom in every 5 *4 is ionized. 

On the former assumptions the dipole length for the monolayer has fallen 
to 1 /8 of its initial value, and on the latter the effective distance between 
neighbouring dipoles has been increased nearly six times. In either case, 
therefore, the condition for the validity of the Topping analysis, viz., 
that the distance between neighbouring dipoles should be large in com¬ 
parison with the dipole length—is upheld. 

The dipole moment which on this latter view has been recorded as 
belonging to those adsorbed atoms which are ionized, or on the former to 
the adions when very dilute, is 23 Debye units. It is interesting to 


• 1 J. Amer. Chem. Soc.,’ vol. 54, p. 1252 (1932). 
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compare this figure with the dipole moment calculated from the dimensions 
of the potassium ion. Simon and Vohsen* have measured the distance 
between alkali atoms in thin sputtered films, and record for the lattice 
constant of potassium the figure 5 -25 A. If now a sphere of this diameter, 
with unit positive charge at its centre, be placed on an ideal plane con¬ 
ductor the external field produced by the ion and its mirror image would 
be equivalent to that of a dipole of electric moment 

5-25 x 4-77 = 25 Debye units, 

a figure in excellent agreement with that found experimentally. 

In conclusion, it is a great pleasure for me to express my gratitude to the 
Royal Commissioners for the award of an Exhibition of 1851; to Trinity 
College, Cambridge, for a grant; and to Professor E. K. Rideal for 
continued encouragement and counsel. 

Summary 

The surface migration of films of potassium on tungsten have been 
studied over a wide range of concentrations and it is found that the 
diffusion coefficient rises while the associated activation energy falls with 
increasing concentration. From an extrapolation of the experimental 
results it is shown that the activation energy of diffusion for an infinitely 
dilute film should be 0 -72 volt. For films of the thickness corresponding 
to a monolayer this energy has been reduced to 0-29 volt. 

This fall in the activation energy is a manifestation of the existence of a 
spreading force due to mutual repulsion of the adions. Values of this 
spreading force at different surface concentrations have been calculated, 
and from them the effective dipole moment of the adions. In order to 
fit the experimental spreading forces it is necessary to assume either that 
the dipole moment falls with increasing concentration, being depressed in 
the monolayer to 1 /8 of its initial value, or else that the adions become 
more and more diluted with adatoms as the concentration rises. On a 
dynamical theory these two views may mean practically the same thing; 

* * Z. phys. Chem.,’ voi. 133, p. 165 (1928). 
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Statistical Information and Properties of Sufficiency 

By M. S. Bartlett, Statistician, Imperial Chemical Industries, Limited, 
Agricultural Research Station, Jealott’s Hill, Bracknell, Berks 

(Communicated by G. Udny Yule , F.R.S.—Received September 23, 1935) 


1—Introduction 


In the theory of statistical estimation put forward by Fisher,* an 
essential feature is the concept of statistical information, defined for 
estimates normally distributed as the reciprocal of their sampling variance, 
and more generally by the variance of 3L/30, where L is the logarithm 
of the likelihood function - ! corresponding to our estimate of a parameter 


/ pt , 

6. The expected value E [-—) is zero, so that we may write 



( 1 ) 


If 9L/90 corresponds instead to the original sample of n independent 
observations from which our estimate was derived, its variance will be n 
times the information per observation, since 3L/06 is then the sum of n 
similar components, and (1) will give the information in our sample. 

A natural extension of this property gives the information in any two 
quantities x, and x a which are not independent as that in x lf plus that 
in x t , given since the chancej 

P (*i, * 2 ) = P (*t )P (*sl*i)- 

The ratio of the information provided by the estimate to the information 
available from the sample has been taken as a measure of the efficiency 
of the method of estimation. Fisher has shown that for large samples 
the method of maximum likelihood, that is, of maximizing the chance of 
the sample actually observed, yields an estimate retaining most informa¬ 
tion, the fraction lost tending to zero. Moreover, for small samples. 


* * Phil. Trans.,’ A, vol. 222, p. 309 (1922); ‘ Proc. Camb. Phil. Soc.,’ vol. 22, p. 700 
1925). 

t The symbol L has been used both for likelihood and its logarithm; it is used 
throughout this paper for the logarithm. 

t The notation is self-explanatory; see, however, Bartlett, ‘Proc. Roy. Soc.,’ A, 
vol. 141, p. 519 (1933). It will also sometimes be convenient to write “ x„ given x, ” 
as x,|xi. 
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this method yields estimates known as sufficient statistics when they 
exist, these statistics containing all the information in the sample; in 
some other cases, such as in problems of location, all the information is 
retained in the likelihood estimate, provided a specification of the con¬ 
figuration of the sample is given. 


2— -A Counting Experiment in Physics 


To illustrate the method of estimation we may consider the problem 
of estimating the parameter 6 in the probability distribution 


p =fdt = 


e~"» dt 

6(1 - e '^Y 


( 2 ) 


which represents the chance of a particle, which is emitted in the interval 
(0, T), being emitted in the interval (t, t 4 - dt) when observations are 
carried out over a period (0, T) in a type of experiment described by 
Peierls* (and treated by inverse probability). 

We have for a single observation 


3L_ 1 . t . Tf , ~ T/ * 

90 0 ~ i " 02 + 0* (1 — e ~ TV )' 

9L 

and 2 =■■ 0 is our equation of estimation, where S denotes summation 

over our sample. Since this equation only involves the mean I>t/n, 0, 
and the constant T, it is evident that the mean is a sufficient statistic. 
From the expected value 


we obtain 


19 a L | 1 T*e~T/# 

E lap/ “ ” F* + Fo - £- rs ) 2 ’ 


1 | . u 2 e ** 

0 a 1 .(1 - <r“) a f 


where u — T/0. The expression I denotes here the information per 
observation in the period T, and since the number of particles emitted 
in time T is proportional to (1 -- e~ u ), the expected information for the 
whole period is thus proportional to (1 — e~ u ) I, and the expected informa¬ 
tion per unit time to 


(1 — e~ u ) I _ 1 1 1 — e M _ ue _■« ) 
u 0 a 1 u 1 - e~ u S ’ 


(3) 


which is a maximum at about u ~ 4, giving the most efficient length of 
* ' Proc. Roy. Soc.,’ A, vol. 149, p. 467 (1935). 
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period to use. The results in other problems treated by Peierls may be 
similarly obtained. 

It is interesting to notice that a statistic will preserve its sufficiency 
property whatever fraction of the distribution it is derived from. The 
information available from a fraction of a distribution will not, however, 
add to that available from the remaining portion to give that contained 
in the entire distribution, unless we make use of the fact that the two 
portions are known to give a single sampling distribution. 

3—Note on a Test of Significance 

It has been pointed out by Fisher* that if in the equation of estimation 
(where in the function L we put 6 = «), 



a happens to be equal to the true value of 0, then 0L/S0 is constant for 
samples giving the same estimate T, and no information is lost, even in 
small samples. Since, however, 8 is unknown, the equation can only 
be used in practice to provide a first approximation to an efficient estimate. 

If special interest centres on the value 0 = a the equation has an 
additional value in providing a test of significance at this point. Some 
caution seems to be necessary here, for although if the estimate T is 
significantly different from a, we may assert that 0 ^ a, the converse 
form of statement—that if T is near a, there is no evidence that 0 ^ «, 
—is not necessarily true, owing to the inefficiency of the method of 
estimation when 0 «. 

in genetical problems for which Fisher has noted the value of the 
equation,! this difficulty hardly arises, for although the fraction of the 
information used, as the unknown parameter 0 differs more and more 
widely from a, tends to zero, the actual amount used, since the information 
function has depended on 0, has remained finite. 

We may consider the test of significance where the intrinsic information 
in the sample is independent of the parameter by referring to the dis¬ 
tribution which yields the median as an efficient statistic, namely 

/= (5) 

the scale for simplicity being assumed known. 

♦ * Proc. Camb. Phil. Soc.,’ vol. 22, p. 700 (1925). 

t See, for example, “ Statistical Methods for Research Workers,” p. 273, 5th ed, 
(1934). 
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Since for one observation 

0L , , , v 

ss -±1 > 

we have an equation of estimation 



= ±n(l -<r'- TI ), (T a *), (6) 

the chance of a value of — + 1 being 

a x 

\$e~ {a ~ m \ (w < a) 

^ il — }e~ ,m (m > a). 

Hence the information used is 



(7) 


this being equal to n when « — m. 

Since I, diminishes more rapidly than 1 /(a — m) 2 , we might expect 
from a casual inspection that the chance of obtaining an estimate T 
greater than a, (for a > m, say), would remain finite however large 
x — m might become. The approach to normality is not, however, 
“ uniformly convergent ” with respect to a, for when a is large enough, 

( <■}! ^ 

— ) is of the Poisson type, so that the area of the 

da/ 

tail from the mid-point of the range in a positive direction does actually 
tend to zero. It will be noticed that the information respecting e~ (a ~ m) 
is e iU ~ m) I„ and tends to infinity with a — m, indicating that the wide 
scatter of our estimate in the range -» to« was depressing the quantity 
I„ and this scatter is irrelevant here. 


4—Further Properties of the Double Exponential Distribution 

The median, although it was noted that it is an efficient statistic for 
the distribution considered above, is not a sufficient one; the absolute 
amount of information lost actually tends to infinity with the size of 
sample. Fisher* has considered how this information may be regained. 

* ‘ Proc. Roy. Soc.,’ A, vol. 144, p, 285 (1923). 
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An interesting feature to notice with this distribution is that for n 
even, the likelihood method does not define a unique estimate for m, f 
being a maximum if m is anywhere between the two middle observations. 
If we confine ourselves to the simplest case of n — 2, we have the estimate 

y = (1 — (i) Xy + fAXg, 

where |x can be anywhere in the interval (0, 1). 

A convenient way of writing down the distribution of y is to note that 
the moment-generating or characteristic function of x — m is 

M — — r- 7 —«. 


That for y — m is therefore 

|_I_l i_L_\ 

t.l + r* (1 — i^) 2 ! 11 + 


1 I (1 - t*) 8 _ \£_J 

U + < 2 (i — ft)* l-MV’f’ 


whence the distribution of y for (x 5 ^ \ is 

g= 2(1 -2|,) < (l " 

From ( 1 ), we obtain 


i x 

0 


\e e 


K ”J 0 {0 - 

which gives on expansion the series, convergent for 0 ^ < i, 


I „ 1 (_ 

1 - ^ [l 


- tx + (l - (x)2-3ti + (l - |i) 3 - 5ft + •••}• (9) 


For the special case [t = i, we note that 


Hence 


- ) Lr 

Jo 1 + 2 z Ji w 


where the integral is evaluated to be 0*2193 approximately. 
From (9) and (10), we obtain Table I. 


Table I 

\L . 0 0 1 0*2 0*3 0*4 0 5 

1 . 1 000 1 050 1*100 1*146 1*180 1-192 





Statistical Information 


129 


The information rises to a maximum at the mean, which for n — 2 
would thus from this point of view be regarded as the best single estimate 
available, although not uniquely arrived at by the likelihood method. 

If instead of using the mean by itself, we had specified at the same time 
the distance a between the observations, no information would have 
been lost. The possibility of preserving all our information by thus 
specifying the configuration observed has been considered by Fisher,* 
but the case here is worth examining in detail, as a preliminary to inter¬ 
preting the method of approach used. 

If rectilinear coordinates x t and ,v 2 represent our two observations, the 
likelihood is constant on the sides of a square with equation 

± (x, — m) ± (x 2 — m) = a , (|je x j, |x,| < a). 

It follows that the distribution of X - a'i + x 2 will, for given a, be of 
the form 

a) „ \¥^d\, (|X — 2m| < a), 

P } u) d\ (| A - 2m| > a), ( } 


where by integration C — 1/(1 -f a ). 

The information respecting m is readily obtained as 


I - 


4 

1 + a ' 


( 12 ) 


Since the distribution of a, being from the symmetry of the original 
distribution of x the same as that of |jc, + x t — 2m|, is (<*/. equation (8),' 
I* i) 

P ( a ) — i(l + a ) e " da , (13) 

we have as we expect, 

E (I) = f* 2e"° da - 2. 


The distribution of I, from (13) is 

j(I)«*8r- > f l -* /I dl , 

I varying from 0 to 4. 


(14) 


5—The Interpretation of Methods of Estimation in Small Samples 

Though the value of the concept of information in large sample theory 
can hardly be questioned, its use in small sample theory has been subject 
to some criticism. 

* ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 285 (1933) (where the term “configuration’' is 
defined). 
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Fisher derived the concept of statistical information from the point of 
view of the efficient reduction of data, and for small samples, when con¬ 
sidering the value of an estimate which is intended to replace the original 
data, defined the information it contained in terms of its value when 
associated with a large number of such estimates. 

If, however, we require some knowledge of the accuracy of our estimate 
from a unique sample, the choice between two estimates is not determined 
necessarily on their information measures. For example, though 
naturally a single observation is used directly in our equation of estimation, 
if instead, for the double exponential function, we chose to use equation 
(6), then we should know that if a happened to be equal to m, we should 
not have lost any statistical information by recording + 1 if x > «, and 
— 1 if x < a. But as an actual equation of estimation it is of no value 
at all, for it gives an estimate T — ± sc according as xs«. In other 
less extreme cases, two statistics containing the same fraction of informa¬ 
tion may nevertheless provide different kinds of knowledge as to the 
value of the parameter. 

It is known that a sufficient statistic is characterized by the property 
that the chance of the observed sample depends, apart from the value of 
the statistic, on a partition or configuration of the observations, which has 
no bearing on the value of the parameter. In my opinion the most 
important justification of the information method of approach in the 
theory of small samples (when the reduction of our data is not our sole 
object) lies in the identification of the property that a statistic contains 
all the information in the sample for all values of 0 with the property of 
sufficiency.* For if T is such a statistic, and S denotes our sample, we 
have 

P (S|0) = p (S|T)p (T|0), 

since from the additive nature of information, S|T contains no informa- 

tion on 6, ^ e 0 for this distribution, which is consequently independent 

do 

of 0, and T therefore a sufficient statistic. This property was first estab¬ 
lished by Fisher.t (From the above equation it is also evident that the 
information in any statistic T can never exceed that in S.) 

* The term “ information ” is, of course, used here in its technical sense, as defined 
by equation (1). A sufficient statistic may be said to contain all the information in 
the data when the popular meaning of the term is meant; the above property stresses 
that it is not necessary to distinguish the technical and popular interpretations of this 
statement. 

f 4 Proc. Camb. Phil. Soc./ vol. 22, p. 700 (1925). 
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If where no sufficient statistic exists we are prepared in certain problems 
such as those of location to specify the configuration observed, the likeli¬ 
hood estimate together with this specification is similarly equivalent, for 
any size sample, to the original data. For example, in any distribution 
of the form f(x— m), the chance of a configuration C is independent of 
m, and 

P (S|m) = p (S|C, m) p (C) 

=S / , (T|C, m)p(C), 

where T is our estimate. Hence all the information on m is given by 
T|C. Estimates possessing this property might therefore be termed 
lyrnw-sufficient statistics. 

Thus, referring back to our sample of two from the exponential dis¬ 
tribution, we have no single statistic to determine fiducial limits for 0, but 
if we specify the value of a, we may determine limits in any particular case 
depending on this value. For the purpose of illustration 10 actual samples 
of two (for m — 0) were taken, and the values of a, X ( •- x t + x 4 ), 1 and 
X 0 are recorded in Table II. The fiducial probability taken is P - 0-05, 
and X 0 is the width of the interval, given by the relation 


or 


Pp(|X-2m|) = 0-05 

* A u 

e *• = 0-05 (1 + a) e~'\ 


provided X 0 > a. The position of the interval is given by (X ± X 0 )/2. 


Sample 

a 

Table II 

X 

I 

^0 

1 

0*9 

-10 

2*11 

3*26 

2 

30 

+ 2*1 

1*00 

4-61 

3 

0*0 

-1*7 

4*00 

3 00 

4 

3*2 

+0 9 

0*95 

4*76 

5 

0*1 

+0*4 

3*64 

3*00 

6 

3*1 

-3*4 

0*98 

4*69 

7 

1*3 

-1*2 

1*74 

3*51 

8 

0*6 

+ 2*5 

2*50 

3*13 

9 

3*6 

+4*9 

0*87 

5*07 

10 

0*1 

—2*2 

3*64 

300 


21 43 


If an interval were calculated from a statistic to be used for all con¬ 
figurations, this interval would be narrowest for the statistic X, which 
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contained the maximum information 1 = 1-192. The corresponding 
value of X 0 is 4*12, which is wider than the fiducial interval obtained by 
using all our information in approximately 77% of cases. 

The theoretical problem of confining all our information to a single 
degree of freedom seems to me likely to prove insoluble in general. An 
example of a distribution for which no statistic appears to exist may be 
obtained from (11), (m ~ 0, say, and a to be estimated). The general 
problem may be reduced to finding a statistic equivalent to two observa¬ 
tions from any two probability distributions, for a sample of n could 
then be dealt with in stages. Since, however, there is no theoretical 
objection to our specifying populations which abruptly change their 
mathematical form according to the value of 0, it is difficult to imagine 
that in all cases we can find a function <f> of and x a , independent of 0, 
such that 

*ss! 0) = I <)>, ®), 

and all our information is contained in | 4>, This search for functions 
<f> and ^ is not an attempt at the reduction of data, but at establishing 
sufficiency. Once our information has been confined to a single degree 
of freedom, we may expect a corresponding fiducial distribution for 0 
to exist. In the second approximation to the solution of the efficient 
reduction of data for large samples given by Fisher, it should be noted 

that the optimum estimate 0, given () (if 9L/00 is differentiable) 

is to the same order of approximation a ^uatf-sufficient statistic. This 
does not, however, indicate any exact method of approach that could 
be used for small samples. 

6—Estimation when Other Unknown Parameters are Present 

If two parameters Oj and 0 a are unknown, the functions 3L/30J and 
0 L/0 O b will jointly contain our information concerning them; any two 
statistics Tj and T a which together specify these functions will be sufficient 
joint statistics for 0* and 0 a . In a large set of samples from the same 
population, the average information per sample for 0 a when 0 a has to be 

JIT 5T 

estimated will be proportional to the variance of ~ in this pooled 
set of samples, and hence will be given by 
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The conditions for this formula should be noticed; it cannot concern 
itself with the restrictions imposed by what may be termed loss of degrees 
of freedom. From another point of view, it is derived for samples from 
the same population, not for samples where 0 a may vary (as in the theory 
of tests of significance). For small samples the restriction has to be 
allowed for. It is recognized, for example, that the information on a 2 
when m is unknown in normal theory is equivalent to that from n — 1, 
not n observations. 

If a sufficient statistic T a for 0 a exists, the information on 0! will be 
the variance of PL/POx for given T a , and hence for given PL/P0 a . The 
remaining information respecting 6 X is that contained in T a , and is un¬ 
available. Hence if a statistic corresponds to j ~ when a sufficient 

0U x |30 a 

statistic T a exists, it will contain all the available information on 0 X , and 
might be termed a sufficient partial statistic. This is the ideal case, and 
is illustrated by the estimate s 2 in normal theory. A more complex 
example, where such a statistic does not exist, arises from the distribution 

/> = C(oc, P)x«(l -xK (0 < x < 1), (16) 


where « is to be estimated. We have, for a single observation. 


PL = aiogC 
Pa Pa 


log X 


PL 

P(S 


P log C 


-log (l 


- x). 


(17 


whence, for a sample of n, 2 log x and 2 log (1 — x), or equivalently 

j a = IIx 

i b = II (1 - x), 

are sufficient joint statistics for a and (3. Since b contains all the informa¬ 
tion on p, the variance of PL/Pa for given b or for given PL/3p represents 
the information on a when (3 is unknown. If the function t); (a, b) is 
our estimate of a, then ^ is not a sufficient partial statistic for a, since 
our information depends on the value of b we have obtained. It is a 
guorf-sufficient partial statistic, its interpretation depending on a speci¬ 
fication of b. If S denotes our sample, we are in fact estimating a from 
S|h, the distribution of which will involve a and b, but not p (since b is 
a sufficient statistic for p). We know further that all the information in 
S|6 is contained in a\b. 
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For the particular case where both « and p are really zero (but un¬ 
known), the variance of dh/da. or £L/3(3 is readily found to be unity. 
The covariance between them is given by 




= — j ue~ u log(l — e U )du 

=11+11+1i + 

1 2 J 2 3 2 ^ 3 4* 


« 2 -£, (18) 

so that the information on « lost per observation in a large sample when 
P has to be estimated is 0-416. For a sample of only two observations, 
however, the variation of dL/da is restricted further owing to the loss of a 
degree of freedom. 

For 

\a — .j+x-g 

U-O-XjKI-x,) 

it will be found that the distribution of a\b is 

+ (19) 

that of b being 

p ( 6 ) = - log 6 db, ( 0 < 6 < 1 ). ( 20 ) 

The information on a will on the average be less than 1 • 168, the amount 
in two observations of a large set; for any particular sample, it will be a 
function of b, and equal to the variance of log a in the distribution of a 
given above. 

When a sufficient statistic T a does not exist, the variation of - 5 —- — 

will in small samples no longer represent the available information on 0 a . 
This would follow because we could no longer classify our sample accord¬ 
ing to the value of <5L/d0 2 obtained. Other theoretical peculiarities can, 
however, arise as well. Thus for a sample of n from the distribution 

p — ~ e~\*~* u *dx % 


aL cL 
3? dm. 


P S|x f - 


we have 


( 21 ) 
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£ |x r — m\ being a sufficient statistic for a if m is known, containing 
the information nj o*. But, given dL/dm as a function of m, the variation 
of 3L I da is zero, since, owing to its discontinuities, dL/dm specifies the 
original n observations in our sample. The transition to the large sample 
formula (15) is only obtained by our ignoring the mathematical properties 
of the function dL/dm, and replacing it by a continuous function which 
for any value of m will be normally distributed.* 

For two observations in any joint problem of location and scaling, we 
may justify the obvious fact that |x t — x a | is a sufficient partial statistic 
for the scale by noting that 


P (*i, * 2 ) = p (*i + Xi\x x - x a ) p (x x — x 2 ), 

where x x + x a , given Xi — x a , is a < 7 «a.y/-sufficient statistic for m, and 
can provide no information on a when m is unknown. For the exponential 
distribution above, the information on a would be (1 + where 



or 1 ■ 110/a 2 . More generally, in any size sample, our estimate of m is a 
gM<wi-sufficient statistic, given x, — x a , a and the configuration C, and our 
estimate of a a quasi -sufficient partial statistic, given C. The important 
practical illustration of the use of <jr«a.s7-sufficient statistics occurs in the 
theory of statistical regression. In the simplest case our estimate b w of 
the coefficient fi ua . is accompanied by a specification of the value of 
£ (x — x) a obtained, the distribution of b vx \ 2 (x — x) 2 being normal 
(for normal y x ), whatever the distribution of x; the amount of information 
corresponding (a-„ x known) being 


I --= « £ (x — x) 2 /a 2 ,. x . 

The extension in the theory of estimating 0 X when 0 a is unknown to the 
case when several parameters 0 a ... 0 r are unknown is, of course, straight¬ 
forward. Our estimate r of a correlation coefficient p is, for example, 
a sufficient partial statistic, being independent of x, y, £ (x — x) 2 and 
£ (y — y) 2 , sufficient joint statistics for m v , a/, and a v 2 . 

* The mathematical anomalies to which discontinuity gives rise can exist in arith¬ 
metic as well as algebraic functions. Thus in the Poisson distribution, any statistic 
2n r a r , where a r is a set of independent irrational numbers, and n, the number of 
observations for which the event in question occurs r times, is theoretically a sufficient 
statistic for the unknown parameter. This has, of course, no practical relevance. 
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7—Tests of Significance in General 

The relationship of the general theory of testing statistical hypotheses 
put forward by Neyman and Pearson* has been considered to some 
extent by Fisher.f For a test of significance involving only one para¬ 
meter, the test can only be uniformly most powerful if the statistic is 
sufficient, the complete equivalence of the statistic to the original data 
being the reason for this property. Presumably we include here quasi- 
sufficiency, provided we recognize the meaning of our test. 

It has also been recognized that no uniformly most powerful test is 
possible where the value of more than one parameter is being tested. 
One reason for this is that we could always expect to invent an alternative 
hypothesis for which another test would be more effective by imposing as 
our alternative hypothesis the condition that the parameters are all 
specified functions of a single unknown. 

The remaining possibility is the composite hypothesis where several 
parameters may be unknown, but only one is to be tested. As in the 
simple hypothesis, we may expect the efficiency of our test of significance 
to be related to the properties of sufficient statistics, and the following 
comments indicate what seems to me a simple and direct approach to 
this problem. 

Any statistic which is a direct estimate of a parameter 0 a can evidently 
still be considered from the standpoint of information. Thus in normal 
theory not only all cases of the estimation of a 2 when means or regression 
coefficients are unknown, but the problem of testing the ratio of two 
estimated standard errors, come under this category, and are examples of 
sufficient partial statistics. 

The use in tests of significance of a statistic which is not an estimate of 
0 i, but provides knowledge on the value of 6 X which shall be independent 
of the value of 0 a , has still to be considered. This may occur when our 
estimation of 0 X is not affected by 0 2 , but the information we have in our 
estimate is unknown, depending on 0 a , which consequently has also to be 
estimated. In normal theory all common tests of one parameter not 
problems of direct estimation are examples of a test of this nature, the t 
test. Even here the dependence of such tests on sufficient statistics is 
evident, for if the joint information on 0i and 0 a is contained in the 
statistics Ti and T a , where <f> (Tj, T a , Oi) is (if 0j were known) a sufficient 
estimate of 0 a , and we can find a function (T t , T a , 0!) such that 

P<Ji, T a |9n 0a)=/>(<H^ |0«), 

* ■ Phil. Trans.,’ A, vol. 231, p. 289 (1933). 

t' Proc. Roy. Soc.,’ A, vol. 144, p. 285 (1933). 
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then ^ | <j> must be independent of 0 2 (since <f> contains all the information 
on 0 2 ), and its distribution will provide us with all the knowledge given 
by the sample on 0j which does not depend on our knowing the value of 
0 2 . In the simplest case of the t test, we have 


(SL JL 

P \ dm ' da' 1 


m, (P'j — p (2 x, 2 x* | m, ct 2 ) 


= p (x|m, 2 (x — mf) p (2 (x — m)*|a*). 


For two observations from the double exponential distribution, we 
have 


p (*i + *a,|*i - x,| 


m, a) = 


Pi 


x i + 


l*i 




the statistic z — (x, + x a )/J x 2 — x g | having a distribution for m — 0, 


P(«) 


da, (cot a, \z\ 1 

n ’ jtan a, |z| 1. 


( 22 ) 


Similarly for larger samples with specified configurations. 

Any fiducial distribution for 0! corresponding to (J' | <f> will, of course, 
since <f> and 4 1 are functions only of m, T 1; and T 2 , be specified by the 
observed values of the sufficient statistics T\ and T 2 . Its meaning may be 
compared with that corresponding to a ^uosj-sufficient statistic for a 
single unknown parameter 0. 


Summary 

Some preliminary notes on Fisher’s concept of statistical information 
are followed by an examination of its relevance in the small sample theory 
of estimation, when this is not regarded solely from the standpoint of 
the reduction of data. Here its relationship with properties of sufficiency 
seems to be its first justification. 

These sufficiency properties are extended to cover estimation involving 
other unknowns, and their bearing on tests of significance of one para¬ 
meter involving composite hypotheses indicated. 
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Extreme Infra-Red Dispersion of Polar and Non-Polar 

Liquids 

By C. H. Cartwright and J. Errera 
(Communicated by Eric K. Rideal, F.R.S.—Received September 24, 1935) 

Introduction 

The interaction between infra-red radiation and molecules in the 
liquid state reveals phenomena that are characteristic of (1) individual 
molecules, and (2) molecules only in the liquid state. To category (1) 
belong the spectral properties of molecules that are common to both the 
liquid and gaseous state—it is understood that there might be small 
shifts in the characteristic frequencies due to an interaction of the mole¬ 
cules in the liquid state. Most of the atomic vibration frequencies lie 
in the near infra-red but certain combination terms (made up of differ¬ 
ences of near infra-red frequencies) are permitted in the spectral region 
considered. Also some polyatomic molecules can have fundamental 
vibrational frequencies in the extreme infra-red. There is no evidence 
that pure rotation exists in liquids as in gases and this is understandable 
either by considering that shocks from neighbouring molecules are too 
disturbing for a free rotation to be maintained sufficiently long or, and 
this was experimentally verified for water, that the intermolecular fields 
are too powerful to permit free rotation for the quantum energies involved. 
This last' explanation belongs to category (2) which implies a quasi¬ 
crystalline structure of liquids in which the molecules as a whole can 
oscillate linearly and execute oscillating rotational motions. Experi¬ 
mentally we can distinguish between phenomena that are characteristic 
of individual molecules (1) and those due to a quasi-crystalline structure, 
(2), by comparing the spectrum of a pure liquid with that of a solution 
where the intermolecular field is changed. 

The measurement of the absorption and reflexion of liquids not only 
reveals resonance phenomena; it permits the calculation of refraction 
and the molecular polarization. The total molecular polarization can 
be expressed as the sum of the electronic, atomic and permanent polar¬ 
ization : 

p = P t + p 0 + p, =-^.N(y. + y. + Yp) = (1) 

where N is the Avogadro number, y the average polarizability, M the 
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molecular weight, d the density and e the static dielectric constant. This 
formula and those to follow neglect any interaction between molecules 
(except that the effective field acting is given by the Lorenz relation 
R — E + 4/3 P) ; however, we shall consider them as giving a first 
approximation for molecules in the liquid state. 

The electronic polarization can be determined separately and with a 
high precision from the refraction of visible light where the period is too 
slow to excite electron eigen frequencies and too rapid to induce a dis¬ 
tortion of the nuclear positions or an orientation of the molecules. In 
the formula for P„ 


P,= 



n* - 1 M, 

«, s + 2 T ’ 


( 2 ) 


n f represents the index of refraction for infinite wave-length of only the 
electronic polarization. It has been found experimentally that P, is 
practically the same in the pure and in the dilute state, i.e., intermolecular 
forces do not influence n e very much. Also the static dielectric constant 
(and therefore the total polarization) can be measured accurately; hence, 
the quantities P, + P 0 -f P„, P« and hence P„ + P„ are known with 
relatively high precision for most of the common liquids. For non¬ 
polar molecules P„ = 0 so that the quantity P„ is directly determined. 
To separate P„ from P„ for polar molecules it is usual to determine the 
contribution of P„ to the total polarization by studying the effect of 
temperature on the orientation of the dipoles having a permanent electric 
moment p. This is expressed in the well-known Debye formula: 

P ' f - +P -4 N 3Ff' < 3 > 


which permits P„ to be eliminated by measuring P for different tempera¬ 
tures. Although this method has given satisfactory results for gases, 
with liquids, even in dilute solution, it has often given rather discordant 
values for P„ owing to the large temperature extrapolation involved and 
to the interaction between molecules. 

Just as the refraction of visible light gives the value of P p alone, so the 
refraction in the region from 50 (a to 150 n can be expected to only give 
P, + P„. The atomic polarization can then be determined by the formula 


P. = (P. + P.) - 


P. = 


V-1M 


p. 


3M (nf - n,*), 
d (nf + 2)(n* + 2)- W 


where n ir is the index of refraction for infinite wave-length due to all of 
the electronic and atomic polarizations. 
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In terms of dispersion theory, the factors which enter into electronic 
and atomic polarization can be expressed by 


d c ® 
N rr 2 — 

M 7c/n*v“ 


+ n & 




V v n,® 


(5) 


where the first summation is taken for all the electronic frequencies and 
the second for all of the vibrational frequencies. For vibration the 
“ effective charge and mass ” can be expected to differ from the values 
taken for individual atoms. It is seen that the eigen frequencies occur in 
the square in the denominator and therefore the high values for P„ some¬ 
times reported have been attributed to active vibrations in the extreme 
infra-red. Our data on the dispersion in the extreme infra-red permits us 
to estimate the magnitude of e* ett lm ef , in equation (5). Also from our 
data on the absolute absorption of bands, an independent method is 
given for determining lm,. n by applying the formula* 


e 2 „« 3c f 4 nnx , 

m t „ “ n . N d/M 1 X V ’ 


( 6 ) 


where Nd/M is the number of molecules per cc, c the velocity of light, 
and the integral extends over the entire region of an absorption band. 

As will be seen, the absolute absorption of a polar liquid is generally 
much greater than that of a non-polar liquid. This can be explained as 
due to a general absorption in polar liquids by the orientation of the 
permanent dipoles. This general absorption should enable us to calcu¬ 
late the relaxation time, r K , which is fundamental for polar liquids by 
the formulaf: 

T = x fa* 1 + 2) ( g - #»„») ± {(e - Q - 8}* 

H 8w (e + 2) n *« a ’ ' ^ 

which is approximately equal to 


_ X( W< ,» + 2)(c-,0 
R 4nnac (e + 2) n w 


( 8 ) 


when v 


1 


as one could expect considering the values found in the 


Hertzian region, were v < 


_1_ 

V 


* Dennison, ‘ Phil. Mag.,’ vol. 1, p. 200 (1926). 
t Debye and Sack, ‘ Handb. Radiol.,’ 2nd ed., VI 2 , p. 148 (1934). 
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Assuming the molecules to be spherical of radius a and their turning 
motion to be hindered by the viscosity tj, of the liquid, 


p 47t Tjfl 3 

T « = 2*T = kT ’ 


(9) 


Combining equation (9) with (7) or (8) therefore gives an estimate of the 
radius of polar molecules. Except for water, the relaxation times have 
up to the present only been determined by the absorption of Hertzian 


waves for which 


1 


The scope of the present investigation is (1) to present the absorption 
and reflexion of several polar and non-polar molecules in the liquid 
state of waves between 50 (x and 150 jx; (2) to determine whether the 
characteristic absorption bands that occur are of intermolecular or intra¬ 
molecular origin; (3) to calculate from our data the index of absorption; 
and (4) to determine the atomic polarization and relaxation time. 


Procedure 

Monochromatic radiation of 52, 63, 83, 100, 117, and 152 |x were 
obtained by the classical method of Reststrahlen and detected by a 
special vacuum thermocouple and galvanometer. To purify the spectrum 
from energy of less than 50 |x more than was done by the selective 
reflexions of the Reststrahlen salts, the following precautions were taken: 
(1) a Wellsbach mantle was employed as a source since it emitted much 
less than black-body radiation in the near infra-red but was efficient for 
long waves; (2) a shutter of NaCl was used which transmitted near infra¬ 
red radiation and only completely interrupted the long waves; (3) one 
reflexion was obtained from a roughly ground metal mirror which strongly 
diffused radiation of less than 50 |x; (4) the radiation was filtered through 
two paraffin windows having a total thickness of 4 mm; (5) the window of 
the thermocouple was 1 mm crystalline quartz which absorbed practically 
all of the radiation falling on it between 5 jx and 50 jx; and (6) the receiving 
surface of the thermocouple was “ blackened ” with powdered glass 
which made it selective for long waves. The purity of the long-wave 
radiation was carefully controlled experimentally and we could safely 
conclude that less than 0 1 01% of the measured radiation came from wave¬ 
lengths of less than 50 jx. 

The wave-length of the Reststrahlen radiation was controlled by 
measuring the transmission of crystalline quartz. Only with T1C1 was it 
found that the average wave-length obtained did not correspond to the 
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wave-length where the maximum reflexion of the salts occurred. With 
four reflexions from T1C1, we measured the transmission of 3-98 mm of 
crystalline quartz to be 51-6% which corresponds to a wave-length of 
100 fi rather than 92 jx. This difference can be explained by considering 
that the Reststrahlen frequencies of thallium salts are not sharp (as for 
NaCl, KC1, and KBr) but are very broad on the long wave-length side of 
the maximum. Naturally the actual radiation obtained by the Reststrah¬ 
len method depends on the energy distribution of the source, the absorp¬ 
tion of the paraffin and quartz filters and the condition of the reflecting 
surfaces. 

Except for the source of radiation the entire apparatus was enclosed in a 
hermetically sealed box, and the air was dried with P a O s . The position 
of the Reststrahlen plates as well as the liquids being investigated could 
be controlled externally. For reflexion measurements the liquid and 
the comparison mirror were placed in a separate container closed with 
paraffin windows—the effect of absorption by any vapour from the liquid 
was therefore largely compensated. 

The angle of incidence for reflexion measurements was less than 10° 
and therefore the measurements can be taken to be the same as for normal 
incidence. For transmission any effect due to multiple reflexion was too 
small to be detected under the conditions used. The radiation from the 
source was sufficiently filtered before it fell on the liquid to be measured 
in reflexion or transmission, so that there was no question of its either 
heating the liquid or causing a photochemical change. 

The absorption measurements were made on liquids, that had been 
redistilled for purification, contained in a cell of crystalline quartz. The 
absorption coefficient, no., for each wave-length, was calculated by the 
usual formula 

4TTWod 

lC-V"—, (10) 

where I is the transmission of the cell and liquid of thickness d, and I 0 
the transmission of a comparison plate of quartz having the same thickness 
as the quartz in the cell. The factor C is a correction for the loss of 
reflexion from the two surfaces quartz-liquid and liquid-quartz, and 
was determined by 



where n„ is the index of refraction for quartz and n that of the liquid. 
In Table I are given the values of n 9 as measured by Rubens.* 

• 4 Tables of Landolt-Bomstein,’ vol. 2, p. 915. 
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Table I 


Xinn . 52 63 83 100 117 152 

v in cm- 1 . 192 159 120 100 85 66 

/i„ . 2-26 2 22 219 2 18 2 17 2 16 


The reflecting power, R, was determined by comparing the energy 
reflected from each liquid (free surface) with that from a metal mirror. 
The latter was of evaporated tin and for the wave-lengths used was 100% 
reflecting. 

The index of refraction, n, was calculated from the well-known formula: 


p _ (n — 1 ) 2 + ri 1 a 2 
- (« f l ) 2 + « 2 a 2 ’ 

which can be transformed to 


( 12 ) 


R -f 1 i i , R 1 2 2 2 | 1 ^ 


(13) 


In order to determine the origin of characteristic absorption bands 
some of the liquids were also studied in solution. The absorption 
coefficient, (n«)i, of the molecules in solution was then calculated by 

(n*)i - , (14) 

t-a 

where C is the volume concentration; the subscript 1 refers to the dis¬ 
solved molecules, the indices 2 to the solvent, the indices 1 -f 2 to the 
solution. The solvents used were non-polar and were much less absorb¬ 
ing than the liquids being investigated; therefore, to a first approximation, 
it seemed justified to neglect any interaction between the molecules being 
studied and the solvent in formula (14). 


Data and Discussion of Non-Polar Liquids 

In the following tables are given the measured reflexion, R, and the . 
measured transmission, T mo ». From these values are calculated the 
transmission corrected for reflexion, T cur , the index of refraction, n, 
and the absorption coefficient, n a. 

The probable accuracy of the measured transmission is about 1% and 
of the reflexion about 0 1%. This rather high precision was realized 
because of the special compensated thermocouple which was practically 
free from any drift and because the deflexions were large—with four 
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reflexions from T1C1, the galvanometer deflexion on a scale at 5 metres 
was 130 mm for the reflexion measurements. We have made no attempt 
to smooth the calculated values although it would be permissible to some 
extent. * 

Table II • 


X in (x 



T m(W d ~ 5 00 mm % 

T^r for R % .. 

na X 10 4 . 


R %. 

n . 

Tmps d --- 5*00 mm % 

Tmr for R %. 

na X 10*. 


R %. 

n . 

Tint'd d 3*8 mm % .. 

T'cor for R %. 

na x I0 4 . 


R %. 

n ,... 

T me » d - 4*0 mm % .. 

TVor for R% . 

na X 10 4 . 


R %. 

n . 

TmcH d - 3*8 mm % .. 

T^or for R %. 

na x 10 4 . 


R %. 

n . 

Tiaea d ** 3*6 mm % .. 
T'cor for R %. 

na x 10*. 


Vaseline Oil 


52 

63 

83 

3*65 

3*65 

4*03 

1*47 

1*47 

1*50 

45 

51 

62 

49 

55 

67 

5*9 

6*0 

5*3 


Paraffin Oil 

3*66 

3*56 

3*96 

1*47 

1*46 

1*50 

49 

54 

63 

54 

59 

68 

5*1 

5*3 

5*1 


Hexane 


2*71 

2*61 

2*63 

1*39 

1*39 

1*39 

59*8 

59*4 

62*8 

66*9 

66*2 

69*5 

4*4 

5*4 

6*3 

Carbon Tetrachloride 

3*46 

3*62 

3*61 

1*47 

1*47 

1*47 

61*3 

63*3 

69*5 

67*1 

68*7 

75-2 

4-1 

4*7 

4*7 


Benzene 


3-93 

3*86 

3*83 

1*50 

1*49 

1*49 

36*1 

33*6 

23*6 

39*2 

36*4 

25-8 

10*2 

13*3 

23*5 

Carbon Disulphide 

5-5 

5*8 

5*9 

I *61 

1*63 

1*64 

56-2 

55*2 

45*0 

S9-4 

57-8 

46*9 

60 

7*6 

13*9 


100 

117 

152 

4*20 

4*12 

4*33 

1*51 

1*51 

1*52 

69 

72 

77 

74 

77 

82 

4*8 

4*9 

4*8 


4*15 

4*21 

4*21 

1*51 

1*51 

1*51 

70 

76 

78 

74 

81 

83 

4*8 

3*9 

4*5 


2*85 

3-09 

3*03 

1*40 

1*42 

1-42 

70*4 

71*0 

75*4 

77*4 

77-4 

82*3 

5*4 

6*3 

6*2 


3*74 

3*63 

3*63 

1 48 

1*47 

1*47 

58*3 

52*6 

49*6 

62*8 

56*6 

53-4 

9*3 

13*2 

19*0 


3*91 

3*95 

4*04 

1-49 

1*50 

1*50 

15*5 

14*8 

15*8 

16-6 

15-8 

16-9 

37*6 

45*2 

56*6 


6*2 

6*2 

6-2 

1*66 

1-66 

1-66 

34-4 

29-8 

28-6 

35-7 

30*9 

29-6 

22*8 

30*4 

41 0 
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Table II—(continued) 

Dioxane 

R%. 3-49 3-42 3-44 3-50 3-64 3-65 

n . 1 -46 1 -45 1 -45 1-46 1-47 1-47 

Tines d — O'70 mm %.. 47-2 42 9 56 6 43-8 41-8 41-6 

T'cor for R %. 51-9 46-9 61 *6 47-4 45 1 44-8 

nx x 10®. 3-9 5-4 4-6 8-5 10-6 14-4 

Dioxane from Deffet and Timmermans Measured directly after Distillation* 

T mM d ■= 0-86 mm %.. 41 -3 36 0 45 2 39-5 34-6 34-8 

T'cor for R%. 45-4 39-4 49-2 42-8 37-3 37-5 

nx x 10 s . 3-8 4-1 5-6 7-7 10-7 13*9 

Dioxane from Deffet and Timmermans Measured directly after Distillation 

Tmes — 0-75 mm %.. 47-3 40-8 53 0 44 0 39-6 39-6 

T'c or for R% . 52 0 44-6 57-7 47-6 42-8 42-7 

nx x 10 s . 3-6 5-4 4 9 7-9 10*5 13-7 

nx x 10 s , average _ 3-8 5 0 5 0 8 0 10*6 14 0 

33 *3% Dioxane in Benzene 

T m „d = 1-3 mm % .. 48-6 43-8 46-8 401 38*4 38-4 

T'cor for R %. 52-8 47-6 50 6 431 41 *3 41 0 

nx x 10*(dioxaneonly) 4-5 6-6 6-3 8 8 11 1 15*9 


* We thank Messrs. Deffet and Timmermans for the specially purified sample of 
dioxane and Professor E. K. Rideal for a sample of heavy water. 

We shall limit our discussion of the absorption bands found in the 
region investigated to very general observations since the complete 
analysis of each substance is a different study in itself. 

The absorption and refraction of non-polar liquids in the extreme 
infra-red belong theoretically to a special category since there is no 
question of absorption due to a turning of the molecules or to active 
bands due to a hindered rotational or translational motion of the non¬ 
polar molecules in a quasi-crystalline structure. This means that in the 
absence of active vibrational frequencies in the extreme infra-red the 
absorption should be small and tend regularly toward zero for infinite 
wave-length. Also the index of refraction should slightly diminish with 
increasing wave-length to equal the square root of the static dielectric 
constant. 

Actually we find a relatively small absolute absorption for non-polar 
liquids but some show absorption bands. With complicated molecules 
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it is difficult at present to tell whether the bands observed in the extreme 
infra-red are fundamental or combination frequencies. In the case of 
carbon disulphide, however, the three fundamental bands are known to 
lie in the near infra-red and so the absorption band we observed near 
60 cm 1 can be definitely attributed to combination of near infra-red 
frequencies. 

Dioxane absorbs more than the other non-polar liquids we studied. 
There is a definite region of larger transmission about 120 cm -1 and this 
seems to be due to strong absorption bands on either side. Some authors 
have reported a value of f/. — 0-4 D for liquid dioxane in solution which 
is as large as for toluene. The fact that liquid dioxane absorbs even more 
than toluene is an argument that there is a general absorption owing to it 
being slightly polar in the liquid state. We took particular precautions 
with the dioxane to avoid any absorption of water vapour from the air 
since it is very hygroscopic. 

For determining the atomic polarization, we had to know n, and n iT . 
We are indebted to Dr. L. Hauss for measuring n, (with a Pulfrich refracto- 
meter) on the same liquids that we used. The existence of absorption 
bands and their influence on the refraction makes the choice of n ir to be 
used in formula (4) slightly arbitrary. In Table III are given n, and n ir 
and the values of P,, P, -F P a , and P„ that have been calculated using 
formulae (2) and (4). The values are also given of P tt found by other 
authors from dielectric constant measurements, i.e., using formula (1) 
with P„ = 0. M is the unknown Molar weight. 


Liquid 

ft r 

Table III 

P. nir 

p, + p« 

p„ 

p„ 

Vaseline oil .,.. 

1-459 

0 32IM 

1*47 

0-328M 

0 007M 

— 

Paraffin oil .... 

1*470 

0-317M 

1*47 

0*317M 

0 00M 

.— 

Hexane . 

1*367 

29*33 

1 37 

29-6 

0*26 

0-9* 

Carbon tetra¬ 
chloride .... 

1*446 

25*78 

1*47 

27*0 

1*2 

21* 

Benzene . 

1*477 

25*04 

1*49 

25*6 

0*55 

l-4t 

Carbon 

disulphide 

1*577 

19*83 

1*66 

22*2 

2*3 

1- 9* 

2- 4§ 

Dioxane . 

1*412 

21*25 

1*47 

23*8 

2*6 

2-9|| 

* Own measurements, 
t Sugden, * Trans. Faraday Soc.,’ 

vol. 30, p. 

730 (1934). 




X MacAlpdne and Smyth, ‘ J. Amer. Chem. Soc.,’ vol. 55, p. 453 (J933). 
§ Zahn, ‘ Phys. Rev.,’ vol. 35, p. 848 (1930). 

Ii Schwingel and Greene, * J. Amer. Chem. Soc.,’ vol. 56, p. 653 (1934). 





Infra-Red Dispersion of Polar Liquids 


147 


The possibility of unresolved fine-structure raises a question about the 
validity of Lambert’s law. Since Lambert’s law is fundamental for 
calculating the absorption coefficient for pure liquids as well as calcu¬ 
lating the partial absorption due to liquids in solution, the data in Table 
IV are given to show the absorption of benzene and carbon disulphide as 
measured at 100 (x for different thicknesses and in different solvents. 


Table IV 


wa X ttoL :< 


Liquid 

Solvent 

c% 

d 

T m ,*% 

'f o / 

* I’lU /O 

10*, ups 

10*sol 

/fax 10* 




mm 






Benzene 

— 

100 

3-6 

15*5 

16 6 

38 

— 

38 

it 

— 

100 

20 

33*2 

35*7 

42 

— 

42 


— 

100 

0-5 

68 0 

73*0 

50 

— 

50 


Hexane 

50 

20 

53 ’4 

580 

22 

6 

38 

»» 

CC1 4 

50 

2-0 

45*4 

48*8 

28 

10 

46 

Carbon 









disulphide 

—- 

100 

3*6 

34-4 

35*7 

23 

..... 

23 

>t 

— 

100 

20 

46 * l 

47*8 

29 

— 

29 

ft 

— 

100 

0*5 

74’0 

78*0 

39 

— 

39 

>» 

Paraffin 

50 

3-6 

42*9 

45*2 

18 

5 

31 


oil 








tf 

f> 

50 

20 

58*6 

61*7 

19 

5 

35 


The fact that the absorption coefficient appears to increase as the thick¬ 
ness of the liquid decreases might for benzene be interpreted as due to a 
fine-structure, that is not resolved by the Reststrahlen radiation used. 
In fact, the absorption of liquid benzene has been studied in this region 
under high resolution,* and found to have active bands at 87, 117, 140, 
and 160 cm -1 . However, with carbon disulphide there is little reason to 
expect sufficient fine-structure to explain the failure of Lambert’s law. 
It is true that small errors made in measuring the transmission are 
magnified in calculating the absorption coefficient, but we believe that 
the departure from Lambert’s law is too great to be explained by errors 
in the transmission measurements. 

The entire spectral region we investigated was 130 cm -1 , but the vibra¬ 
tion bands observed in the near infra-red for liquids are in general broader 
than 130 cm -1 (which corresponds to a resolving power of about 100 A 
at 1 (x). 


* Barnes, Benedict, and Lewis, * Phys. Rev.,’ vol. 47, p. 129 (1935). 
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Data and Discussion of Polar Liquids 

In Table V are given the data for the polar liquids we studied which 
correspond to those given in Table II for non-polar liquids. For solutions, 
the measured transmission is recorded,'but the absorption coefficient 
(designated by net) was calculated by using formula (14), and therefore 
represents the absorption extrapolated for the pure liquid. 

Table V 


Methyl Alcohol 


Xinfx . 

52 

63 

83 

100 

117 

152 

v in cm" 1 .... 

192 

159 

120 

100 

85 

66 

R % . 

1*48 

1*77 

2*68 

3*09 

3*51 

3*80 

ft . 

1*26 

1 -28 

1 -34 

1*39 

1*41 

1*41 

T m os d — 34-6 [l % . 

41*5 

38*2 

35*9 

43*2 

45*5 

46*8 

Tcor for R . 

49*1 

44*4 

40*5 

47*7 

49*9 

51*2 

nee x 10* . 

8*5 

11*7 

17*3 

17*1 

18-7 

23*5 

Methyl Alcohol , 4% by volume in Carbon 

Tetrachloride 


T mo » d = 0-86 mm % 

167 

15*2 

14*7 

19*1 

26*5 

25*6 

T'Vnr for R. . 

18*3 

16 5 

15 9 

20*5 

28*5 

27*6 

«a X 10* . 

20 

25 

34 

34 

31 

41 



Ethyl Alcohol 




R % —,. 

1*80 

2*20 

2*56 

3-18 

3-78 

3*90 

n . 

1*23 

1*34 

1*37 

1*42 

1*47 

1*48 

Tinea cl — 94 ji. % ... 

340 

34*4 

27*0 

32*4 

37*6 

40*5 

T'eor for R . 

39*3 

38*8 

29-9 

35*3 

40*7 

43*1 

M<x X 10*. 

4*1 

5*2 

8*5 

8*8 

8*9 

10*8 


Ethyl Alcohol , 8% by 

volume in Hexane 



Tran# cl — 0*81 mm% 

12*9 

15*3 

17-2 

22*0 

26*5 

28*1 

T^cor for R ......... 

14*4 

17 0 

190 

24*2 

28-9 

30*7 

not X 10*. 

12 

13 

16 

17 

17 

21 

Ethyl Alcohol, 4% 

by volume in Carbon 

Tetrachloride 


d — 0*81 mm % 

28*1 

34*6 

39*5 

44*8 

46*0 

47*9 

T'cor. for R ... 

30*8 

37-6 

42*7 

48*3 

49*5 

51*6 

not x 10*. 

13 

13 

15 

14 

16 

19 



Amyl Alcohol 




R%. 

2-98 

3-30 

3*44 

3-64 

3*66 

3*68 

n . 

1 *42 

1*44 

1*45 

1-47 

1-47 

1*47 

Tmes d 3,6 210 K % * • * 

22*6 

21*1 

24-6 

32*7 

42*7 

49*2 

Tcor for R . 

25-1 

23-1 

26-7 

35-3 

46*0 

52*9 

net X 10* . 

1-1 

3*5 

4*1 

3-9 

3-4 

3*7 
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Table V—(continued) 


Octyl Alcohol 

R%. 3 14 3-27 3'41 3-50 3-42 3-62 

n . . 1-43 1-44 1-45 1-46 1-45 1-47 

T rao »£/= 210 n% .... 32-8 34 0 39-6 43 0 48-0 54 0 

T,. 0 r for R . 36-4 37-4 43 1 46-6 52-0 58-2 

m X 10'. 2 0 2-3 2-6 2-9 2-9 3 1 

Glycerol 

R% . 5-65 6 01 7-46 7-59 8-50 8-58 

n . 1-60 1 -63 1-71 1-74 1-81 I-81 

T me ,rf= 34*6 (A % .. 31-8 30-5 34 1 48-2 55-7 63-6 

T'eorforR . 35 0 33-3 36 1 50-3 57-4 65-4 

not x 10*. 12-6 15 7 19 0 16-4 15-0 15 0 

Ethyl Ether 

R%. 2 15 2 17 2 00 2 18 2-61 2-84 

n . 1 -34 134 1 -33 1-34 1-38 1-40 

Tme» d ■= 210 (i % .,.. 38 9 32-4 17-6 34 0 41-8 45 0 

T'eorforR . 44-5 36-7 19 9 38-2 46-3 49-5 

net X 10*. 1-6 2-4 5 1 3-7 3-4 4 1 

Ethyl Ether, 9% by volume in Carbon Tetrachloride 

Tmo« d — 1-15 mm % 42-2 37-1 30-6 39-4 45-5 46-7 

T'eorforR . 46-2 40-2 33-1 42-4 49-0 50-3 

not x 10*. 2-6 3-9 6-5 5-6 5-2 6-0 

Dipropyl Ether 

R %. 2-98 3-31 3-18 2-92 3-26 3-32 

n . 1 -42 1-44 1 -43 1 -41 1-44 1-44 

Tm#« d =t 210 n %_ 35-2 38-6 59-5 59-6 61-8 60-4 

T'eorforR . 43-6 46-4 70-7 70-6 73-1 71-0 

not x 10*. 1-6 1-8 M 1-3 1-6 2-0 

Dipropyl Ether, 20% by volume in Carbon Tetrachloride 

^<*=0-86111™% 32-5 34-7 49-6 53-8 56-3 55 6 

T'eorforR . 35-6 37-7 53-7 57-0 60-3 60-0 

net x 10*. 2-6 2-7 2-2 2-2 2-2 2-9 

Nitrobenzene 

..4-54 4-66 4-37 4-35 4-64 4-96 

n . 1-54 1-55 1-53 1 -53 1-55 1-56 

Trim d «* 210 p % ., • • 56-3 66-1 58-2 37-4 27-6 23-7 

T'eorforR . 60-6 70-5 62-1 39-9 29-2 24-9 

not X 10* ..... 1 0 0-8 1-5 3-5 5-5 8-0 
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Table V—(continued) 


Nitrobenzene, 17% by wlume in Hexane 


Tmos d - 1 -2 mm % .. 

49 

57 

52 

42 

28 

28 

T' w >r for R .... 

55 

63 

58 

46 

30 

30 

not. x 10*. 

10 

0*8 

2*1 

2*8 

5*3 

7*0 


Pyridine 

R%. 3-65 3-66 3*68 3*85 

n . 1 *47 1*47 1*47 1*48 

Tme«</=210|i% .... 67*9 63*6 44*8 24*7 

TVarforR . 74*5 69*1 48*5 26*5 

not x 10 a . 0*6 0*9 2*3 5*0 


Pyridine , 25% by volume in Carbon Tetrachloride 


Tinea 

d— 0-86 mm % 

32*3 

29-4 

27*2 

14 5 

8*3 

7*7 

T'eor 

for R . 

35*4 

31*9 

29*4 

15*6 

8-9 

8*3 

not x 

10 a . 

1*9 

2-5 

3*5 

6*6 

10 1 

13*4 


oi-Picoline 

393 390 3*70 3*92 4*03 4*10 

1 50 1*49 1*48 1*49 1*50 1*51 

46*0 53*8 49*0 34*4 31*1 31*7 

50*0 58*3 52-8 37*0 33*5 33*8 

1*4 1*3 2*0 3-8 4*9 6*3 

ct-Picoiine, 25% by volume in Benzene 


T me « d ™ 0*70 mm % 44 49 40 29 25 24 

T' C orforR. 50 53 43 31 27 26 

not x 10*. 1*4 1*4 2*5 3*8 5*4 7-5 


p-Pico/ine 

4*06 3*87 3*74 3*86 3*98 4*06 

1*50 1*49 1*48 1 -49 1 50 1*50 

56*8 60*7 58*7 42*0 37*5 37*1 

61*7 65*7 63*3 45*2 40*2 39*6 

1*0 1*0 1*4 3*0 4*0 5*3 

Toluene 


R% . 3*91 3*98 3*71 3*91 3*86 3*87 

n . 1*49 1-50 1*47 1*49 1*49 1-49 

1 -26 mm % 43*5 51*3 58*2 51-7 53*5 57*2 

T'cor for R . 47*7 55*3 62-9 55*5 57*4 61*2 

not x 10*. 2*4 2*4 2-4 3*7 4*1 4*7 


n . 

d --- 210 (x % .... 

T^cor for R. 

not x 10 2 . 


R o/ 

/o. 

n . 

d — 210 (X % . . . . 

Teor for R . 

not x 10*. 


4*28 4-40 

J *52 1*52 

18*3 17-7 

19-5 18-7 

7*2 9*7 
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Table V—(continued) 


Amyl Acetate 

R %. 2-97 2-99 2 99 2-86 3 19 3-20 

n . 1 -42 1-42 1-42 1-41 1 -43 1 -43 

T m( . s d *= 210 (j. % .... 29-6 33-7 36-4 34-5 34 1 36-5 

T'cor for R . 33 0 37-2 40 0 37-9 37-2 39-7 

net X 10*. 2-2 2-4 2-9 3-7 4-4 5-3 

Dimethyl Sulphate 

R %. 3-26 3-25 3-74 3-96 4-65 5 05 

n . 1 -43 I-43 1 -46 1-47 1-51 1-52 

T ma , d = 94 n % .... 36-2 28-4 18 0 17-4 17-8 16-1 

T', :0 t for R . 40-4 31 -3 19-6 18-9 19 0 17-2 

m x I0 1 . 4 0 6-2 11-5 14-1 16-5 22-6 

Acetone 

R %. 1 -74 I 85 1 84 2-44 3-48 4-12 

n . 1 -30 1 -31 1 -31 1 32 1 -37 I 37 

T m p»</ = 36-4 |x . 74-0 64-8 57-5 41-3 35-7 36-8 

T'cor for R . 86-0 73 8 65-3 46-9 40 0 42-2 

w X 10 1 . 1-8 4-4 8 1 18 3 24-9 31-5 

Acetone, 37% by volume in Hexane 

T me « d — 0-81 mm %.. 69-6 69 0 67 1 60-4 50-5 51-3 

T'cor for R . 77-8 76-8 74-3 66-4 55-0 55-9 

net X 10’. 2-3 3 0 4-9 9-5 17 0 21 -9 

Acetone, 10% by volume in Hexane 

T m o« d — 0-50 mm %.. 67-8 65 0 57-5 45-8 36-3 34-8 

T' m r for R . 75-8 72-4 63-6 50-4 39-5 38-0 

not x 10®. 1-9 2-7 5-4 10-4 16-7 22-8 

Water 

R %. 9-30 10-74 11-75 12 28 12-80 13-40 

n . 1 -68 1-77 1-89 2 01 2 04 2-09 

Tmord- 12-5 n%.... 26-0 28-1 43-2 55-2 63-7 66-8. 

na, average. 0-48 0-51 0-47 0-37 0-34 0-39 

Water, 9% by volume in Dioxane 

R %. 3-9 4 1 4-0 4-2 4-8 4-7 

Tme, d-0-080 mm % 47-5 47-9 55-2 54-3 56-4 59-1 

T'cor for R . 51 -8 51 -5 59-3 58-1 59-7 62-4 

net ... 0-35 0-41 0-43 0-51 0-57 0-67 
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Table V— (continued) 

Ice at - 10° C 

Trnes d = 0-034 mm % 11 13 32 72 85 84 

no. . 0-27 0-30 0.22 0 08 0 03 0-03 

Heavy Water 

90% heavy water from Professor E. K. Rideal 


Tim* d = 0-025 mm % 

6-2 8-7 16*6 

29*2 

39*5 

43*6 

n a for 90% D 2 0 .... 

0*49 0*49 0*46 

0*39 

0*35 

0*40 

100% heavy water from Professor Timmermans 



T m( ,» d — 0-0314 mm % 

4-7 5-7 11-7 

23*3 

31*6 

33*6 

not- ... 

0*40 0*46 0*45 

0*37 

0*34 

0*42 

100% heavy water, 9% by volume in dioxane 



Tmo» d - 0-21 mm % 

19*6 21-5 26*6 

26*6 

31*5 

33*9 

T'cor for R . 

21 *4 23*1 28*6 

28*5 

33*4 

35*8 

HOC. 

0*29 0*33 0*39 

0*44 

0*43 

0*51 


In addition to the properties for non-polar liquids, the existence of 
permanent dipoles can be expected to add to the absorption and dis¬ 
persion of polar liquids. Also there is the question of effects due to a 
quasi-crystalline structure in liquids which are not taken into account in 
the usual definitions of the theoretical quantities we have used. With 
water we found a strong absorption band at about 120 cm' 1 that dis¬ 
appeared for water in solution—thus showing that the band was due 
to intermolecular forces. The data in Table V show that this band is 
practically the same for both liquid H a O and D s O which enables us to 
assign its origin to a hindered translational motion of the entire molecules 
in a quasi-crystalline structure.* However, the characteristic bands 
observed for the other liquids remained after the molecules were dis¬ 
solved in non-polar solvents, thus showing them to be of intramolecular 
origin. It seems likely that a quasi-crystalline structure is not unique 
for water but rather that the infra-red bands due to it lie in other regions of 
the spectrum or are not sufficiently active to be observed in the liquids we 
investigated. The result of the study of solutions for our present purpose 
is that, except for water, the absorption and dispersion due to inter¬ 
molecular motions can probably be neglected. 

Some groups of molecules which are structurally similar showed the 
same characteristic absorption bands. Thus, the primary alcohols had 
rather similar absorption curves. Ethyl and propyl ether however 

* Cartwright, ‘ Nature,’ vol. 135, p. 872 (1935); vol. 136, p. 181 (1935). . 
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have different absorption bands in this region. The group of liquids: 
nitrobenzene, a-picoline, (3-picoline, and pyridine show very similar 
absorption properties in the region studied. 

It appears that the absolute increase in absorption due to a band is in 
general much greater for polar liquids than for non-polar liquids in the 
spectral region we investigated. The near infra-red bands, however, 
are of about the same absolute intensity; they are mostly due to vibra¬ 
tions within small groups of atoms and depend very little on the structure 
of the entire molecule. It therefore seems probable that the strong 
absorption bands we observed are due to fundamental vibration fre¬ 
quencies. In the polyatomic molecules, benzene,* nitrobenzene, pyridine, 
etc., a bending of the molecules can be expected to have its eigen frequency 
in the far infra-red, and it seems possible that the infra-red activity of 
such a bending might depend on the electric moment of the molecule. 
The bands we observed are rather broad but, as we mentioned before, they 
are not broader than the near infra-red bands for liquids in general. 
Broad bands seem to be inherent in molecules in the liquid state and it can 
hardly be maintained that the observed broadening is due to unresolved 
rotational fine-structure. 

Corresponding to Table III, the atomic polarizations of the polar 
liquids are given in Table VI. In non-polar liquids, the index of refrac¬ 
tion as measured between 50 51 and 150 ij. agreed well with the value of 
Vs determined from dielectric constant measurements ( n ir — Ve, for 
P„ — 0 ) which can be explained as due to the greater part of the vibrational 
frequencies occurring in the near infra-red. For polar liquids, the choice 
of an appropriate value for n ir is a little more difficult, because it is 
necessary that the wave-length be ( 1 ) in a region free of anomalous 
dispersion due to an active vibrational frequency; ( 2 ) as great as possible, 
so as to approximate to infinite wave-length and to include all the active 
vibrational frequencies; and (3) short enough, so that the orientation of 
the permanent dipoles does not contribute to the dispersion. The first 
condition has also to be taken into account for non-polar liquids, but 
the absorption bands of the polar molecules, as we have seen, are generally 
more intense and therefore might exert a greater influence on n. The 
second and third conditions require a compromise, but we can be guided 
by the fact that in the absence of dipoles n should gradually diminish with 
wave-length and that the effect of the dipoles is to increase n with wave¬ 
length. 

The large values of P a sometimes found for molecules in liquid solu¬ 
tions have been attributed by several authors to the possible existence of 

* Manneback, * Ann. Soc. Sci. Belg.,* B, vol. 55, p. 129 (1935). 
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Table VI 


Liquid 

n e 

p. 

Kir 

p«- p. 

Pa 

p« 

Methyl alcohol ... 

. 1*323 

8*12 

1*41 

10*1 

1*9 

i 

© 

Ethyl alcohol . 

. 1*353 

12*64 

1*47 

16*4 

3*8 

0 gas* 

Amyl alcohol. 

. 1*397 

29*20 

1*47 

33-8 

4*6 


Octyl alcohol . 

. 1*415 

39*71 

1*47 

44*2 

4*5 





f I *81 

31*5 

11*7 


Glycerine . 

. 1*457 

19*81 

11 *60 

25*0 

5*2 


Diethyl ether . 

. 1*344 

22*10 

1 40 

25*3 

3*2 

3*4 gasf 

Dipropyl ether ... 

. 1*370 

30*80 

1 44 

35*8 

5*0 

10*7 gasj 
(43*0 solution? 

Nitrobenzene . 

. 1*515 

29*24 

1 56 

33*1 

3*8 

' 48 0 solutionll 







( 6-OgasH 

Pyridine . 

, 1*483 

23*03 

1 52 

24*5 

1*5 

8*2 solution** 

a-Picoline. 

. 1*476 

27*91 

1-51 

29*6 

1*7 

23*2 solution** 

P^Picoline . 

. 1*478 

28*05 

1 50 

29 1 

1*0 

9*6 solution** 

Toluene . 

. 1*473 

29*69 

I 49 

30*6 

0*9 

2*5 gas+f 

Amyl acetate . 

. 1*391 

35*50 

1 *43 

38*5 

3*0 


Dimethyl sulphate . 

. 1*378 

21*89 

1 51 

28*3 

6*4 

33*4 solid* J 

Acetone . 

. 1*349 

15*80 

1*37 

16*7 

0*9 

2*8 gas 

Water . 

. 1*322 

3*60 

1 68 

6*8 

3*2 

2*0 solid J J 


* Miles, ‘ Phys. Rev.,’ vol. 34, p. 964 (1929). 
t Fuchs, ‘ Z. Physik,’ vol. 63, p. 824 (1934). 

t Saenger, Steiger, and Gaechter, ‘ Helv. Phys. Acta,’ vol. 5, p. 200 (1932). 

§ Pal, * Phil. Mag.,’ vol. 10, p. 267 (1930). 

|| Jenkins, 4 Trans. Faraday Soc.,’ vol. 30, p. 743 (1934). 

II McAlpin and Smyth, 4 J. Chem. Phys.,’ vol. 3, p. 55 (1935). 

•* Rau and Narayanaswamy, 4 Z. Phys. Chem.,’ B, vol. 26, p. 39 (1934). 
tf McAlpin and Smyth, 4 J. Amer. Chem. Soc.,’ vol. 55, p. 453 (1933). 
tt Errera, 44 Polarisation Dielectrique,” p. 115, Paris, Press. Univ. 

active vibrational frequencies lying in the extreme infra-red. Let us 
consider the atomic polarization of nitrobenzene and recall that from the 
index of refraction of the liquid we obtain 3-8 cm 3 and from the tempera¬ 
ture influence on the dielectric constant one finds 6 cm 8 for the gas and 
about 45 cm 8 for the liquid in solution. By definition, P 0 is a property of 
individual molecules and therefore its value should be independent of the 
manner in which it is measured. The small interaction between molecules 
in the gaseous state recommends the value of 6 cm 8 and the fact that 
by the same method a value of about 45 cm 8 is found for the liquid state 
in solution suggests that the latter needs another interpretation. This could 
mean that formula (3) is not applicable to liquids; first, because the tem¬ 
perature range in liquids is necessarily limited and the extrapolation to infinite 
temperature is uncertain and,second, because the interaction of molecules in 
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the liquid state* changes the expression 4/3 N —j, which is only rigorously 


applicable to a perfect gas. In view of the difficulties, already mentioned, 
in choosing the proper value of n ir from the dispersion of extreme infra-red 
radiation, it might be considered that our value of P a for liquid nitrobenzene 
agrees satisfactorily with the value found for the vapour state. However, a 
question arises—which is of fundamental importance for the determination 
ofP a by dispersion for complicated molecules—is there any strongly active 
vibrational frequency lying further in the infra-red that has not been 
taken into account ? According to equation (5), v 2 ^ occurs in the 
denominator and hence one band lying beyond 66 cm“' (which is the 
limit for Reststrahlen frequencies) might contribute more to the atomic 
polarization than all the other bands together. In this respect, nitro¬ 
benzene is typical of the liquids we investigated. Let us assume that the 
band observed near 60 cm -1 is 50 cm 1 broad and has an average extinc¬ 
tion coefficient, 4-nna.lX, of 40 cm" 1 (the absorption due to dipole moments, 
which will be treated next, is to be omitted here). According to equation 
(6) this gives e 2 elt lm, ff — 2200. By equation (5) this band would increase 
n\ by 0 - 4 which would increase P 0 to about 8 ■ 5 cm 3 —still agreeing much 
better with the value found for the vapour state, from which it might be 
concluded that there are no more active vibrational frequencies at longer 
wave-lengths. It might be well to repeat that formulae (4) and (6) are 
only rigorously applicable to gases and should be corrected for mole¬ 
cular interaction in the liquid state. Such a correction might be expected 
to increase with the wave-length of the vibrational bands since a low 
frequency vibration usually means that the binding forces are small. 

If we consider the general absorption of polar molecules in a region 
where there is no active vibration, equation (8) shows that the extinction 
coefficient, 47t«a/X, should be independent of wave-length.t In Table 
VII are given the extinction coefficients, that we have supposed due to the 
orientation of the dipole moments, the static dielectric constants (taken 
from tables), and the values of n ir given in Table VI. From these data 
were calculated the relaxation times, t u , using formula (8). The vis¬ 
cosities (taken from tables) are also given and we have calculated the. 
radii, a, of the molecules from equation (9). It will be observed that the 
radii of the alcohols are all about 0 6 x 10~ 8 cm and the similar mole¬ 
cules, nitrobenzene, pyridine, and the two picolines all have radii of 


* Mueller, Jenkins, etc., ‘ Trans. Faraday Soc.,’ vol. 30, p. 729 (1934). 
t Equation (8) neglects the inertia of the molecules opposing orientation in an 
alternating field; this correction makes the measured extinction coefficient a little 
smaller for our frequencies. 
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about 0-9 x 10~ 8 cm. These values are obviously too small. This 
might be explained as due to equation (9) not taking into account a quasi* 
crystalline structure in liquids or to Stokes’s law of frictionnot being valid. 

Table VII 


Liquid 

E 

«ir 


Tit 


a 

a Hertzian 

Methyl alcohol 

33*7 

1*41 

200 

4 x 10“ 18 

0*6 x 10- a 

0*6 x 10- 8 

1 -7t, 1 -8* 

Ethyl alcohol .. 

26 

1-47 

100 

8 

1*2 

0*6 

1-8*. 2-2t, l-8t 

Amyl alcohol .. 

15*8 

1*47 

30 

25 

4*3 

0*6 

2-5*, 2-5t, 2-7§ 

Octyl alcohol .. 

10 

1 *47 

30 

16 

8-9 

0*8 


Glycerine .... 

56 

1*7 

150 

6 

11 

0*6 

0-4t, 0-36§ 

Ethyl ether .... 

4*34 

140 

30 

12 

0*2 

0 6 


Propyl ether 


1 44 

20 


04 



Nitrobenzene .. 

35 • 7 

1*56 

20 

41 

20 

0*9 

1-53* 

Pyridine . 

12-2 

1 -52 

30 

22 

1*0 

0*9 


a-Picoiine. 

10 4 

1*51 

30 

20 

0*8 

0*9 


p-Picoline - 

10*4 

1*50 

20 

30 

0 9 

1*0 


Toluene . 

2-31 

1 *49 

4 

5 

06 

0*6 


Amyl acetate .. 

4-81 

1 *43 

45 

6 

0*5 

0*4 


Dimethyl sul¬ 








phate . 

49-1 

1*51 

150 

6 

~ 1 

0*6 


Acetone . 

21-3 

1*37 

80 

10 

0*5 

0*9 

1-9J 

Water . 

80 

1*68 

300 

3 

1*0 

0*5 



* Szymanowsky, ‘ J. Chem. Phys.,’ vol. 1, p. 809 (1933). 

t Mizushima, * Sci. Pap. Inst. phys. and chem. Res. Tokyo,’ vol. 9, p. 209 (1928). 

t Malsch, 4 Ann. Physik,’ vol. 12, p. 865 (1932). 

g Girard and Abadie, 4 C.R. Acad. Sci. Paris, 4 vol. 195, p. 119 (1932). 

It might also be due to the formula used for calculating the relaxation 
times. 

In Table VII are also listed the radii determined from the absorption 
of short radio waves. The disagreement of the radius of a molecule as 
calculated from measurements in the infra-red and the Hertzian regions is 
independent of the assumption underlying formula (9) and must be 
attributed to formula (7). We should therefore consider the relaxation 
time which is proportional to the third power of the radius t E —this 
makes the disagreement far outside the experimental errors made in 
measuring the absolute absorption. In Table VIII* are given the extinc¬ 
tion coefficients of three liquids as calculated from our data for X = 0015cm 
and from the data of Tear’st for longer wave-lengths. The increase 

* To make Table VIII complete, we have also given the index of refraction although 
it does not bear directly on the problem at hand. 

t ‘ Phys. Rev.,' vol. 21, p, 611 (1923). 
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in r B , as calculated from equation (7) is too regular to be attributed to 
experimental errors, and it seems necessary to conclude that in the 
equation for relaxation time a more complicated function of wave-length 
is required. 

Table VIII 

Water Methyl alcohol Ethyl alcohol 


X in cm 

4w/ia/X 

n 

t k 

4n nttj \ 

n 

t J{ 4rwjot/X 

n 

0015 

320 

2*09 

3 x J0“ 18 

190 

1*99 

4 x 10~ JS 90 

1*48 

0*42 

380 

5-33 


120 

2*10 

47 

1*84 

0*84 

220 

5*68 


80 


43 

2*06 

1*1 

170 

6*27 


— 

— 

32 

2*2 

1*5 

150 

6*62 


67 

2*52 

28 

2*15 

1*8 

160 

6*65 


76 

2*7 

36 

2*2 

2*7 

100 

8*45 


44 

3*3 

21 

2*27 


To sum up the question of the comparison of the values of the relaxation 
time calculated from the results we have obtained in the far infra-red with 
the differing values calculated from the measurements in the Hertzian is 
not yet fully explained by our actual results. We intend to take up this 
problem again from the experimental and theoretical point of view in a 
further study. 


Summary 

By the method of Reststrahlen, monochromatic radiation of 52, 63, 83, 
100, 117, and 152 ji. were obtained and used for measuring the absorption 
and reflexion of several polar and non-polar liquids. 

From these data the index of refraction and the atomic polarization 
were calculated. The values for the atomic polarization thus found 
agree much better with the values determined for molecules in the gaseous 
state than those determined by the methods previously employed for 
liquids. 

From the measurements on the absolute intensity of absorption, the 
relaxation times and the apparent radii of the polar molecules were 
determined. 

Diluting the liquids in little-absorbing non-polar solvents showed that 
(1) a characteristic absorption band in pure water disappeared, and is 
therefore to be attributed to a quasi-crystalline structure; and (2) in all 
the other substances the characteristic absorption bands remained in dilute 
solution and are therefore due to intramolecular vibrations. 
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The Bore in the Trent 

By the late H. H. Champion and R. H. Corkan, M.Sc. 

(Communicated by A. T. Doodson, F.R.S.—Received October 4, 1935) 

1—Introduction 

During the years 1928-31 the late Mr. H. H. Champion, one of His 
Majesty’s Inspectors of Schools, went to a great deal of trouble to obtain 
observations of the bore or “ eagre ” that is experienced in the River 
Trent. Mr. Champion first witnessed the eagre in September 1928, 
when he was so impressed by what he saw, that he immediately made 
enquiries about it of the Humber Conservancy, He was greatly surprised 
when he was informed that very little was known about the eagre, and 
also that it had never been systematically observed. He was also sur¬ 
prised to learn that very few systematic observations were on record of 
the bores that occur throughout the world, while the actual formation of 
a bore was a phenomenon that had never been satisfactorily explained. 
The realization of these facts eventually led him to a decision to take 
observations of the Trent bore. During the succeeding years he threw 
himself wholeheartedly into this task, and underwent, in addition to 
endless trouble, no small amount of personal expense, to obtain the 
observations that form the basis of this paper. His enthusiasm and the 
way in which he tackled the problem cannot be too highly praised, and 
it was very unfortunate that after a short illness Mr. Champion died in 
June 1932, in the middle of his investigation, before having time to sort 
out his observations or to reduce them to a form suitable for publication. 
After Mr. Champion’s death, at the invitation of Miss 1. S. Champion, 
Mr. Champion’s sister, the Liverpool Observatory and Tidal Institute 
undertook responsibility for the publication of the observations. To a 
certain extent the investigation is incomplete and falls short of what Mr. 
Champion had intended, but even so the observations already made by 
him form a satisfactory basis for an extension of knowledge. 

The observations have been reduced so far as possible so as to give 
average values on the occasions of spring and neap tides, and an attempt 
has also been made to deduce the changes of form that a wave undergoes 
during its passage up the Humber and Trent to a point beyond where the 
eagre is observed. For this purpose Mr. Champion’s observations have 
been supplemented by tidal constants extracted from Admiralty Tide Tables 
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(Part II) and also by observations at three additional places on the Trent, 
supplied by Mr. T. L. Evans, Engineer to the Trent Navigation Company. 



2—Stations and Observations 

The portion of the Trent in which the eagre is experienced, and also 
the Humber Estuary from below Grimsby, are shown in the accompany¬ 
ing map, fig. 1. It will be seen that the Trent, which is a tributary of the 
Humber, branches off on the south bank at a point approximately 16 
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miles above Hull, and that the continuation of the Humber at this point 
is the Ouse. The portion of the Trent in which the eagre may be observed 
stretches from below Burton Stather near the outfalls into the Humber 
to well past Torksey, a distance of over 35 miles. 

The following are details relating to the Trent and the region near its 
entrance. The average width of the Humber just below the junction 
with the Trent is roughly 4500 feet while the width of the Trent at its 
entrance is from 2500 to 3000 feet at high water, and 550 feet at low water. 
At a point distant 1J miles above the entrance the low water width is 
only 70 feet, but above this point the width diminishes only very slowly 
for a considerable distance up river. On an average the depth of the 
Humber below the junction is 20 feet, while in the upper portion of the 
Trent the depth is 10 to 6 feet. In the converging space that extends for 

miles above the entrance there are numerous sandbanks that partly 
dry near the time of low water. These banks are then separated by 
shallow channels through which the ebbing river water runs. 

The principal stations at which Mr. Champion made his observations 
were Burton Stather, Flixborough, Keadby Bridge, Butterwick, Sus- 
worth, East Ferry, Walkerith, and Torksey, and the positions of these 
stations are indicated on the map. Two factors were considered in their 
selection: 1, their easy accessibility from the road; 2, the existence of a 
convenient bench mark close at hand. Tide boards were set up at each 
of the stations and these were carefully related to Revised Ordnance 
Datum* by levelling from a neighbouring bench mark. For the purpose 
of timing the eagre, Mr. Champion also made use of several subsidiary 
stations including Walcot Riverside, Burringham, Messingham Ings, 
Wildsworth, Heckdyke, Stockwith, Stone Bridge, and Knaith. The 
observations at these stations are not very complete and no details of 
them are given in the paper. On occasion use has, however, been made 
of them to obtain interpolated times at certain of the principal stations. 

The observations that Mr. Champion attempted were: 

1 — the times of the arrival of the eagre, or time of first rise, and the 

level of the water immediately preceding the rise; 

2— the height of water at frequent intervals during 5 to 20 minutes 

following the first rise; 

3— automatic records of the first 6 to 8 feet of the rise using a Casella 

tide gauge specially adapted to give an open time scale (these were 

augmented by direct readings at suitable intervals); 

* At Immingham Revised Ordnance Datum is 0 6 feet higher than the datum of the 
old levelling. 



The Bore in the Trent 


161 


4— the height of water at intervals during the whole tide; 

5— the time and height of the highest level of water. 

In order that he could time the eagre at a large number of stations 
during one tide Mr. Champion interested several of his friends* in his 
investigation and enlisted their services. With two or three parties 
available his usual methods then were for individual observers, after 
having observed the eagre and the rise during the following 5 to 10 minutes, 
to proceed by car and overlap a sufficient number of stations ahead so 
as to be ready for the eagre when it arrived. It may be mentioned that 
the roads on the east bank of the Trent are particularly suitable for this 
purpose. One of the greatest difficulties with which the observers had 
to contend was the arrival of nightfall before the tide had progressed to 
the upper reaches. 

The observations of the times of arrival of the eagre and also the water 
levels immediately preceding the first rise are given in Table I. Times 
are given in G.M.T. and heights in feet are referred to Revised Ordnance 
Datum. 

No distinction has been made in this table between the time of arrival 
of the eagre and the time of first rise. Mr. Champion was of the opinion 
that in general the difference was small, and careful observation at 
Susworth showed that with a big eagre the first rise was about 3 seconds 
in advance of the eagre while with a little eagre it was anything up to a 
minute in advance. 

Table II contains observations of high water at the principal stations. 
As before, times are in G.M.T. and heights are referred to Revised 
Ordnance Datum. 

The observations of the rise during the first 40 minutes following the 
first rise are given in Table III. These were mostly obtained from direct 
readings on tidal boards, and it should be noted that, though the results 
are tabulated for fixed times after low water, these were not necessarily 
the times of the original observations. 

The only station at which Mr. Champion obtained automatic records 
of the first rise was Flixborough. Tracings from several of his records 
registered during successive days in September 1931 are reproduced on 
one chart in fig. 2. 

* Amongst those who assisted Mr. Champion may be mentioned his sister. Miss 
I. S- Champion; Mr. J. Mandsley, late His Majesty’s Inspector of Schools; Mr. 
R. E. Walter, and Mr. F. C. Andrews, Masters at the Technical Cotlege, Lincoln; 
Mr. F. Straw, keeper of the gates at Ferriby Sluice; and Messrs. H. J. Potter, R. 
Cowood, and E. Gooscman, Engineers at the Flixborough Stather Pumping Station 

VOL CUV.—A. M 




umjBQ sKHimipjo 



The Bore in the Trent 


163 


These curves show very clearly the form of the first rise at Flixborough 
on occasions of spring and neap tides. At spring tides, the rise that may 
be considered as making up the eagre passes in approximately 1 minute 
and takes place in well-defined stages. First there is a sudden rise of 
nearly 0-5 foot in 10 to 20 seconds, followed by an interval of roughly 
10 seconds in which there is very little change in level. Then there is a 
further rise of a little over 0 • 5 foot, followed by a slight fall and a succession 
of waves having about a 1-minute period. Apart from these wave 
disturbances the rate of rise of the water is now practically uniform and 
amounts to 3 to 4 feet in 20 minutes. 



Fig. 3—Tidal observations at Flixborough, September 13-19, 1931. 


At neap tides the eagre is scarcely perceptible and the steady rise 
commences immediately, at a little under 2 feet in 20 minutes. 

The curve for September 16 is of interest as it shows what is known as 
the “second eagre”, a phenomenon that takes the form of a train of small 
wave disturbances which occasionally pass several minutes after the eagre. 
The amplitudes of the actual waves, due to the rapidity at which they 
pass, are, of course, greater than those indicated. In recent years Dr. 
Vaughan Cornish* has taken an interest in this phenomenon. 

Mr. Champion also observed a number of complete or partial tides, 
and diagrams of some of these have been reproduced. Fig. 3 shows a 


* See “Ocean Waves and Kindred Geophysical Phenomena,” by Vaughan Cornish, 
with additional notes by Harold Jeffreys, p. 101. 


M 2 


Table I—Observed Times of Arrival of Eagre, and Water Levels Immediately Preceding Arrival of Eagre 
Burton Stather Flixborough Keadby Bridge Butterwick Susworth East Ferry Walkerith 
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series of tide curves observed at Flixborough, and fig. 4 tide curves 
observed at Keadby Bridge, a tidal rise at Butterwick, and tide curves 
observed at East Ferry. 



Hours (G.M.T.) 

Fig. 4—Tidal observations at Keadby Bridge-, East Ferry — , and 

Butterwick 



Fia. 5—Tidal observations at Bowes Staith-and Brough 

A series of tide curves at Brough and Bowes Staith, two places which 
are situated on the north side of the Humber below its junction with die 
Trent, are produced in fig. 5. These were obtained from tide gauges that 
are permanently i nstalled at the two places. 
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3—Reduction of Observations 

In the reduction of the observations an attempt has been made to 
obtain average tidal differences on Immingham for all the principal 
stations on occasion of spring and neap tides. For this purpose the 
data were treated as follows: 

1— All observations were arranged in order of increasing tidal riset 

(or fall) at Immingham. 

2— For both high and low waters, time differences were taken on the 

previous high or low water at Immingham. 

3— Graphs were drawn for each station, in which were plotted against 

the rise (or fall) at Immingham, high and low water, time differ¬ 
ences, and levels. Smoothed curves then provided average 
values corresponding to fixed rises at Immingham. Values were 
tabulated for fixed rises at Immingham of 10 and 20 feet, which 
will be referred to as occasions of neap and spring tides respec¬ 
tively. 

The results are given in Tables IV and V. 

Table IV-—High and Low Water Levels 

Height of water just prior Height of high 


Place 

to arrival of eagre 


water 


-V 




Neaps 

Springs 

Neaps 

Springs 


Feet 

Feet 

Feet 

Feet 

Cromwell . . . 

8-7 - 

9-2 

8*7 

11*3 

Dunham. 

5*5 

6*7 

6*2 

9*9 

Torksey. 

5*5 

6-7 

6-8 

10 5 

Walkerith . 

30 

4*3 

7*5 

13*9 

East Ferry . 

. — 

2-6 

7-5 

14*0 

Susworth . 

M 

1'6 

— 

— 

Butterwick . 

0-7 

1-0 

7*4 

13*9 

Keadby Bridge ........ 

.... -0-8 

-0*5 

7-3 

13*6 

Flixborough . 

.... -2*6 

-2*3 

7*2 

13*5 

Burton Slather. 

.... —3*0 

-3*3 

6-9 

— 

♦Bowes Staith . 

.... -5*5 

-8*2 

5-9 

11*8 

•Hull . 

.... -3-6 

— 8*3 

6*9 

12*0 

♦Immingham . 

.... -3-5 

-8-5 

6*5 

11*5 

•Grimsby . 

.... -3-8 

-8*6 

5*6 

10*4 

♦Blacktoft . 

.... —70 

-8-3 

3*3 

9*4 

•Goole . 

.... ~6-5 

-7-1 

1*8 

8-2 


* From Admiralty Tide Tables (Part II). 

t By tidal rise is meant the rise from low water to the following high water. No 
datum is involved as in the normal use of the term. 
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Table IV gives the height of water just prior to the arrival of the eagre 
(or where no eagre is observed, the height of low water), also the height 
of high water, at the principal stations during spring and neap tides. (All 
levels are referred to Revised Ordnance Datum.) Table V gives the time 
of arrival of the eagre (or where no eagre is observed, the time of low 
water), also the time of high water, at the principal stations during 
spring and neap tides. The times give differences on the previous low or 
high water respectively at lmmingham. 


Table V—Time of Arrival of Eagre and Time of High 

Water 

Time of arrival of eagre Time of high water 



Times later than 

Times later than 

Place 

low water- 

—lmmingham 

high water- 

-lmmingham 


Neaps 

Springs 

Neaps 

Springs 

Dunham. 

. 9 55 

8 30 

5 25 

4 30 

Torksey. 

. [9 00] 

[8 00] 

4 40 

3 55 

Walkcrith . 

. 6 23 

6 23 

2 45 

2 23 

East Ferry . 

. 5 26 

544 

2 20 

1 51 

Susworth . 

. 5 11 

5 34 

— 

— 

Butterwick . 

. 451 

5 16 

2 03 

I 40 

JCcadby Bridge. 

. 4 10 

4 55 

[1 40] 

1 22 

Flixborough . 

. 3 35 

4 25 

1 20 

1 10 

Burton Stather. 

. 304 

4 07 

[1 15] 

[1 02] 

♦Bowes Staith . 

. 2 32 

2 57 

1 08 

0 54 

♦Hull . 

. 0 24 

0 38 

015 

0 26 

♦Grimsby. 

. -0 03 

-0 12 

-004 

— 0 12 

♦Blacktoft . 

. 2 52 

3 22 

104 

0 54 

♦Goole . 

. 4 05 

4 22 

148 

1 38 


Brackets denote interpolated times. 

* From Admiralty Tide Tables (Part II). 


Corresponding data for Grimsby, lmmingham, Hull, Bowes Staith, 
Blacktoft, and Goole, also contained in Tables IV and V, were deduced 
from Admiralty Tide Tables (Part II), and the data for Cromwell, Dun¬ 
ham, and Torksey, in Table IV and for Dunham, and Torksey, in Table V 
were deduced in a manner similar to that described above (using one 
month’s observations taken at each of the stations in the summer of 
1934, and kindly supplied by Mr. T. L. Evans, Engineer to the Trent 
Navigation Company). 

A satisfactory reduction of the first rises presents a number of difficulties 
owing to the widely different values that occur for die same range at 
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Immingham. Table VI may be accepted as an approximation to the 
average rises during a spring tide at 1, 5, 10, and 20 minutes following the 
first rise. The values were obtained by a system of averages and 
differences. 

Table VI—Rises at Intervals after the First Rise 

1 min 5 mins 10 mins 20 mins 


feet feet feet feet 

Burton Stather . 0-3 1-2 1-9 3-2 

Flixborough . 0-9 1-7 2-6 4-3 

Keadby Bridge . 0-9 2 0 3-2 5 1 

Butterwick . 1-7 2-8 4-0 5-9 

East Ferry . 2’5 — — — 

Walkerith. 2-8 38 4-4 5-7 

Torksey . 10? — — — 


4 —Examination of Results 

In fig. 6 the levels in Table IV have been plotted against the positions 
of the stations. Distances were measured off from an Ordnance Survey 
Map along either the centre of the estuary or the river. The junction of 
the Trent with the Humber is indicated in the diagram by a vertical line. 
In general, lines joining the plotted points may be expected to represent 
the changes in level from place to place. Between Bowes Staith and 
the Trent entrance care must, however, be exercised, because clearly the 
results here will depend on whether the station proceeded to is on the 
Trent or Ouse. We have already seen that the configuration of the 
first part of the Trent is very abnormal; the changes in the main estuary 
are, however, more or less regular. Further, the constants for Bowes 
Staith and Blacktoft, the two stations in the main estuary on either side 
of the Trent entrance, are well established, having been extracted from 
Admiralty Tide Tables. When considering changes in levels or tidal 
differences between Bowes Staith and the Trent entrance it has thus been 
assumed that these may be deduced linearly from those at Bowes Staith 
and Blacktoft. 

The main features of the low water curves are first a very sudden rise 
in level in the Trent between the entrance and Burton Stather, then a 
further rise whose rate slowly diminishes in the remainder of the Trent. 
There is also a marked difference in the variation in level in the Trent 
and Ouse. 

The most interesting feature of the curves is the sudden rise in level 
between the entrance and Burton Stather which amounts to 1*58 feet 
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per mile at spring tides and 1 -03 feet per mile at neap tides. It may be 
presumed that the greater part of this rise occurs in the shallow converging 
space that extends for miles above the entrance, and it is likely that 
the gradients experienced here are even greater than those indicated. 
Past Burton Stather the rise at spring tides is approximately 0-89 feet 
per mile up to East Ferry, after which it gradually diminishes, becoming 
negligible at Dunham. At neap tides the rise between Burton Stather 
and Flixborough is only 0 13 feet per mile, but increases to 0-47 feet 
per mile between Flixborough and Butterwick, after which it again 



Fic.. 6—Variation in high and low water heights in the Humber and Trent. 


gradually diminishes, becoming negligible at Dunham. Between Dunham 
and Cromwell the gradient of the levels appears to be practically the 
same at spring, and neap high and low waters. It will be noted that above 
a point midway between Burton Stather and Flixborough the low water 
level is higher at springs than at neaps, whereas below this point it is 
lower, in the normal manner. This feature probably has a hydraulic 
explanation and possibly largely depends on the greater volume of water 
that enters the river at spring than at neap tides. 

The high water levels also show a large rise between the Trent entrance 
and Burton Stather, and this rise appears to be accentuated by a fall in 
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level between Bowes Staith and the Trent entrance. Above Burton 
Stather the levels rise slowly to East Ferry and Walkerith, after which 
they drop steadily up to Dunham. At spring tides the highest level is 
reached at East Ferry and is 2-5 feet higher than at Immingham. 

It is interesting that though the levels in the Ouse and Trent are very 
different the ranges of tide in the two rivers are similar. 



Fig. 7—Variation in high and low water times in the Humber and Trent, 


The high and low water times in Table V are shown in the form of time 
distance curves in fig. 7. As with the heights, the portion of the curves 
between Bowes Staith and the Trent entrance have been deduced from 
the values at Bowes Staith and Blacktoft. 

The low water curves show clearly the speed of travel of the foot of 
the “ wave ” that produces the first rise, and the curve at spring tides 


Hours after Immingham high water 
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indicates •&. rather striking feature. It will be seen that at spring tides the 
speed of travel diminishes steadily up the Humber, and also up the Trent 
so far as Burton Stather. Near this station, however, a discontinuity 
appears to occur, the speed suddenly increases and then remains prac¬ 
tically constant so far as the observations extend. Thus between Grimsby 
and Immingham the speed is 30 m.p.h. whilst between Bowes Staith and 
Burton Stather the speed is only 3-2 m.p.h. Between Burton Stather 
and Flixborough the speed increases to 10-3 m.p.h. and then maintains 
this value for a considerable distance up river. It is not suggested that 
the discontinuity occurs so suddenly as the curves indicate or that it 
occurs exactly at Burton Stather, but it is significant that it occurs near 
to where the eagre begins. The curve at neap tides does not show a marked 
discontinuity. A comparison between the low water curves at spring and 
neap tides shows that between Immingham and Burton Stather the speed 
of travel is less at spring tides than at neap tides, as in a normal estuary, 
whilst in the Trent above Burton Stather the speed at spring tides is 
greater. 

The observations of high water times are too incomplete for any 
detailed discussion. 

The table of first rises, Table VI, indicates that the largest eagres are 
experienced near Walkerith, where they reach a height of nearly 3 feet 
during average spring tides. The steady rise that follows the eagre is, 
however, greatest at Keadby Bridge and Butterwick, where in the second 
5 minutes after first rise it amounts to 1 - 2 feet. At Walkerith the rise 
in this period is only 0-6 feet. The rises between 10 and 20 minutes 
following first rise indicate that at Burton Stather, Flixborough, and 
Walkerith, the rate of rise continues nearly uniform, whilst at Keadby 
Bridge, and Butterwick, it decreases somewhat. 

5—Form of the Bore 

There are records of two previous occasions when attempts have been 
made to deduce the form of a bore. 

Thus in his report on the Tsien-Tang Kiang* Commander Moore 
deduced the profile of the water surface between the three stations at 
which he made his observations, from simultaneous observations of the 
height of the tide taken at hourly intervals over a period of three days. 
W. Bell Dawsonf in his investigation of the bore at Moncton, on the 

* Report on the Bore of the Tsien-Tang Kiang, by Commander Moore, R.N., 
H.M.S. “ Rambler ” (Admiralty Publication), 1888. 

t “ Survey of Tides and Currents in Canadian Waters ” (Canadian Govern. Publ.)„ 
1899. 
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Petitcodiac river, deduced the form of the bore and the profile of the wave 
that followed it from his curves of first rise. He assumed for this purpose 
that the bore travelled forward unchanged in form, and also that the water 
that followed it had the same speed as the bore itself. He concluded that 
“ the bore was in reality the broken water at the front of a long water slope 
that advanced up river We have seen from Table VI and the discussion 
in § 3 that the form of the eagre changes as it proceeds up river. 

The following procedure has been adopted in order to deduce from 
the data of this paper the profile of the water surface from Grimsby to 
Dunham at intervals during a spring tide. 

a —Corresponding to a 20-foot rise at Immingham, tide curves were 
drawn for Dunham, Torksey, Walkerith, East Ferry, Butterwick, Keadby 
Bridge, Flixborough, Burton Stather, Bowes Staith, Blacktoft, and Goole. 

Times were measured relative to the previous Immingham low water 
and all heights were referred to Revised Ordnance Datum. The points 
of high and low water were fixed by the times and heights given in Tables 
TV and V. (In order that the high water data could be referred to the 
previous Immingham low water a determination was made of the duration 
of rise at Immingham corresponding to a 20-foot rise. This duration as 
obtained from 1934 predictions was 6 hr 6 m.) 

The shapes of the tide curves between high and low water were deduced 
for each place from the observed typical tide curves, some of which have 
been reproduced. The magnitude of the first rise and the rise in the first 
20 minutes was obtained from Table VI. 

b —Tide curves were drawn for Grimsby, Immingham, and Hull. The 
levels between high and low waters at these places were deduced from 
Table I, Admiralty Tide Tables (Part I). 

c—Corresponding to the time of low water at each individual place, 
levels were read off from the curves for each of the several places. 

The profile so obtained of the water surface between Grimsby and 
Dunham at the times indicated in c is shown in fig. 8. The extent oi 
the sudden first rise was determined from Table VI. It was originally 
intended that the profile between this rise and that at the preceding station 
should also be deduced from this table. It was soon seen, however, that 
the slope of the profile so obtained was much too great, and the reason 
for this is as follows: examination of fig. 8 shows clearly that the eagre 
does not consist simply of the passage, after the manner of a progressive 
wave, of a long water slope, preceded by a wall of water. In its earlier 
stages, at least, this long water slope is also rising as a whole. Conse¬ 
quently the observed steady rise at any station will include the latter rise 
and so will not represent the true profile of the surface. 
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Fkj. 8—Form of the eagre, and profile of the water surface in the Humber and Trent at intervals during a spring tide. I, Grimsby; 
2, Hull; 3, Bowes Staith; 4, Burton Stather; 5, Fluborough; 6, Keadby Bridge; 7, Butterwick; 8, East Ferry; 9, Walkerith; 
10, Torksey; 11, Dunham. 
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No assumption has therefore been made when drawing the profile 
between the first rise and the preceding station other than that the slope 
is constant. 

Up to the time of low water at Keadby Bridge the corresponding profiles 
in the Ouse are also shown. 


6—Conclusions 

We can now trace the changes that a wave apparently undergoes during 
its passage from Grimsby to Dunham. 

The changes in the Humber Estuary are quite normal and are well 
illustrated by the non-symmetry of the tidal curves at Brough and Bowes 
Staith, fig. 5, and also by the greatly increased gradient of the incoming 
wave near to the Trent entrance, fig. 8. 

After passing the Trent entrance the wave in the Ouse is normal and 
continuous, but in the Trent where the width of the river diminishes 
during the first \\ miles, the up gradient of the water surface and pre¬ 
sumably that also of the river bed is abnormally great, and the progress 
is not normal, at least so far as the first rise is concerned. Thus when the 
first rise in the Trent is observed at Burton Stather, that in the Ouse is 
observed at a point roughly 4 miles farther on (compare points A and B, 
fig. 8). The profiles of the water surface at this time in the Trent, and 
that for an equal distance in the Ouse are, however, not very dissimilar. 
The profile in the Trent is a little higher than that in the Ouse, but it 
would appear that the main effect of the large up gradient in the Trent 
has been to cut off the lower portion of the incoming wave, a circumstance 
that may play an important part in the formation of the eagre in its 
early stages. The increased level in the Trent might be expected from 
the contraction in the Trent, and the energy of the currents that has to be 
accommodated. 

The eagre forms near to Burton Stather and also near to this place the 
speed of travel of the first rise increases from approximately 3 to 10 m.p.h., 
a speed that is then maintained for a considerable distance up river. 
The surface gradients that are encountered up river are much smaller 
than those between Burton Stather and the Trent entrance, while the 
dimensions of the river are nearly constant. 

Above Burton Stather the eagre increases in size up to Walkerith after 
the manner indicated in fig. 8. The “ steady rise ” that follows the eagre 
also changes its form and becomes longer in extent as the first rise moves 
up river. At Flixborough the profile of the portion following the first 

n 2 
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rise is upwards slightly concave whilst at Keadby Bridge and the following 
stations it is upwards convex. Also during the passage of the first rise 
from Keadby Bridge to Walkerith the head of the “ steady rise ” appears 
to remain nearly stationary at Flixborough, though later a wave crest 
moves up river reaching a maximum level at Walkerith. It is interesting 
to note that the tide curves for Flixborough and Keadby Bridge also 
confirm the concave and convex forms of the profiles indicated. It would 
seem then from the above that the magnitude of the eagre on any occasion 
is intimately related to a head of water created at Flixborough and the 
speed of travel of the first rise. During neap tides when the eagre is not 
formed no head of water is created at any stage in the Trent. 

Available observations between Walkerith and Torksey have been 
insufficient for a satisfactory discussion of the decay of the eagre and 
further observations in this region would be of interest. More detailed 
observations near to where the eagre is first formed, and current observa¬ 
tions at a number of points along the river, would also be valuable. 

In conclusion it may be remarked that though several persons have 
given explanations of the bore in general terms, no strictly mathematical 
explanation of the formation of the bore has yet been found, even though 
all those effects that are generally supposed to contribute to the formation 
of a bore such as the shallowing of the water, friction, a rising river bed, 
and a converging channel, have been studied in detail. 

A phenomenon that has been explained and one closely resembling 
the bore is met with in hydraulics when considering flow in a channel. 
It is there found that under certain conditions of friction and channel 
slope, standing waves may be formed having either a shape identical to 
that of the ordinary bore, or to a group of waves such as is sometimes 
observed in the Trent. 

Further consideration of the theoretical side of the subject would be of 
some interest. 


Summary 

The paper is based on tidal observations, in the River Trent, taken by 
the late Mr. H. H. Champion during the years 1928-31. The observations 
which were partly visual and partly automatic have either been tabulated 
or reproduced in the form of diagrams. The latter include observed 
typical tide curves at a number of places on the Trent, and a series of 
automatic records, taken at Flixborough, of the eagre and the rise that 
immediately follows it. The observations have been reduced, and tables 
have been constructed of non-harmonic tidal differences, on occasions of 
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spring and neap tides, at a number of stations on the Trent within the 
region where the eagre is observed. These tables together with informa¬ 
tion from other sources have been used, to discuss the inward propagation 
of the tides in the Trent, and to deduce the changes in form that an ingoing 
wave apparently undergoes. 


The Continuous Absorption Spectrum of Hydrogen 

Iodide 

By C. F. Goodeve and A. W. C. Taylor, The Sir William Ramsay 
Laboratories of Inorganic and Physical Chemistry, University 
College, London 

(Communicated by F. G. Donnan, F.R.S.—Received October 12, 1935; 

For a molecule that exhibits a band spectrum it is possible to calculate 
the course of the potential energy internuclear distance curve for the 
upper state, from an analysis of the fine structure of the spectrum. In 
the present investigation, the upper potential energy curve has been 
calculated for a molecule which shows only continuous absorption, from 
the extinction coefficients of the absorption. The method employed is 
that used by Goodeve and Taylor* in the interpretation of the con¬ 
tinuous absorption spectrum of hydrogen bromide. 

From the convergence limit of a band system an exact correspondence 
is obtained with the heat of dissociation of the molecule into either 
excited or normal atoms. With molecules that absorb continuously, 
the “ threshold of absorption ” has sometimes been taken to give a value 
for this heat. This simple conclusion has, however, been found to be 
unsound, as the position of the “ threshold ” depends on the smallest 
amount of absorption that can be measured. 

The absorption spectrum of HI has been studied qualitatively by Coehn 
and Stuckardt,f BonhoefFer and Steiner,J Tingey and Gerke,§ and 
Rollefson and Booher.|| It has also been studied in a quantitative manner 
by Datta,f but we believe his conclusions to be unjustified as in the case 
of HBr (Joe. cit.). 

* • Proc. Roy. Soc.,’ A, vol. 152, p. 221 (1935). 
t ‘ Z. phys. Chem.,’ vol. 91, p. 722 (1916). 

: ‘ Z. phys. Chem.,’ vol. 122, p. 287 (1926). 

§ ‘ J. Amer. Chem. Soc.,’ vol. 48, p. 1838 (1926). 

|| ‘ i. Amer. Chem. Soc.,’ vol. 53, p. 172 8 (1931). 

% ’ Z. Physik,’ vol. 77, p. 404 (1932). 
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Experimental 

(1) Preparation—The hydrogen iodide employed for absorption 
measurements was prepared by warming KI and H 3 P0 4 , both of “ Anaiar” 
quality, under reduced pressure, passing the gas through a trap at —80° C 
to remove water and condensing it in a trap surrounded by liquid air. 
The gas was subsequently purified by fractional distillation. As im¬ 
purities it may contain traces of HBr, S0 2 , and PH 3 , but the absorption 
due to these is inappreciable in the present measurements. 

(2) Optical Measurements —The extinction coefficient is here defined 
as 

« = logio y 5 x-J- , (1) 

l x pi 

where 1 0 and I T are the intensities of the incident and transmitted beams, 
p the pressure of the gas in mm of Hg and / the length of the absorbing 
column in cm. 

The measurements have been made by a photographic method. The 
intensity of the light transmitted by the gas was compared with that of 
light of the same initial intensity, reduced by known amounts by means 
of a rotating sector, or other standard device. The “ match point ”, the 
frequency at which the photographed spectra were of equal blackening, 
was determined visually. Pressures were measured directly on a mercury 
manometer. 

The three optical systems shown in Table I have been used :— 

Table 1 


Light 

source 

Absorption 

cell 

Range of 
extinction 
coefficient 

Method 

of 

photometry 

Spectrograph 

Hydrogen 

discharge 

tube 

1 cm fused 
quartz 

10- 1 to 

2.10" 4 

Single cell, 
rotating 
sector 

Hilger small 
quartz E.370 

iron-tungsten 

spark 

53 *8 cm fused 
quartz 

4.10- 4 to 

7. 10-' 

Twin cells, 
Hilger spekker 
divided beam 
photpmeter 

Hilger medium 
quartz E.3 

Hydrogen 

discharge 

tube 

3355 cm 
glass with 
quartz 

4.10-* to 

7. t0“» 

Single tube, 
rotating 
sector 

Hilger quartz 
Raman E.420 


end-pieces 
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In the first range as given in the table, the comparison spectra were 
taken immediately before and immediately after the absorption spectrum 
and through the same tube, the gas being removed by condensation in 
a liquid air trap. The constancy of the light source could thus be con¬ 
firmed. Schumann plates were used at frequencies greater than 45,000 
wave numbers. In the second range a “ Spekker *' photometer* was 
used. In the third range, a series of comparison spectra were recorded, 
immediately following the absorption spectrum, with successive reductions 
in the sector aperture. By means of a Zeiss microphotometer an accurate 
interpolation at a number of frequencies could be made.t 



Fig. 1—The extinction coefficients of HI. * 3355 cm tube; O 138 cm tube; #53-8 
tube; □ 1 cm tube; £ Dutta; t j Tingey and Gerke. 

In addition, the absorption was measured in a 138 cm tube at 1 atmo¬ 
sphere pressure, using a hydrogen discharge tube as light source and a 
Hilger quartz Littrow spectograph E.l. 

Results 

The logarithms of the extinction coefficients determined as described 
above are shown, plotted against the frequency, in fig. 1. The methods 

* Twyman, ‘ Trans. Opt. Soc.,’ vol. 33, p. 9 (J931). 

t Orstein-Moll-Bcrger, “ Objective Spektral Photometric ” (1932), p. 90 et aeq. 
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used to obtain the respective values are shown. The probable error in 
the value of a is not greater than 3%, in the first two ranges and 5% in 
the third range. The results of Dutta and of Tingey and Gerke are also 
shown.* In the latter case the empirical assumption is made that their 

“absorption limit” is equivalent to a density (logI 2 ) of 1 *25. The 

frequencies corresponding to the energies required to dissociate hydrogen 
iodide into H: 2 S, and 1: 2 Pj, and into H: 2 S t and I: *Pj are indicated. 
These values have been calculated from the thermal and spectroscopic 
heats given in Landolt-Bornstein's Tables (1931). 

It is to be noted that absorption has been measured at frequencies less 
than that required to dissociate the hydrogen iodide molecule into H: 2 S t 
and 1: 2 P } atoms. An optical dissociation yielding a normal hydrogen 
atom and thisexcited iodine atom would require the existence of a minimum 
in the potential energy curve. Such a minimum would give rise to a band 
system which would have been detected using the large dispersion of the 
Littrow spectrograph, i.e., 7 A per mm of photographic plate at a wave¬ 
length of 3400 A. No bands were observed and, therefore, it must bo 
assumed that dissociation takes place into normal atoms. 

Discussion 

From known constants of the hydrogen iodide moleculett§ it is possible 
to calculate the potential energy curve for the ground state (presumably 
*2) by means of a Morse Function|| as shown in fig. 2. 

It has been shown in the previous paperf that 

e = K"* n " 2 , (2) 

where e is the molecular extinction coefficient, ^n" the nuclear eigen¬ 
function for the ground state and K" is a constant, e is defined as follows, 

• (3) 

* Since writing this paper Bates, Halford, and Anderson, 4 J. Chem. Phys.,* vol. 3, 
p. 415 (1935), have published their results of measurements of the extinction coefficients 
of hydrogen, iodide, and deuterium iodide. Their results for hydrogen iodide agree 
very closely with those recorded here, in the region where they overlap, viz., from 
« - 10 »to 10-*. 

t Jevons, “Band Spectra of Diatomic Molecules” (1932); iSalant and Sandow, 
‘ Phys. Rev.,’ vol. 36, p. 1591 (1930); vol. 37, p. 373 (1931); §NieIsen and Nielsen, 4 Phys. 
Rev., 4 vol. 47, p. 585 (1935). 

II Morse, 4 Phys. Rev.,’ vol. 34, p. 57 (1929). 

1 Goodeve and Taylor, 4 Proc. Roy. Soc.,’ A, vol. 152, p. 221 (1935). 
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where n is the number of molecules per cc. e has the dimensions of an 
area per molecule and is given by the relation e = 2-95 x 10~ 17 a, 
assuming the gas to be at room temperature, 15° C. 

+k" is evaluated from the equation (see previous paper), 

W « K 0 e~' ,<r - r ' , \ (4) 

where (3 is equal to ^ being the reduced mass of the molecule 



and to" the vibrational frequency (2230 wave numbers). K 0 is the normal¬ 
izing constant and r the atomic separation. Equation (4) is valid if the 
anharmonicity of the oscillation is neglected. From equations (2) and 
(4) we obtain 

e = K.'"e~ 2 * <r ~ r ' , \ 


or 


log, c = log, K'" — 2(3 (r — r t )*. 
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When r = r„ log e is a maximum and equal to log K"'. Therefore for 
any frequency v the equation becomes 

log, Smax — log, s„ = 2p (r — /•,)*. (5) 

Thus transitions occurring on the absorption of light of wave-lengths 
corresponding to the maximum value of e, take place when the atoms of 
the molecule are at their equilibrium separation. Lower frequencies than 
this can only be absorbed when the atoms are displaced from this position, 
and the extinction coefficient is a function of this displacement. 

The portion of the upper potential energy curve shown by the full line 
in fig. 2, has been calculated by substituting the results shown in fig. 1, 
in equation (5). The maximum value of log 10 e is taken as at 45,000 
wave numbers where its value is — 18 • 55. At the lower end of the calcu¬ 
lated curve the approximations used in the derivation of equation (2), 
become less valid. A more exact analysis of the results could be made 
using Gamow’s function,* in the regions of “ negative kinetic energy”, 
but it would be required to have a more accurate curve for the potential 
energy of the lower state than is at present available. A preliminary 
application of Gamow’s function by a graphical method indicates that the 
lower potential energy end of the curve should lie at a value of (r — r,) 
about 01 A greater, as indicated by the broken curve. 

The whole broken curve has been drawn from an empirical equation 
of the exponential type, the constants of which have been determined by 
plotting the logarithm of the potential energy as determined above, 
against the separation (r — r,). This equation is, 

= v + v 0 - 25,610 + 20,400 . 
he 

It is possible also to build up an empirical equation of a more complex 
type giving a very shallow minimum at a wide separation. 

The absorption due to molecules in other vibrational and rotational 
states is found to be inappreciable as with HBrf and the consideration of 
these levels is, therefore, omitted from the calculations. 

It is seen from fig. 1 that the maximum of the extinction coefficient 
curve is exceedingly flat. It is probable that the potential energy curve 
arising from dissociation into H: 2 S t and I: a P* atoms plays a prominent 
part at frequencies greater than 45,000 wave numbers. 


* Gamow, “ Atomic Nuclei and Radioactivity,” p. 38 et seq, (1931). 
t Goodeve and Taylor, * Proc. Roy. Soc«’ A, vol. 152, p. 221 (1935). 
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The authors express their thanks to Professor Donnan for his interest 
in this work and to Dr. Teller for his very valuable assistance in the 
theoretical interpretation. 


Summary 

The extinction coefficients of hydrogen iodide have been measured. 
The approximate course of the upper potential energy curve has been 
calculated from the eigenfunction of the ground state and the observed 
extinction. The results favour the dissociation into normal atoms and 
indicate the difficulties of extrapolation of absorption thresholds in the 
determination of heats of dissociation. 


X-Ray Analysis of the Dibenzyl Series 
III—The Structure of Stilbene, Tolane, and Azobenzene 

By J. Monteath Robertson, Mata Prasad, and Ida Woodward 

(Communicated by Sir William Bragg, O.M., F.R.S.—Received October 

14, 1935) 


The first two parts of this work* described a detailed quantitative 
analysis of the structure of dibenzyl, which crystallizes in the monoclinic 
system, space gioup C£ h (P2iVa), with two centro-symmetrical molecules 
in the unit cell. From preliminary data already published! it is known 
that stilbene, azobenzene, and tolane, also monoclinic, are in many ways 
similar to dibenzyl, but differ from it in the fact that their c axes are 
doubled in length, the unit cells containing four instead of two chemical 
molecules. The comparison is best seen from the figures given in Table I. 


Table I 



a 

b 

c 

p 

Molecules 

per 

• 

A 

A 

A 

0 

unit cell 

Dibenzyl. 

12-77 

6-12 

7*70 

1160 

2 

Stilbene . 

12-35 

5-70 

15*92 

114*0 

4 

Tolane. 

12-80 

5-68 

15*74 

114-9 

4 

Azobenzene .. 

12-65 

6-06 

15*60 

114*4 

4 


* ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 473 (1934); vol. 150, p. 348 (1935). 
t Prasad, * Phil. Mag.,' vol. 10, p. 306 (1930); vol. 16, p. 639 (1933). 






188 J. M. Robertson, M. Prasad, and I. Woodward 

The structural change encountered when we pass from dibenzyl to the 
other three compounds is not merely a simple doubling of the c axis 
with some small displacement of what were formerly (in dibenzyl) an 
identically oriented set of molecules. This is shown by rotation photo¬ 
graphs taken about the c axis of stilbene, where the new reflexions of odd 
/ index, forming the intermediate layer lines, are not weak but have an 
average intensity quite compatable to the other reflexions. Further, it 
has previously been shown (Prasad, loc. cit.) that stilbene, tolane, and 
azobenzene possess a pseudo-orthorhombic structure, with the (201) as 
an approximate plane of symmetry. Thus the (202) and the (200) 
reflexions are of nearly equal intensity and spacing, and so are the (203) 
and (201), (204) and (202), (403), and (401), etc. With stilbene, which has 
been examined in greater detail than the other two compounds, it is 
found that this approximate symmetry breaks down to some extent in 
the higher orders. For example, the (207), (208), and (209) reflexions 
are definitely present, although weak, but only a very faint trace of their 
symmetrical reflexions, the (209), (20K)), and (20 ll) can be seen. Perhaps 
the most notable exception occurs in the (60/) reflexions, where the (601) 
is entirely absent, but the (607) has medium intensity. These observations, 
for stilbene, also serve to define which of the two almost identical crystal 
directions we have chosen as the c axis. If the c axis were taken in the 
(202) plane instead of the (200), then its length would be 15*7 instead of 
15-9 A, and the angle p would be 112° instead of 114°. 

Structure Determination 

General Arrangement of the Molecules 

Any proposed structure for these crystals must explain the observed 
X-ray intensities and in particular the approximate halving of the (201) 
and the more nearly exact halving of the (001) series of reflexions. It 
must also be able to account for the other physical properties of the 
crystals. The magnetic properties of azobenzene and stilbene crystals 
have been studied by Krishnan, Guha, and Banetjee,* but unfortunately 
their conclusions regarding the molecular structure are quite at variance 
with the results reached in this investigation. We believe, however, 
that this is due not to erroneous measurement of the magnetic 
susceptibilities but rather to a mistake regarding the implications of 
the space group and the symmetry properties. They conclude, from a 
study of the magnetic data and the axial ratios a : b, that the two component 
rings of the azobenzene molecule cannot have either their lengths parallel 

* ‘ Phil. Trans.,’ A, vol. 231, p. 235 (1933). 



X-Ray Analysis of the Dibenzyl Series 189 

to each other or their planes parallel to each other, and that hence the 
molecule has no element of symmetry. A quantitative estimate is given 
of the amount of twist and “ folding up ” of the azobenzene molecule in 
the crystal. In stilbene also it is concluded that the molecule has no 
element of symmetry. 

In the space group (P2 1 /a) four is the minimum number of asym¬ 
metric units necessary to complete the symmetry. Thus if there were 
only two chemical molecules in the unit cell, as in dibenzyl, we should 
rightly conclude that the molecules themselves must contain an element 
of symmetry; that is, the molecules must be so situated in the crystal that 
the operation of some of the symmetry elements gives rise, not to another 
differently oriented molecule, but merely to another part of the same 
molecule. 

But when four chemical molecules are present in the unit cell, the 
converse of this proposition does not necessarily hold. It does not 
follow that the four molecules are asymmetric. In fact, three distinct 
possibilities may be distinguished. 

1. The molecules may be asymmetric. This will probably apply to 
the majority. 

2. The molecules may possess a certain element or elements of sym¬ 
metry in the free state which do not happen to coincide with any of the 
crystal elements of symmetry. No use is then made of the potential 
molecular symmetry in building up the crystal. For example, in naphtha¬ 
lene, anthracene, and several benzene derivatives, the molecules might have a 
plane and several axes of symmetry (compare, for example, the analysis 
of hexa-aminobenzene by Knaggs*) in addition to the observed centre of 
symmetry. But only the centre contributes to the crystal symmetry. 
Moreover, in other compounds, like pyrene and 1:2: 5:6-dibenz¬ 
anthracene, the molecules do not appear to contribute even a centre of 
symmetry to the crystal, but there is no reason to suppose that the 
molecules themselves may not possess such a centre. 

3. The four molecules may each possess a centre of symmetry which 
does coincide with a crystal centre. There are actually eight centres of 
symmetry contained within the primitive translations of the space group 
C| h (P2 i/a), and it is not necessary that only two of these should be 
occupied by centro-symmetrical molecules. Two is certainly the usual 
number, because two is sufficient to complete the symmetry. A larger 
number will probably in general tend to produce a space group of higher 
symmetry; but the possibility of a larger number in this space group should 
not be excluded from consideration. 

* • Proc. Roy. Soc.,’ A, vol. 131, p. 612 (1931). 



190 J. M. Robertson, M. Prasad, and I. Woodward 


It is to this last type that we believe the structures of stilbene, tolane, 
and azobenzene conform. The four molecules in the unit cell each 
possess an exact centre of symmetry which coincides with one of the 
crystal centres. Only in this manner can structures be formulated which 
will explain all the X-ray data, and it will be shown that these structures 
are not inconsistent with the other physical properties of the crystals. 


Measurements of Stilbene 

The X-ray work was carried out by completely immersing small 
crystals in a beam of copper radiation (X — 1 -54 A) and recording the 
reflections by moving film cameras. Rotation photographs about the 
a, b, and c axes giving the {Ok/}, {AO/}, and {hkO} zones of reflexions were 
measured on the integrating photometer.* For the absolute values of 
the intensities, two small stilbene crystals were weighed and comparisons 
with a known standard were made on the two crystal moving film spectro- 
meter.f The correction factor to allow for the absorption of the beam in 
the small crystals was calculated from the known absorption coefficients 
and the dimensions of the specimens. Some results are given below in 
Table II. 

Tablb II 




Correction 

Absolute values of F 

Stilbene 

Weight 

factor for 

(corrected) 



absorption 

A 




002 004 


mg 



Crystal a . 

0*052 

1140 

17-4 44-8 

Crystal b . 

0-216 

1-294 

20-2 47-4 


These two axial reflexions are quoted because they afford a correlation 
between the {Ok/} and the {AO/} zones of reflexions. Crystal a, however, 
is rather small for accurate measurement, and more weight was attached 
to the results from A. The absolute values of 24 other reflexions were 
determined from crystal A, and this list was then employed to correlate 
more detailed surveys. Some of the results are given in Table IV. 

The Structure of Stilbene 

It is quite evident that the stilbene structure still displays some of the 
features of the dibenzyl structure. The axial lengths a and A and the 

* Robinson, ‘ J. Sd. Instr.,’ vol. 10, p. 233 (1933). 
t ‘ Phil. Mag.,’ vol, 18, p. 729 (1934). 
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angle P are closely similar. In dibenzyl the strongest reflexions were 
given by the (202) and the (Oil) planes. The corresponding planes in 
stilbene, allowing for the doubling of the c axis, are the (204) and the 
(012), and it is found that these are still amongst the strongest reflexions. 
But if the reflexion is expressed, not in absolute units, but as a fraction 
of the maximum value which would apply if all the atoms were in phase, 
then it is found that these stilbene reflexions are only approximately 
one-half of the corresponding dibenzyl reflexions, as shown in Table III. 

Table III 

Dibenzyl Stilbene 


X 1 ~ .. V 



(202) 

(Oil) 

(204) 

(012) 

F . 

70 

59 

68 

55 

F/Finax. 

0-62 

0*47 

0-30 

0-23 


This result is readily explained if we suppose that two of the stilbene 
molecules (a and b) have nearly the same shape and orientation as the 
dibenzyl molecules, but that the other two stilbene molecules (r and d) 
have quite a different orientation, and contribute little or nothing to these 
strong reflexions. As a next step, the stilbene molecules c and d must 
be placed in positions which will explain the pseudo-orthorhombic 
symmetry, and the approximate halvings of the (20l) and the (001). 
The method of doing this will be clear from a study of fig. 1, which repre¬ 
sents a projection of the proposed structure on the (010) plane. 

All four molecules, a, b, c, d, are placed on centres of symmetry at 
(000), (M0), (00£), and (Mi)- Molecules c and d might as an alternative 
be placed at (0M) and (iG£), an arrangement which would give the same 
projection on the (010); but this position can be eliminated by a con¬ 
sideration of the intensities of the reflexions, particularly from the 
{hkO} zone. 

In molecule a the benzene rings have been given the same orientations 
as was found for dibenzyl, viz.:— 

Xl = 46-7° Xm- 120-6° 

— 77*3° = 34-3° 

co L = 46*1° = 76*0° 

The arrangement of the central —CH=CH— group must almost certainly 
be different, but discussion of this is deferred. Molecule b, corresponding 
to the second or reflected dibenzyl molecule, can be derived from a by 
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a reflexion in the plane of the paper and a translation of (J a, \b). The 
molecules c and d can to a first approximation be derived from a and b 
by rotations of 180° about the a axis, and translations of ic. This 
movement, of course, is not a real symmetry operation of the crystal, 
but is required to account for the pseudo-symmetry and the observed 
intensities. It cannot be exactly right, because the (001) series is not 
exactly halved, a small (007) being measurable. 

With the molecules arranged as in fig. 1, the benzene rings having the 
dibenzyl orientation and being placed with their planes at right angles to 
the plane of the connecting —CH=CH— zig-zag, the structure factors 



for some of the more prominent reflexions have been calculated, and 
they are compared with the measured values in Table IV. 

The general agreement is sufficiently good to show that the structure is 
essentially correct as regards the general disposition of the molecules. 
It should be noted that the dibenzyl orientation has been employed, and 
no attempt made to refine the structure in these preliminary calculations. 
It is natural therefore that the agreements are found to break down for 
the weaker and higher order reflexions; because we should not expect 
the dibenzyl orientation figures to apply exactly to stilbcne, and further, 
we know from the imperfect halving of the(001), etc., that a small difference 
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Table IV—Stilbbne 



sin 0 

F 

F 

hkl 

(X - 1-54) 

measured 

calculated 

200 

0*137 

32 

-32 

020 

0*270 

9 

4-29 

001 

0*053 

<2 

0 

002 

0*106 

20 

4 27 

003 

0*159 

<2 

0 

004 

0*212 

48 

-34 

005 

0*265 

<5 

O 

006 

0*318 

11 

4-18 

007 

0*371 

5 

O 

008 

0*423 

17 

-19 

011 

0*145 

17 

0 

012 

0*172 

55 

4-79 

013 

0*208 

25 

O 

014 

0*251 

36 

-30 

204 

0*294 

<3 

-2 

203 

0*248 

45 

-40 

202 

0*205 

75 

4-91 

201 

0*165 

45 

-63 

201 

0*125 

7 

-3 

202 

0*135 

31 

-41 

203 

0*162 

42 

4*63 

204 

0*200 

68 

493 

205 

0*244 

45 

441 

206 

0*290 

7 

41 

207 

0 339 

5 

45 

208 

0*389 

11 

431 

405 

0*451 

<3 

411 

404 

0*408 

' 38 

434 

403 

0*368 

36 

426 

402 

0*330 

30 

424 

401 

0*298 

6 

410 

110 

0*151 

36 

431 

210 

0*192 

22 

-43 

310 

0*246 

<7 

-23 

410 

0*304 

25 

-24 

120 

0*279 

<7 

-8 

220 

0*303 

13 

-11 


in structure or orientation must be introduced between the two sets of 
molecules <zb and cd. 

A large amount of further calculation has been carried out for stil¬ 
bene, and the latest results seem to indicate that the molecules themselves 
are flatter than the dibenzyl molecules, that is, the planes of the benzene 

VOL. CUV.—A. 
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rings lie nearer to the plane of the central —CH=CH— zig-zag. In 
dibenzyl the planes of the rings were nearly at right angles to the 
—CH a —CH a — plane. 

But a discussion of the refined structure must be deferred until a 
Fourier analysis of the stilbene results is completed. 

We must now consider whether the proposed structure is compatible 
with the other physical properties of the crystal. From magnetic 
measurements on azobenzene, together with assumptions concerning the 
values of the magnetic susceptibilities of the individual molecule, Krishnan, 
Guha, and Baneijee (loc. cit.) deduced that the “ long axes ” (1:4- 
direction) of the two component benzene rings in the molecule were 
inclined at about +48° and —48° to the a axis. Now if we imagine the 
upper ring of molecule a, fig. 1, connected with the lower ring of c or d, we 
obtain a distorted molecule which may be compared with Krishnan’s. 
The angles which the long axes of the rings make with the a crystal axis 
are about +47° and —47°, corresponding to our orientation figure xl- 
Similarly, Krishnan deduced that the planes of the two rings are inclined 
at +39° and —39° to the (001). This figure, measuring the “ twist ” 
of the molecule, may be compared with the inclinations of the rings of 
our molecules to the plane containing the long axis (1:4-direction) and 
the b crystal axis, an inclination which corresponds to A in Krishnan’s 
notation. From our orientation figures this angle can be calculated, and 
is found to be 32°. It will be seen, therefore, that our structure is just as 
compatible with the magnetic data as the one proposed by Krishnan, 
though it may lead to slightly different values of the molecular magnetic 
susceptibilities. His structure, however, would not explain the X-ray 
data, because the insertion of the connecting —CH=CH— group between 
the upper ring of molecule a and the lower ring of c or d would consider¬ 
ably destroy the intensity agreements calculated in Table IV. 

In conclusion, we wish to thank Sir William Bragg, O.M., F.R.S., and 
the Managers of the Royal Institution for the facilities afforded at the 
Davy Faraday Laboratory where this work was carried out. 

Summary 

Stilbene, tolane, and azobenzene form a series of closely similar mono- 
clinic crystals, space group Clj* (P2 1 /a) with four molecules in the unit 
cells. A quantitative X-ray investigation of stilbene, with absolute 
measurements of intensities, shows that the four molecules have centres 
of symmetry which coincide with four of the crystal centres. Two of the 
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molecules have orientations similar to the dibenzyl orientation, and the 
other two can approximately be derived from them by a rotation of 180° 
about the a axis, and a translation of \c. The resulting structure explains 
the pseudo-orthorhombic properties, the approximate halvings, and the 
principal X-ray intensities. It is contrary to a structure previously deduced 
from magnetic measurements by Krishnan, Guha, and Baneijee, who 
predicted a twisted and distorted molecule; but it is shown that the new 
structure is equally capable of explaining the magnetic data. Detailed 
measurements have not yet been made on tolane and azobenzene, but the 
preliminary data are sufficient to show that they are both closely similar 
to the stilbene structure. 


The Scattering of Positrons by Electrons with Exchange 
on Dirac’s Theory of the Positron 

By H. J. Bhabha, Ph.D., Gonville and Caius College 
(Communicated by R. H. Fowler, F.R.S.—Received October 20, 1935) 

It has been shown by Mottf that exchange effects play a considerable 
part in the collision and consequent scattering of one electron by another. 
Mott’s original calculation was non-relativistic, and there the exchange 
effect vanishes when the two electrons have their spins pointing in opposite 
directions. MollerJ later developed relativistically invariant expressions 
for the collision of two charged particles with spin, and it may be seen 
directly from Moller’s general formula for the collision cross-section 
that, in the collision of two identical particles, the effect of exchange does 
not in general vanish even when the two colliding particles initially have 
their spins pointing in opposite directions. It tends however to zero 
in this case as the relative velocity of the particles becomes small compared 
to c, the velocity of light, in agreement with the calculation of Mott. 

The effect of exchange in the general relativistic case will still be con¬ 
siderable if one of the two electrons be initially (and therefore finally) 
in a state of negative energy. (If one of the electrons be initially in a 
negative energy state, then it follows from the conservation of energy 

t ‘ Proc. Roy. Soc.,’ A, vol. 126, p. 259 (1930). 
t ‘ Ann. Physik,’ vol. 14, p. 531 (1932). 

o 2 
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and momentum that one of them must be finally in a state of negative 
energy.) This at once leads to the conclusion that in the collision of an 
electron with a positron, the calculation of this process on the Dirac 
theory of the positron, where the positron is considered as an unoccupied 
state of negative energy, would lead to a result different from that which 
we should get if we did the calculation considering the positron as an 
independent positively charged particle in a state of positive energy whose 
behaviour is descibe d by the Dirac equation.f The difference would be 
due to the effect of exchange between the electron we observe initially 
and the virtual electrons in states of negative energy. As we shall show, 
the effect of this exchange is considerable. It tends to zero, however, 
when the relative velocity of the electron and positron becomes small 
compared to c, as we should expect from what has been said in the last 
paragraph. 

The process which we are considering is one which can be calculated 
on the theory of the positron in its primitive form. The effect on the 
collision of the polarization of the vacuum by a charge, and the effect of 
the infinite distribution of electrons in negative energy states in general 
would only affect the scattering in a higher approximation than the one 
considered here, and to calculate these we should have to treat the process 
on the basis of a more refined theory of the positron. Such theories 
have been put forward by Dirac ,% and Heisenberg,! where methods are 
given for treating the infinities of charge density and current which exist 
on the old theory of the positron. The existence of the exchange effect 
even in our approximation, however, is of particular interest, since it 
shows that considerable error may result from the fact that in the later 
theories mentioned above the effect of the exclusion principle has not 
been considered. 

Since the exchange takes place between the electron we observe and 
one of the virtual electrons in states of negative energy which do not 
come directly under our observation, one might be inclined to suppose 
that the existence of this additional term in the scattering due to exchange 
is one of the incorrect predictions of the theory which does not correspond 
to any physical reality. We believe, however, that this is not so, since 

t As will appear presently, it is important to realize that on the latter picture of 
the process electrons and positrons cannot be annihilated and created in pain. 
Professor Wenzel has pointed out to me that, more conveniently for our purpose, 
we might define Pie independence of two kinds of particles as their inability to be 
annihilated and created in pairs, 
t ‘ Proc. Camb. Phil. Soc.,’ vol. 30, p. 150 (1934). 
s ‘ Z. Physik,’ vol. 90, p. 209 (1934). 
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there is another way of looking at this exchange effect which is probably 
the more significant one, and which shows that additional terms must 
exist in the mutual scattering of two particles on any theory in which the 
particles can be annihilated and created in pairs. 

The physical process we are considering is the following. Initially we 
have an electron in a state a + ° of positive energy and a positron in a state 
b + °, also of positive energy. After the scattering process the electron 
is to be found in a state a\ and the positron in a state b' + . On the Dirac 
theory of the positron the process is considered in the following way. 
The two states of the positron b + " and b' + correspond to two unoccupied 
states of negative energy which we call a' and a " respectively. We then 
have, initially, an electron, which we shall denote by the suffix 1, in the 
state a, 0 , another electron, which we shall denote by the suffix 2, in the 
state of negative energy a_°, and an unoccupied state of negative energy 
a' representing the positron. After the scattering, the electron 1 goes 
over to the final state a' + , and the electron 2 jumps into the unoccupied 
state a' , leaving the state a 0 unoccupied, which then appears as the 
scattered positron. This is the normal scattering process. The effect 
of exchange arises in this, that we should get to the same physically 
observable final state if the electron 1 jumped into the unoccupied state 
a'_, and the electron 2 jumped to the final state a'+. But we may clearly 
consider this process as one in which the original electron and positron 
have annihilated one another with the simultaneous creation of a new 
pair. It appears then that we should expect extra terms in the mutual 
scattering of any two particles which can be annihilated and created in 
pairs. For example, this extra scattering exists on a recent theory put 
forward by Pauli and Weisskopff in which particles without spin and of 
opposite charge can be created and annihilated in pairs. Here the particles 
do not even satisfy the exclusion principle, as in the Dirac theory, but 
obey the Einstein-Bose statistics instead. 

We shall carry out the calculation of the collision cross-section in § 1, 
and in § 2 we shall discuss the results. 

1—Calculation of the Scattering 

We consider the scattering process in a system L in which one of the 
particles, say the positron, is initially at rest, and the electron moves 
along the r-axis with an energy E and momentum p. We wish to 
know the differential effective cross-section dQ for the scattering of the 

t * Helv. Phys. Acta/ vol. 7, p. 709 (1934). 
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electron through an angle between 0 and 0 + <f0 about its initial direction 
of motion. We now consider the same elementary process as seen from 
a system L* in which the electron and positron move in opposite directions 
along the z-axis with equal velocity. The energy of either particle in 
this system is E*, which is connected with E by the relativistic formula 


where 





( 1 ) 


In the system L* the electron moves initially with a momentum p* along 
the z-axis, and the positron with a momentum p* in the opposite direction. 
After the scattering the electron moves in a direction making an angle 
between 0* and 0* -f dQ* with the initial direction of motion. 0* is 
connected with 0 by the formula 

tan 0 = \ tan . (2) 

y* 2 

The differential effective cross-section dQ is most simply calculated if 
we notice that it is an area perpendicular to the direction of relative 
motion of the systems L and L*, and consequently is an invariant for a 
Lorentz transformation from one system to the other. We therefore 
calculate the differential effective cross-section dQ* for the scattering of 
the electron through an angle between 0* and 0* + dQ*. This will 
then just be equal to dQ, the cross-section for the scattering of the electron 
in the system L through an angle between 0 and 0 -f dQ. The angle 
0 is connected with 0* by the relation (2). 

We write the Dirac equation for a free particle in the system L* in 
the formf 

{E* + c(«, p*) + = 0, 

where m is the mass of the electron, and the a’s are the four anticom¬ 
muting matrices given by Dirac. The solutions are of the form 

a (E*, p*, s) 

where the a’s are matrices}: of one column and four rows satisfying the 
equation 

{E* + c («, p*) + * 4 me*} a (E*. p*, s ) = 0. (3) 

t Letters in Clarendon type denote vectors. 

t To be consistent with our notation, we should write these as a*. The asterisk 
will be omitted here for convenience, as no confusion arises thereby. 
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For each value of the energy and momentum there are two independent 
orthogonal solutions of (3), which we shall denote by a (E*, p*, s x ) and 
a (E*, p*, j a ) respectively, or in short just by a (s t ) and a (s*). We 
normalize our solutions so that 

(a (E*, p*, s) . a (E*, p*, s )) = S a„ (E*, p*, s) (E*, p*, s) = 1, (4) 

rr 

where a bar over a symbol denotes the conjugate complex. The a’s 
then satisfy the orthogonality and normalization relations 

(a (E*, p*, s a ). a (E*, p*, s r )) = 8, r ) 

(a (E* p*, .v a ) . a (-E*, p*, s r )) = 0 q, r - 1, 2 1' {) 

This normalization represents a density of one particle per unit volume. 

With this normalization we- have initially in the system L* one electron 
per unit volume in a state of energy E* and momentum p* along the 
z-axis, which we shall denote by (E*, 0, 0, p*). We have also one 
unoccupied state (—E*, 0, 0, p*) of negative energy representing one 
positron per unit volume. This unoccupied state represents one of the 
final states of one of the electrons. It then follows at once from the 
conservation of momentum that if (E'*, p'*) be the final state of one of 
the electrons, where (p '*)~(p'* sin 6* cos <f>*, p'* sin 0* sin <f>*, 

p'* cos 6*), the other initial state must be (—E'*, p'*). It will follow 
presently from the conservation of energy that E'* ~ E*. We have 
therefore to calculate the total number of transitions per unit volume per 
unit time of a system of two electrons from their initial states (E*, 0,0, p*), 
(—E'*, p'*) to their final states (E'*, p'*), (—E, 0, 0, p*), and divide this 
number by J,* to get the differential effective cross-section dQ*. Here 
J„* represents the number of electrons in the system L* which cross a 
unit area round each positron perpendicular to the direction of their 
relative motion per second. It is given by 

J,* = 2u* = 2g£, (5) 

where v* is the initial velocity of either particle in the system L*. We then 
find that dQ* is given according to Mellert by 

dQ* = 8 -~ (tS) 8 (E/* + E t '*~ Ei°* - E, 0 *) rfpi'* sin 0* dQ*. (6) 
•*« 

t ‘ Aon. Physik,’ vol. 14, p. 531 (1932). The formula (6) differs from formula 
(70') of Meller’s paper by certain constant factors. This is due to our a’s being 
normalized differently from Muller’s. 
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The suffixes 1 and 2 refer to the two electrons, one of which is initially 
in a state of negative energy, and the affixes 0 and ' refer to their initial and 
final states respectively. S is defined in (8) below. In our problem one 
of the initial and one of the final states (the vacant state representing the 
positron) are fixed, and we have Ex 0 * = — E 2 '* — E*. Further, since 
we have conservation of momentum in the collision, the momentum 
p 2 °* of the electron initially in the state of negative energy is connected 
with the final momentum Px'* of the electron in the state of positive 
energy by the relation p 2 °* = Pi'*. We therefore have E a °* = — Ex'* 
and the 8 function in (6) reduces to 8 (2E V '* — 2E*). The Pi* integration 
in (6) may then be carried out, remembering that 


dPi 


Using (5), we then get 
S is given by 


,« _ Ex'* d (2Ex'*) 

W. ' 


dQ* = ^ E* 2 (*S) sin (3* </6*. 


(7) 



«x° here stands for a (Ex 0 *, Pi 0 *, s), with a similar meaning for the other 
as. The summation extends over the two independent states of spin of 
each initial and final state. The first term in (8) represents the direct 
scattering, the second term being the exchange term. 

The summation over the spins can be carried out in the usual way.t 
We take a specimen term from (8), say 

(a 2 'a„a 2 °) (fliXoi°) (a 2 '«^ 2 °) (flx'a^x 0 ), 

in which we shall carry out the summation over the two spin directions 
o'i 0i)> a\ (s t ). We get 

. ,, fa*’*" 0 *') ( 5 a' a - fl »°) («i°V»i' ( J )) (*) <Mh°) 

= (a 2 °a M a,') (fl 2 '«^«°) (ax 0 « M Px'*,ai°), 

where px is a matrix defined by 

(PlXr = Ux (Sl)* . fli' (il)r + Ox (i a )» . Ox (St)r- 
t Casimir, • Helv. Phys. Acta,’ vol. 6, p. 287 (1933). 


(9) 




Scattering of Positrons by Electrons 


201 


From (4) we see that it satisfies the equations 

Pi a (Ei'*, Pj'*, j) = p/ fix' (.r) - Ox (s) for s = s lt s t ) 

?i a (— Ei'*, p/*, s) = 0, 

The equations (10) define p\ completely. It then follows from (3) that 
if we take 

Pi' = 2^7* {Hi'* - c («, ft'*) - (11) 

the equations (10) are satisfied. Similarly summing over (jj)» a i C?a) 
gives 

(a 2 0 a„a 8 ') (a 2 'a,a 2 n ) spur (#*pi'a, ,Pi°), 

where p x °, defined in a similar way to p\ in (9) is given by an expression 
like (11). The summation over the two directions of spin of the other 
states can be carried out in a similar manner. 

The denominator of the first term in (8) is equal to (2 p* sin £6*), since 
| p,»*| = |/7/*| = p*, and Ei°* = E,'* = E*. The denominator of 
the second term gives — (2E*/c) 2 , since P] 0 * = p 2 '*, and 

E, 0 * = — E s '* — E*. 

We finally get for S 


S = [, 16p* 4 sin 4 W* 1 o C * C ‘ SpUf spur (^Pa'^Ps 0 )} 

c 4 i :i * 1 

+ yggii \ s ^ c„c„ spur Kp 2 Vp!°) spur (ovPi'oc,P 2 0 ) j 

16E* 2 /7* 2 sin 2 £0* ( ^ 0 c * c> s P ur a > Pa «^Pi *»Pi) 

+ conj. complexj 

where the cf s are defined by 


c * — 1, for p. = 1, 2, 3; and c„ = — 1. 
* 0 denotes the unit matrix. The p’s are given by 

Pi° = 2p{ E *-c«,p*-«4^) 

Pi' = 2l*( E * - c («, P'*) - 

P*° - ~ {E* + c («, P'*) + « 4 *»<*) 

P*' = jgir {E* + cx,p* + **me*} 


( 12 ) 

(13) 


( 14 ) 
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where we have inserted in expressions like (11) the values of Ex'*, pi'*, 
etc., in terms of E*, p*, p'*. The spurs in (14) are easily evaluated if we 
remember that the spurs of all the Dirac matrices and their products are 
zero, excepting that of the unit matrix. 

We get finally for the differential effective cross-section dQ* for the 
scattering of the electron through an angle between 6* and 0* + dQ* in 
the system L* the expression 


dQ* 


7t e 4 

8 /mV 4 y*® 


+ 2(y* 2 - 1)*(1 +cos 4 i0*)} 
+ ~ {3 + 4 ( Y « - 1) + ( T * 2 - 1)*(1 + cos* 0*)} 

- T ., (r .,_ l | )sin , i8 . (3 + ‘>(r”-i)(i+cosn 


+ (Y* 2 — l) 2 (1 + cos 0*)*} . sin 0* dQ*. (15) 


This is just dQ. We may, if we choose, express it in terms of 0 
and y by using the relations (1) and (2). This would only lead to very 
complicated expressions, and it is more convenient to leave it in its present 
form. dQ is the differential effective cross-section for the scattering of 
the electron through an angle between 0 and 0 + dQ in the system in 
which the positron is initially at rest. But (15) is clearly quite symmetrical 
between the positron and electron, so that dQ also gives the effective 
cross-section for the scattering of the positron through an angle between 
0 and Q + dQ in the system in which the electron is initially at rest. We 
shall henceforth use L to denote any system in which either the electron 
or the positron is initially at rest. 

For many purposes it is more convenient to express the scattering in 
terms of the number of particles initially at rest which after the collision 
receive a certain fraction e of the kinetic energy of the colliding particle. 
Let E' k denote in the system L the energy after the collision of the particle 
which was initially at rest. (It may be either an electron or a positron.) 
Then E' s is connected with 0 by the usual relativistic formulaf 

E'k - { y + 1 - (y “ 1) cos 0*}. (16) 

If c be the ratio of the kinetic energy of this particle after the collision to 


t Mailer, * Ann. Physik,’ vol. 14, p. 331 (1932), formula (70). 
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the initial kinetic energy of the colliding particle in the system L, then 
by (1) and (16) 


and 


e = Ejs—= $ (1 - cos 6*) = sin* *6* 
E — me 1 

dz. — \ sin 0* dQ* 


(17) 


Using (1) and (17), dQ given by (15) can at once be expressed in terms of 
e and y. We write it in the form 


where 
F (y, e) 


<*Q = 2tt^. ( - ^ - ~ a F(y,e)^ 


(18) 


{1 +2(y- l)(l-e) + (y~l)*(l-£ + ie*)} 


y (y + i) 

+ {3 + 2(r - 0 + (r - D*(i - * + e *)} 

(y -1) e 


y + 1 


• (3 -f 4 (y — 1) (1 — c) -{- (y — 1)*(1 — e)*} . 


(19) 


In the limit of very high energies, E* > me 2 , we may neglect terms of 
the order unity compared to y** and using (1) write dQ in the form 


^ + (' + “ s * 9 *> 


_ U + cos 0*) a 

sin* +0’ l ‘ 


sin 6* dQ*. (15a) 


2—Discussion and Results 

The first term in square brackets in (15) or (19) is the ordinary scattering 
term. We should have got just this term if we had considered the positron 
as an independent positively charged particle in a state of positive energy. 
The other two terms represent the effects of exchange. From what has 
already been said in the introduction, we may look upon the second term 
as the one due to the annihilation of the initial pair and the simultaneous 
creation of a new one. The third term then represents the interference 
between the direct scattering and the latter process. 

The three expressions in curly brackets in (15) or (19) are iff the same 
order of magnitude for all values of the energy. The relative order of 
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magnitude of the three terms in square brackets in (15) or (19) is then 
determined by the expressions outside the curly brackets. These are 
proportional to l Ip** sin 4 10*, c*/E**, and c 2 /E* 2 p* 2 sin 2 ^0* respec¬ 
tively. The ratio of the third term to the first term in square brackets is 
then of the order 


(y ~ 1) 6 _ p*» c 

Y + 1 c 2 


„*2 

^s-sinHe*, 


(20a) 


and the ratio of the second term to the first is of the order 


(Y - l) 2 e 2 _ v** 
(Y+l) 2 c 4 


Lp sin 4 *6*. 
(r 


(20b) 


The extra terms in the scattering are then smaller than the normal terms 
in the ratio v* 2 sin 2 ^0 *jc 2 . Their effect on the scattering therefore tends 
to zero in the limit of low velocities, v* <C c, as was stated in the intro¬ 
duction. 

Even in the limit of large velocities, v* ~ c, the first term will be very 
much larger than the other two if 0* or e be small enough. This is due 
to the appearance of the factor sin 4 ^0* in the denominator of the first 
term in (15) only. It follows at once from (20) that for those scattering 
processes in which the initially stationary particle receives a large fraction 
of the kinetic energy of the colliding particle (e ~ 1) the extra scattering 
is considerable. For those processes where the stationary particle receives 
but a small fraction of the kinetic energy of the colliding particle (e < 1), 
the extra scattering is less than the normal scattering by a factor of the 
order s. 

In fig. 1 we have plotted F (y, e) as a function of e for different values 
of y- We have also plotted F 0 (y, e) for the same values of y. where 
F 0 (y, e) is given by 


F„ . «) - T^Vl) [1 + 2 (t — 1) Cl — «) + Ct — D* (1 - « + *«*)]• 

( 21 ) 

Fo (Yi «) is just the first term of F (y, «) and gives what we have called 
the “ normal ” scattering, i.e., the scattering in the absenoe of exchange 
effects. In other words, it gives the scattering we should get if the positron 
were an independent particle which with an electron could not be 
annihilated and created in pairs. 

There is just one more point we must consider before we apply our 
theory to the passage of positrons through matter. We have considered 



Scattering of Positrons by Electrons 


205 


the electron which was initially at rest as free, whereas all the electrons are 
bound in atoms. We should, however, expect the effect of binding to be 
negligible in all those cases where the electron and the positron after the 
collision both have energies large compared to the binding energy of the 
electron in the atom. But these are just the collisions for which the extra 
scattering is important. For those cases where the electron after the 



0 OS to 


-► € 

Fig. 1—The continuous lines represent F (y. «) as a function of c, the broken lines 

represent F 0 (r. *)• 

collision has energy comparable with its binding energy, the effect of ex¬ 
change is in any case small, and we may use the cross-sections calculated by 
Mailer, Bethe, and Bloch. Lastly we have cases where the energy of the 
positron after the collision is comparable with the binding energy of the 
electron in the atom. Here the extra scattering is considerable, and it is 
also not legitimate to treat the particles as free. The total number of 
such collisions is, however, small. 
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We may then sum up roughly by saying that when positrons pass 
through matter, the number of slow secondary and ionization electrons 
produced will be the same as on the usual theory, whereas the number of 
fast secondary electrons ejected will be considerably changed. The 
number of fast secondaries is considerably increased for high energies of 
the positron. It should be possible to observe the difference experi¬ 
mentally. 

Summary 

The ordinary collision of an electron with a positron, and the consequent 
scattering is considered on the Dirac theory of the positron. It is shown 
that exchange may take place between the electron we initially observe, 
and one of the virtual electrons in states of negative energy, and that this 
exchange very considerably modifies the scattering. It is further shown 
that an alternative way of looking at this exchange is to consider the 
process as one in which the initial electron and positron have been 
annihilated, giving rise simultaneously to a new pair. The ordinary 
scattering must then be modified on any theory in which the electron and 
positron can be created and annihilated in pairs. 

The practical result of the extra scattering is that when positrons pass 
through matter, the number of slow secondary and ionization electrons 
produced is not changed, but the number of fast secondary electrons is 
considerably increased for high initial energies of the positron. 
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Statistical Theory of Superlattices with Unequal 
Concentrations of the Components 

By R. Peierls, University of Manchester 
(Communicated by W. L. Bragg, F.R.S. — Received November 4, 1935) 

1—Introduction 

Recently, Bragg and Williams" 1 have given an explanation of the varia¬ 
tion of the degree of order in an alloy with temperature. According to 
this explanation it is essential to consider the ordering as a co-operative 
phenomenon characteristic for large assemblies of atoms. The force, 
V, tending to produce order,f is, according to this view, a function of the 
degree of order, because in order to remove an atom from a “ right ” 
to a “ wrong ” position one requires more energy the greater the number 
of “ right ” atoms in the neighbourhood, i.e., the greater the degree of 
order. 

One is thus led to consider two functions: V (s), describing the depen¬ 
dence of ordering force on order, and s (V), the order produced by a given 
ordering force, at given temperature. If both these functions are known, 
they implicitly define the degree of order as a function of the temperature. 

The second function, s (V), is fixed by an elementary consideration of 
statistical mechanics. One has to consider the distribution of atoms 
according to Boltzmann’s law, assuming the force to be given. In 
order, however, to determine rigorously the function V (s), one must 
know the origin of the ordering force and then discuss the probability 
of various atomic configurations and the values of V to which they lead. 
Bragg and Williams made, for the sake of simplicity, the assumption that 

V (s) — V 0 . s, (1) 

with constant V„. 

When the temperature increases, the increase of disorder requires 
energy. There will, accordingly, be an anomalous specific heat. In . 

• W. L. Bragg and E. J. Williams, 4 Proc. Roy. Soc.,* A, vol. 145, p. 699 (1934); 
vol. 151, p. 540 (1935) (these papers will be referred to as I and II); E. J. Williams, 

4 Proc. Roy. Soc.,' A, vol. 152, p. 231 (1935). Similar results were also obtained by 
Borelius and by Dehlinger (for complete references, cf. Bragg and Williams, II). We 
quote in detail the equations of Bragg and Williams whose notation is more con¬ 
venient for the purpose of comparison with our method. 

t For a quantitative definition of V and s see paper I, p. 703. 
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order to calculate this, one must know the mean energy of the alloy as 
a function of the temperature, and Bragg and Williams assumed that the 
energy per atom in an alloy of composition A r Bj_ f is 

E/N = 4 V 0 r (I - r) . (1 - sf + const. (2) 

The assumptions (1) and (2) are equivalent to saying that all atomic 
configurations which have the same degree of order are equally probable. 

Be the* discussed a different assumption, viz., that there was an appreci¬ 
able interaction only between neighbouring atoms. With this assumption, 
the statistical problem becomes very complicated, but he developed a 
method to solve it which seems to be a good approximation to the mathe¬ 
matical problem. Bethe's treatment applies only to alloys in which the 
components have equal concentration. 

Bethe’s theory can conveniently be expressed in such a way that the 
function s (V) is the same as before, while V (s) is implicitly defined by 


Here 



(1a) 


Vj being the difference between the mutual energy of a pair of similar 
neighbouring atoms and that of a pair of dissimilar neighbours, z is 
the total number of nearest neighbours of any given lattice point, e is 
a quantity defined by the equation 


s 1 - e* 

1 + lex + e* ’ 


(lB> 


The energy per atom is in this theory 

E/N - irV, (l + S ) + const, (2 a> 

where again c is to be taken from (1b). In order to make the total energy 
change between T = 0 and T = oo equal to that given by the theory of 
Bragg and Williams one has to put 

V| -■ V 0 /2z. 

The degree of order and the energy content as functions of the temperature 
are very similar to those following from (1) and (2). However, as the 
energy contains x, i.e., the temperature, explicitly, the energy depends 

* ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 552 (1935). 
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upon the temperature even above the critical temperature although there 
the superlattice order has vanished (local ordering). The anomalous 
specific heat, therefore, does not completely vanish above the critical 
temperature. 

In this paper Bethe’s method will be generalized to include a different 
type of superlattice. 



2—Cubic Face-centred Lattice 

We consider a face-centred lattice like that of Cu-Au alloys. Such 
alloys cannot form a cubic superlattice of composition 1:1, but there is 
a cubic structure of composition AB S (like Cu 3 Au). Apart from the 
composition it differs from the case treated by Bethe in so far as the 
neighbours of a given site are also neighbours amongst themselves. 
Therefore the separation into “ shells ” becomes more complicated. 

Let us first consider the properties of the “ first-shell ” arrangement, 
fig. 1. Each atom has 12 neighbours. Of each of these first-shell atoms, 
four other first-shell atoms are neighbours. 


VOL. CLIV.—A. 


p 



210 


R. Peierls 


In an ordered superlattice the “ a ” sites are the cube corners. All 
their neighbours are b sites, i.e„ face centres. Of a face centre, however, 
four neighbours only are a sites, while the remaining eight are face 
centres again. These eight separate into two groups of four. Each site 
of one group has two neighbours in its own group and two amongst the 
four a sites, but none amongst the other groups. Amongst the cube 
corners (a) surrounding a given face centre ( b ) there are no neighbours. 

At first sight it might seem a reasonable approximation to take into 
account, as Bethe did, only the interaction between the central atom and 
the atoms of the first shell. This would mean in the present case that 
the interaction between the first-shell atoms is taken into account only 
in the same schematic way as the interaction between first and second 
shell. This approximation was carried through, but proved to be in¬ 
sufficient. It is thus necessary to consider the interaction between the 
first-shell atoms explicitly. 

For this problem it is of formal advantage to use for the energy the 
expression 

E = const + V a n AA , (3) 

where « AA is the number of pairs of adjacent A atoms, and V 2 — 2Vj. 
This is equivalent to Bethe's expression which in our case would read 

E = const -|- V x (n AA + « BB ). 

for one can easily show that = const + n AA , provided the total 
number of A atoms is fixed. 

3—Approximation for 5 = 0 

If there is no long distance order (high temperatures) we need not 
distinguish between a and b positions. We must, however, distinguish 
between A and B atoms. 

Consider the surroundings of a B atom, and assume that amongst its 
12 neighbours there are m A atoms. Call /(m,/) the number of dis¬ 
tributions of m atoms over the 12 sites so as to include j pairs of adjacent 
A atoms amongst them. The energy of each configuration will be 

JV* 

and the contribution to the partition function 

/ m = 

= 2 

) 


( 4 ) 
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using the notation X = x l = e~ v,ltT . Since A and B atoms are not now 
equivalent, the partition function of the outer shells will, even for s = 0, 
depend on the number and the arrangement of the A atoms in the first 
shell. In analogy with Bethe’s approximation we neglect the dependence 
on arrangement and assume the partition function to contain a factor, e, 
for every A atom in the first shell. Then the total partition function 
becomes: 

F (e, X) = S/ m e m (5) 

m 

and the average number of A atoms in the first shell: 

if. <0 

If the central atom is A, the formulae remain unchanged, except that for 
each A atom in the first shell there is a further interaction energy of V 2 
with the centre. Thus we obtain a further factor X™ in every term of the 
partition function, which makes the total partition function equal to 

F (Xe, X), 

while the average number of A atoms becomes 

<f> (Xe, X). 

We shall use the abbreviations 

F (Xe, X) —- F x ; <f> (Xe, X) == ; 

s has to be determined from the condition that the average number of A 
atoms in every first-shell site must be 1 /4, i.e., 

%<f> -f* i^x = V 1 = 3. (7) 

The energy per atom will then be, according to (3) 

E/N = *V,* X . (8) 

To find the number / (m, /') we must consider the various arrangements 
of A atoms. This is fairly easy if one uses symmetry relations. The 
resulting values are given in Table I. From these the values of f m were 
obtained for various X, Table II. Then values of F, <£F X and tj> x were 
obtained for different « and by interpolation e was determined from (7). 
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Table I /(/«,/) 


\m 

J\ 


\ 


12 


42 

24 


\ 


0 
1 
2 

3 

4 

5 

6 

7 

8 

(For m > 6, / follows from the relation / (m, y) = 

Table II / m (X) 


3 

4 

5 

6 

44 

9 



120 

96 



48 

240 

108 


8 

96 

264 



54 

264 

216 



120 

240. 



36 

336 




96 




36 


/ (12 — m 9 j + 24 — 6m),) 


\X 

m\ 

\ 

1*0 

0*9 

0*8 

0-7 

0*6 

0*5 

0*4 

0 

1 

1 

1 

1 

1 

1 

1 

1 

12 

12 

12 

12 

12 

12 

12 

2 

66 

63*6 

61*2 

58*8 

56*4 

54*0 

51*6 

3 

220 

196*71 

174*82 

154-26 

13501 117-00 100-19 

4 

495 

395-21 

310*67 

239*70 

180*74 132*37 

93*32 

5 

792 

543 14 

361*18 

231*27 

141*12 

80*81 

42*32 

6 

924 

522*41 

286*39 

148*80 

65*72 

27*14 

9*588 

7 

792 

356*35 

147*94 

55*52 

18*29 

5*05 

1-082 

8 

495 

170*16 

52*120 

13*889 

3*041 

0*517 

0-061 

9 

220 

55*55 

12*012 

2*135 

0*293 

0*0285 

0*0017 

10 

66 

11*79 

1*722 

0*195 

0*016 

0*0008 


11 

1 12 

1*801 

0*1161 

0*0195 

0*0012 



12 

1 1 

0 0798 

0*0047 

0*0002 




\ 

\x 

0*3 

0*2 


0*1 

0*04 

0*01 

0 

m \ 

\ 








0 

1 

t 


1 

1 

1 

1 

1 

12 

12 


12 

12 

12 

12 

2 

49*2 

46*8 


44*4 

42*96 

42-24 

42 

3 

84*54 

69*98 


56*49 

48*877 

45-205 

44 

4 

62*43 

38*66 


21*101 

13*230 

9-984 

9 

5 * 

19*305 6*894 

1*3716 

0*1904 

0-01106 

6 

2*601 0 4462 

0*02435 

0*000579 

2*184 

. 10-* 

7 

0*1564 0*01103 

0*000137 

4*874.10- 

7 


8 

0 004 0*000101 

21 .10-* 
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The result is given in Table III. From these values the energy was 
calculated using (8). The results are plotted against temperature in 
fig. 3, curve a. 

Table III 


X 

1*00 0-9 

e 

E/NV* 

! 1/3 038 

1 0-375 0-36 


1 00 0-9 0-8 0-7 0 6 0-5 0-4 0-3 0-2 0-1 


0 04 0 1 


5 04 11-8 
0163 0116 



-adjacent sites. Fro. 3. 


4—Formation of Superlattice 

The solution with s — 0 given in the previous section will only be 
stable above the critical temperature. Below the critical temperature 
a superlattice will be established and the sites will be no longer equivalent. 

There will be a certain probability of finding an a site occupied by a 
“ right”, i.e., an A atom. This probability we call r a . w a — 1 — r a is 
then the probability of an a site being occupied by a “ wrong ”, i.e., B 
atom. Similarly we denote by r b and w b = 1 — r b the probabilities 
of finding a b site occupied by a B or A atom, respectively.* 

If the central site is an a site, then all first-shell atoms are equivalent 
amongst themselves. In this case the calculation is the same as in the 
previous section, with the result that the total partition function is again 
given by F or F x , respectively. However, (7) no longer holds since the 
probability of the centre being A is no longer 1/4, but, in the above 

* These probabilities are thus absolute, not relative probabilities,* in this our 
notation is slightly different from that of Be the (be. cit .). 
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notation, r a . Similarly, the probability of a first-shell atom being A is n> # . 
Consequently we have 

w b <j> + (\ - w a ) <f> x = zw b . (9) 

Since the total fraction of A atoms is assumed to be 1 14, we have 


i.e., 


\r a + ~ ii 

*> a - 3k-,. 


Introducing the degree of order, s, by 


w„ - ±.(1 - s) (10) 

we then have 

= i (1 - 5) H’a = i (1 ~ s) 

^ = *(3 + 5) " i(1 + 3 j) (11) 

and (9) becomes 

3 (1 — s) + + (1 + 3s) <f>x = 12 (1 - s). (12) 

Equation (12) fixes s as a function of 4> and <f> x , i.e., of X and e. 

If the centre is a b site, we have to distinguish two types of first-shell 
sites. Consider first those of the a type, fig. 1. They form the corners of 
a square. Of these none, 1, 2, 3, or 4 may be occupied by A atoms. If 
two, they may be either opposite (“ ortho ”) or along one edge (“ para 
arrangement”). The 1, 3, and para arrangement have a statistical 
weight of 4 each, but there are only two different ortho configurations, 
and only one configuration each with 0 and 4 A atoms. 

For each occupation of the 4 a sites we have now to consider all possible 
occupations of the b sites. However, we can treat the two groups of 4 b 
sites each separately, as they have no direct interaction with each other. 
One must therefore consider the distribution of a number of A atoms over 
four sites which are again arranged in a square. Two A atoms in an 
edge of this square will have an interaction energy of V t , while each site 
has a certain “ potential ” energy, determined by the two a sites to which 
it is adjacent. 

As an example we treat the para arrangement. The four a sites and 
one group of b sites are shown in fig. 2. 

Then the interaction energy of an A atom with the a sites will be 2V a , 
V* V 4 , or 0, according to whether it occupies the sites denoted as 1, 2, 
3, 4, in fig. 2. If, therefore, we put into the group of b sites 

no A atom we have 1 configuration of energy 0 
1 A atom „ 1 „ 0 

2 „ V, 
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2 A atoms may be either adjacent or opposite. For adjacent ones the 
interaction energy is V 2 and their potential energy may be 3V 2 , 3V 2 , or 
Vj. Opposite ones have no interaction and the “ potential ” energy is 
always 2V 2 . Together, we have 

4 configurations of energy 2V 2 

2 „ 4V 2 . 

4 A atoms have only one configuration of energy 8V 2 (interaction 4, 
potential 4), while 

3 A atoms can be obtained by taking away one from four. This will 
reduce the interaction energy by 2V 2 and the potential energy by 0, V 2 , 
V 2 , or 2V 2 , according to whether we take away an atom from position 
1, 2, 3, or 4, i.e., we have 

1 configuration of energy 6V 2 

2 „ 5V a 

1 „ 4V 2 . 

Introducing again a factor, say, P for each A atom in a b site of the 

first shell, the partition function of one group of first-shell b sites becomes, 
if the a sites are in a para arrangement: 

gpara = 1 + P (1 + X) 2 + 2fiX 2 (2 + X 2 ) + p 3 X 4 (l + X) 2 + P'X 8 . 
Similarly one obtains 

g 0 - 1 + 4p + 2(3 2 (1 + 2X) + 4p 3 X 2 + p 4 X 4 
g x = 1 + 2p (1 + X) + P 2 (3X + 2X 2 + X 3 ) 

+ 2,3 3 X 3 (1 + X) + P 4 X* 

gortho = 1 + 4pX + 2p 2 X 3 (1 + 2X) + 4(S 3 X & + p‘X 8 
g, = . 1 + 2PX (1 + X) + p 2 X s (3 + 2X + X 3 ) 

+ 2j3 3 X 9 (l+X)+P 4 X w 

gt » 1 + 4(3X* + 2|3 2 X 4 (1 + 2X) + 4p 3 X 8 + P 4 X“. 

The total partition function will be the square of such an expression 
(because of the two independent groups), multiplied by the contribution 
of the a sites. There again we have to represent the action of the outer 
shells by introducing a constant factor for each A atom in an a site. This 
factor, however, will not be equal to p, since the sites are not equivalent. 
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Let this factor be a. Taking into account the statistical weight of each 
arrangement, the total partition function becomes: 

G = g 0 + 4agj + 4a*g p „ u + 2a 2 g„ rthu + 4* 8 g» + a 

or in short 

G=Sc ffl «"g m 2 (14) 

tn 

with 

Co = C 4 = 1, Cj — r’a — Cpara r “ T 4, C’ortho ~~~ 2, 

and where a m means a 2 for m — ortho and m — para. 

G is a function of «, p, and X. The average number of A atoms in a 
sites of the first shell becomes 

e If “e J (15) 

while the number of those in b sites is 

x “ef = (,6) 

If the central b site is occupied by an A instead of a B atom we have to 

add a factor X for each A atom in the first shell (equally for those in a or 

b sites) because of the interaction with the centre. This amounts to 
multiplying both a and (3 by X. We introduce again the notations g x , 
H*. *x» for the result of this process. 

The parameters a and p are fixed by the condition that the average 
number of A atoms in each a or b site of the first shell must be equal to 
r a or w b , respectively. These conditions are: 

+ t*x ““ 4r a 
r b X + w b X x = 

or, according to (11) 

(3 + s) (jl + (1 — s ) t* x ™ 4 (1 + 3s) 1 

(3 + s) X + (1 - s) X x = 8 (1 - s) j ’ (17) 

(17) represents two implicit equations for a and p in terms of X and s. 

The last condition is obtained in analogy to Bethe’s equation (13). 

One must, however, keep in mind that now the probability of finding 
any given site occupied by an A or B atom is not simply determined by 
the interaction with the surroundings. For in taking statistical averages 
we actually ought to admit only such configurations in which the total 
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fraction of A atoms is 1/4. Instead of limiting ourselves to such con¬ 
figurations we may, by a well-known theorem of the statistical mechanics 
of large assemblies, include all configurations, but give the atoms different 
a priori probabilities in such a way as to make the average fraction of A 
atoms equal to 1 /4. Denoting by \ the ratio of these a priori probabilities 
for A and 5, we then obtain, instead of Bethe’s (13) the equations: 

w\i _ c Gx 1 F 

^ G r b l F x 

(expressing the conditions that, both for an a and a b site, the probabilities 
of finding a right or wrong atom are proportional to the corresponding 
partition functions). 

Or, eliminating \: 

H'a M’s = 3(1- sf FGx ng , 

7Tr b -(3 + 5)0+35) GF X • { > 

The left-hand side is the same expression as the one occurring in formula 
(11, 5) of Bragg and Williams. Therefore in our case the function V (s) 
is replaced by 

V - AT log (FG X /F X G) 

in which F, G, F x , and G x are to be considered as functions of a, p, e 
from (5) and (14), while a, p, e in their turn are functions of s and X by 
(12) and (17). 

The actual solution of these equations is somewhat laborious. 
The following procedure proved to be the simplest.* At fixed X 
the coefficients of (13) are tabulated. Then a reasonable value of p is 

assumed and with this one obtains a table of CmgJ' and of 2c m g m ~~ for 

P and Xp. Then a value of «is assumed and with this one easily obtains 
(x, \ | i x , 7 X from the tables. Inserting these values into (17), one obtains 
two linear equations for s which in general yield two different values, 
a is now varied until the two solutions for s come sufficiently closely 
together to allow one to determine by interpolation that value of a which 
makes the two equations compatible. By interpolation one calculates 
the corresponding values of s and G/G x . Now one determines from 
(12) that value of c which corresponds to the same s. This is easy since 

* The author is greatly indebted to Professor D. R. Hartree for the loan of a 
“ Brunsviga " calculating machine for this purpose. 
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<f> and <f> x have already been tabulated for the high temperature approxi¬ 
mation. s fixes F/F x . We thus obtain the value of GF x /FG x for one 
particular s. 

The process is now repeated with different values of (3 and the logarithm 
of the resulting values of GF X /FG X is then plotted against s. A few 
points on this curve will generally be sufficient to give an idea of its 
shape. In fig. 4 the broken curve represents the logarithm of the left- 
hand side of (18) (s(V) curve of Bragg and Williams). The continuous 
curves represent part of the curves for the right-hand side at different 
values of X. The intersection determines the degree of order as a function 
of X. For comparison straight lines have been drawn, representing (1). 



For this purpose, the constant V 0 in (1) has been so chosen as to make 
the total energy between T = 0 and T = oo equal for both theories. 
One notices that (i) the straight lines give intersections at values of X for 
which the dotted curves still give no intersections. In other words the 
critical temperature turns out to be considerably lower than that accord¬ 
ing to (1). The accuracy of our numerical calculation allows us to fix 
the critical X to 0-12 ± 0 02 corresponding to a value of kT 0 /V, ~ 0*47, 
while (1) would lead to kTJW t ~ 0-84. (ii) In the critical region the 
dotted lines have almost the same shape as the other curve. As soon 
as an intersection appears, it moves very rapidly towards high values of 
s, signifying that the ordering will take place in a small temperature 
interval close to T„. However, our accuracy does not permit the calcu¬ 
lation of the actual width of this interval. 
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In the theory founded on (1) there is a discontinuity in the order as a 
function of temperature because in a certain temperature interval there 
are three intersections of the curves (including the intersection at 
s — 0 which exists at all temperatures). To see whether the same would 
happen with our assumptions we calculated the slope at s = 0 of the 
curves for X —= 01 and X = 0• 11; the slopes were 0-184 and 0-191, 
respectively, while the slope of the broken curve is 0-188. On the other 
hand, for higher s, the curve for X 0 1! is still definitely below the 
broken curve. Thus at X = 0 • 11 we have indeed two intersections 
besides the one for s — 0 and therefore the intersection at s — 0 must 



correspond to a relative minimum of the free energy. However, the 
temperature interval in which there are three intersections seems to be 
very narrow, because at X = 0-1 there is only one stable intersection, 
while very soon after X = 0-11 the main intersection disappears. The 
existence of three intersections for one temperature is, however, sufficient 
proof that there is a latent heat.* 

Curve a, fig. 5, gives a few values of s against temperature, while curve 
b gives the results from (1) according to Bragg and Williams. For both 

* This result should be considered with some care, because the small differences 
which become important here are probably smaller than the error introduced by our 
approximation and also by neglecting forces between other than neighbouring atoms. 
It does not seem possible to predict in which way this result would vary with improving 
the approximation. 
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curves the vertical lines indicate the limits between which the discon¬ 
tinuity will occur (one indicating the lowest temperature at which there 
are two stable intersections, the other the highest temperature at which 
there is an intersection other than at s — 0 (cf. E. J. Williams, loc. cit.). 

5—Energy Content 

The energy is equal to V 2 times the number of pairs of adjacent A 
atoms. Hence 


E/N r,.- iV 2 {rj x + lw h (n x + A x )}. (19) 

A few points obtained from (19) are represented by the circles in fig. 3 
and the broken curve (b) represents a rough idea of the energy-temperature 
curve. The curve which Bragg and Williams obtained from the assump¬ 
tions (1), (2) is given for comparison. In both these curves, and in the 
corresponding curves of fig. 5, instead of the actual discontinuity, the 
two limiting temperatures are given between which the discontinuity 
must occur. One sees that our characteristic temperature is about half 
that following from (1), while the energy content at the critical tempera¬ 
ture is only about half the total energy change. (The remaining energy 
change occurs gradually at higher temperatures because of the dis¬ 
appearance of local ordering.) Therefore the ratio E (T 0 )lkT c is about 
the same for both theories.* 

6—Discussion of Results 

Curve a, fig. 5, shows the degree of order as a function of the tempera¬ 
ture. The temperatures are measured by kT/\ t , where k is Boltzmann’s 
constant and V 2 is a quantity measuring the magnitude of the ordering 
force. The order vanishes discontinuously at a temperature which has 
not been accurately determined but which is within the limits indicated 
by the two vertical branches of the curve. Curve h, fig. 5, shows the 
corresponding curve obtained with the assumptions of Bragg and Williams. 
One notices that in curve a the critical temperature is considerably lower 
and that immediately below this temperature the order is almost complete. 

* This ratio must be quite generally approximately the same for all models, for 

the total change of entropy, jdE/T must be independent of the forces one assumes. 

The greatest contribution to this integral is given by temperatures below T« and of 
these the immediate neighbourhood of T„ has the greatest importance. The integral 
is therefore approximately equal to (E (To) — E (O) )/T„. 
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Curve b, fig. 3, shows the extra energy due to the ordering forces as a 
function of temperature. The scale of the abscissae is the same as that 
in fig. 5, while the ordinates give the energy in units of V a per atom of the 
alloy. The two branches show again limits for the position of the dis¬ 
continuity. Curve c gives the result of the theory of Bragg and Williams 
for comparison. One notices that b even at temperatures above the 
critical temperature remains considerably below its asymptotic value. 
(The limiting value at infinitely high temperatures is the same for both 
curves.) Therefore the total energy change (integral of anomalous 
specific heat) between 0 and the critical temperature is smaller than with 
curve c. As, however, the theory cannot predict the value of V 2 , this 
result cannot immediately be compared with any experiments. (One 
can compare the ratio of the energy change between 0 and the critical 
temperature to the value of the critical temperature. This ratio is almost 
the same for curve b and c, for a general reason indicated in § 8.) Curve b 
predicts an anomalous specific heat even above the critical temperature. 
As, however, the remaining increase of the energy is spread over a large 
range of temperatures, and as the “ normal ” specific heat is not known 
with sufficient accuracy this effect seems difficult to observe. 

As, with our assumptions, the “ ordering energy ” is due to the inter¬ 
action of neighbouring atoms, curve b, fig. 3, gives at the same time a 
measure of the amount of “ disorder amongst neighbours ”, i.e., of the 
probability of two adjacent atoms in the structure being both A atoms, 
in spite of the forces which tend to repel equal atoms from each other. 
This probability is 0 for E = 0 (T = 0) and 0-25 (i.e., equal to the con¬ 
centration of A atoms) for E/NV a = 0-375 (T = °o), and varies linearly 
with E between these limits (cf. equation (3) ). One sees, therefore, from 
fig. 3 that even far above the critical temperature the “ disorder of neigh¬ 
bours ” is not nearly complete. Each A atom is still preferentially 
surrounded by B atoms. Yet the long-distance order has disappeared 
completely, in other words the total amount of A atoms in each of the 
four simple-cubic lattices constituting the face centred structure (cube 
corners and three types of face centres) is the same. Above the critical 
temperature the X-ray patterns will, accordingly, not show any super¬ 
lattice lines but in their place there might be very diffuse maxima of the 
continuous background scattering, just as the diffuse maxima in the 
scattering of liquids are an indication of the local ordering persisting 
above the melting point. 

While the calculation of the critical temperature involves an unknown 
parameter, V, and therefore allows no direct comparison with observa¬ 
tions, the change of critical temperature with composition, if the latter 
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is slightly different from 1: 3, could be directly compared with observa¬ 
tions. It could thus serve as a direct check on the fundamental assump¬ 
tions, in particular the assumption of forces which act only between 
adjacent atoms. This problem has not yet been treated completely.* 

The author wishes to express his warmest thanks to Professor W. L. 
Bragg and to Dr. E. J. Williams for many interesting discussions on the 
subject, to Professor Bragg and the University of Manchester for the 
hospitality he enjoyed here. 


Summary 

The theory of order and disorder in alloys as developed by Bragg and 
Williams and others contains a function V (s) representing the dependence 
of the average ordering force on the degree of order already established. 
This function will differ according to the assumptions made as to the 
physical nature of the ordering force. In the present paper it is assumed 
that the force acts only between neighbouring atoms in the structure. 
With this assumption the mathematical problem involved can be approxi¬ 
mately solved by a method due to Bethe. In the present paper this 
method has been generalized to apply to a cubic face centred structure of 
composition AB 3 (e.g., AuCu s ). The energy and the degree of order 
have been obtained as functions of the temperature. The results are 
summarized and discussed in § 6. 

* Mr. C. Easthope, Trinity College, Cambridge, has kindly informed the author 
that he is engaged in calculations on this subject. 
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The Nature of Large Cosmic-Ray Bursts 

By Hugh Carmichael, B.Sc., Edin., Clerk Maxwell Student, University 

of Cambridge 

(Communicated by Lord Rutherford, O.M., F.R.S.—Received November 26, 

1935) 

[Plates 3 and 4] 

1—Introduction 

A continuous record of the ionization current produced by cosmic rays 
in an ionization chamber shows, if the recording apparatus is sufficiently 
sensitive, occasional relatively large momentary currents superposed on 
the normal fluctuations. These large momentary currents are generally 
called “ bursts”. They were first discovered by Hoffmann.* 

It has often been assumed f that the bursts are of the same nature as 
the showers which are observed either in the Wilson chamber^ or by 
means of three or more coincidence counters §; but so far no conclusive 
evidence, particularly for the larger bursts, has been reported in support 
of this assumption. 

All the ionized tracks in the showers are produced by simultaneous 
thinly ionizing particles (electrons and positrons) having a specific ioniza¬ 
tion in normal air of 30 to 60 ion pairs per cm. In 815 random Wilson 
chamber photographs, showing the track of at least one cosmic ray 
particle, Andersonll found 17 showers of 3 to 5 simultaneous particles, 
7 showers of 5 to 10 particles, and 1 shower of more than 10 particles. 
Experiments with the counter-controlled! Wilson chamber have yielded 
photographs of more complex showers and the largest shower so far 
reported shows about 100 particles.** Strongly ionizing particles are 
exceedingly rare in the showers. 

* ' Int. Conf. Physics, London,’ vol. 1, p. 226 (1934); ‘ Gcrlands Beitr. Geophys.,’ 
vol. 20, p. 12 (1928). 

t Compton, ‘ Nature,’ vol. 136, p. 1006 (1934). 

t Blackett and Occhialini,' Proc. Roy. Soc.,’ A, vol. 139, p. 699 (1933); Anderson, 
Millikan, Neddermeyer, and Pickering, ‘ Phys. Rev.,’ vol. 45, p. 352 (1934). 

§ Gilbert, ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 559 (1934). 

|| ‘ Phys. Rev.,’ vol. 44, p. 406 (1933). 

! Blackett, 1 Proc. Roy. Soc.,’ A, vol. 146, p. 281 (1934). 

** Allowance should be made, of course, for the fact that the illuminated space in 
the Wilson chamber is usually only about 1 cm deep. Many tracks must occur out 
of the light. 



224 


H. Carmichael 


The showers, as observed under lead at sea level by counting the triple- 
coincidences in three counters arranged triangularly, occur at a rate of 
about 15 per hour. The bursts, on the other hand, although the ioniza¬ 
tion chambers in which they are investigated are often of much greater 
size than a counter apparatus and so intercept more of the cosmic radia¬ 
tion, occur at sea level at a rate of usually less than one per hour. This 
difference in the numbers of bursts and showers can immediately be 
understood when it is explained that the ionization chamber method, as 
it has been used hitherto, is not sufficiently sensitive tp detect the rela¬ 
tively much more frequent smaller showers of 3 to 20 or more ionizing 
rays. 

The most astonishing thing about the bursts is their enormous range 
of size; the largest bursts, which occur very rarely (less than once in 100 
hours), are at least 100 times as large as the smaller bursts, and more than 
1000 times as large in their ionizing effect as showers of a few rays. It 
is therefore clear that, if the bursts are produced by thinly ionizing 
particles such as occur in the showers, the largest bursts must be produced 
by the simultaneous passage across the ionization chamber of some 
thousands of particles. 

The chief object of the present experiments was to obtain information 
about the larger bursts by the ionization chamber method, which is so 
much quicker than the Wilson chamber method, for comparison with 
the well-established data about the showers. For this purpose a large 
ionization chamber (175 litres) was used so as to increase as much as 
possible the rate of occurrence of the bursts. In this large chamber 
bursts which corresponded in size to showers of less than 100 ionising 
rays could not be distinguished from the normal fluctuations of the 
ionization current. In fact, the experiments deal unambiguously only 
with bursts corresponding to showers of more than 160 ionizing rays, of 
which 680 in all have been observed. 

A long series of runs was made (1500 hours) with (a) different gases in 
the ionization chamber under identical external conditions, and (6) 
different thicknesses of lead above the chamber. 

The result of the series of experiments (a), that the size of the large 
bursts in different gases is proportional to the density of extra-nuclear 
electrons, was used to complete the experimental evidence necessary to 
establish that the large bursts are formed by long-range, thinly ionizing 
particles. This evidence is now very strong and is discussed below 
(see § 4 (b )). 

It must be emphasized, however, that the above result, that the large 
bursts and the showers are both produced by thinly ionizing particles 
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and differ only in number of rays, does not prove that the method of 
production of the particles is the same for both the bursts and the showers. 
This important problem has been attacked in the series of experiments 
(b) mentioned above. The curve showing the relation between the thick¬ 
ness of lead placed above coincidence counters and the number of showers 
counted is very well known.* It has a maximum at sea level at about 
1 -6 cm thickness of lead. A similar air-lead transition curve has been 
found also for small bursts of about 20 to 30 rays by Street and Young,t 
using a very small (i litre) ionization chamber. In the experiments ( b) 
this curve was investigated for bursts of more than 160 rays, using the 
large ionization chamber, and it was found that the air-lead transition 
curve for these large bursts appeared to be similar to the transition curve 
for showers, see fig. 6. This is the most important result presented in 
this paper and is fairly strong evidence that the large bursts are in fact 
unusually complex examples of the shower phenomenon. 

It is of interest also to find whether the frequency of occurrence of 
bursts increases with decreasing size of burst in a regular manner into 
the region where one is certainly measuring showers. The existing 
evidence on this point is conflicting. The curves published by Steinke 
and by MesserschmidtJ have a maximum after which bursts of small 
size become progressively less frequent, while recent experiments of 
Montgomery,§ Bennett,|j Street,If Boggild,** etc., show an ever-increasing 
frequency down to the smallest measurable size of burst. The certainty 
with which the small bursts can be distinguished experimentally from the 
background produced by the normal fluctuations of the cosmic rays 
depends, of course, on the sensitivity and quickness of response of the 
apparatus, and also on the size of the ionization chamber. A small 
chamber is better than a large one in this respect because, roughly speak¬ 
ing, it intercepts fewer cosmic rays unconnected with the bursts. Some 
reference is made at the end of this paper to preliminary data extending 
to bursts of less than 10 rays obtained with a small ionization chamber. 
There is so far no indication of a maximum in the distribution curve 
obtained with this chamber. 

* See, for example, Gilbert, * Proc. Roy. Soc.,’ A, vol. 144, p. 559 (1934). 
t * Phys. Rev.,’ vol. 47, p. 572 (1935). 

t Hoffmann, loc. clt .; Messerschmidt, * Phys. Z.,’ vol. 34, p. 896 (1933). 
ft ‘ Phys. Rev.,' vol. 47, p. 429 (1935). 

|| ‘ Phys. Rev.,’ vol. 47, p. 437 (1935). 
f 4 Phys. Rev.,’ vol. 47, p. 572 (1935). 

** 4 Naturwiss.,’ vol. 23, p. 372 (1935). 

VCWU CUV.— A. Q 
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2—Apparatus 

The work reported in this paper has been carried out by means of a new 
electrometer which has proved to be remarkably reliable and convenient. 
A special feature of the method is its suitability for recording at the same 
time bursts of all sizes, even when the apparatus is adjusted to measure 
small bursts of less than 10 cosmic ray particles, large bursts of more 
than 1000 times this size are also measurable. 

A diagram to scale of the apparatus used for the experiments with the 
large ionization chamber is given in fig. 1. The vertical cylindrical 
electrode A is connected inside wide shielding tubes to the electrometer 
E, and also to the small standard calibrating condenser C and the high 
resistance R. The ionization chamber voltage is carried on a wire-mesh 
cylinder B which is rigidly mounted concentrically with the earthed wall 
of the chamber. Carefully shaped earthed wire-mesh shields M and N 
form a “ guard ring ” for the edges of the central electrode, making the 
electric field more uniform. The part shaded in the diagram is the 
collecting space, 90 cm high and 50 cm in diameter, corresponding to a 
volume of 175 litres. The chamber potential is 1500 volts. The maxi¬ 
mum time of collection for an ion travelling across the chamber, in 
nitrogen at a pressure of 1 atmosphere, is by calculation 0-33 sec, assuming 
a mobility of 1*5. The electric intensity at the central electrode is 
260 volt/cm and at the cylinder B 26 volt /cm. The wire mesh was 
tested before use to ensure that it did not give off an abnormal number of 
a-particles, and it is clear that, if there is sufficient pressure of gas in the 
chamber, e.g., 1 atmosphere of nitrogen, a-particles from the walls of 
the chamber cannot reach the collecting space, as it is everywhere more 
than 5 cm from the walls. The chamber itself is a modified hot-water 
cistern made of i-inch thick galvanized steel. 

The electrometer has already been described elsewhere.* It is of the 
“ tilted ”f type and has a gold-sputtered quartz fibre, 3 cm long and less 
than 10~ 4 cm in diameter. A plate potential of about 22 volts is required. 
The air pressure in the electrometer, which for critical damping of the 
fibre has to be of the order of 0-05 mm of mercury, is kept practically 
constant by connexion of the electrometer to a large (10-litre) vacuum 
vessel. A little pumping is required about once a week. The response 
of the fibre to a sudden change of potential, at a voltage sensitivity of, for 
example, 2000 eyepiece scale-divisions per volt (magnification 60 scale- 


* Carmichael, ‘ Proc. Phys. Soc.,’ vol. 46, p. 169 (1934). 
t Wilson, ‘ Proc. Camb. Phil. Soc.,’ vol. 12, p. 315 (1903). 
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divisions per mm) takes less than 1 second, and at this sensitivity the excur¬ 
sions of the fibre due to its Brownian movement cover about one scale- 
division. 

For continuous photographic registration of the position of the fibre, 
the eyepiece of the microscope is removed and a camera K with a short 
focus cylindrical lens put in place. The camera is designed to move 
cine-film, 1-6 cm wide, at a very uniform slow speed. The optical 
system formed by the microscope objective and cylindrical lens is asym¬ 
metric and therefore a point on the fibre cannot be focussed as a point 
on the film. To obtain the point focus necessary for recording on such 
narrow film, a slit at right angles to the direction of the fibre and parallel 
to the axis of the cylindrical lens is placed in the microscope tube just 
behind the objective. The fibre is illuminated so that it shines by diffracted 
light against a dark background. The fibre and the slit then form a focal 
line source and a point focus on the film is readily obtained. The 
magnification is 6 • 3 times. It was found that a film speed of 0 • 1 mm per 
second was satisfactory, the width of the trace being about 0-02 mm, 
and the time of response of the fibre about 1 second. After practice in 
identifying and counting bursts had been obtained the speed was reduced 
to one-third of this. With the latter speed 100 feet of film lasts for about 
220 hours. A time scale is recorded on the film by flashes of appropriate 
intensity* from a small bulb which shines directly into the microscope. 

Above the ionization chamber, as shown in fig. 1, is a strong wooden 
platform on which heavy material can be placed. The roof of the build¬ 
ing is 8 feet above this platform, flat, made of concrete, and supported 
by heavy iron girders. Directly above the ionization chamber, however, 
is a skylight, 6 feet wide. The altitude is sea level. 

Several different methods of balancing out the ionization current have 
been employed in cosmic-ray meters. The chief disadvantage of a 
constant balancing current in recording bursts is that, when the apparatus 
is adjusted to record the small bursts clearly, the large bursts cannot be 
measured as they move the electrometer off scale. In the apparatus being 
described, in which the collection time of the ions and the time lag of 
the electrometer are both less than 1 second, it has been found possible 
to record by simply earthing the insulated system through an ohmic 
resistance (R, fig. 1) the magnitude of which is adjusted to give a half¬ 
time of leak of about 6 seconds. Bursts which move the fibre off scale 
are then measured by extrapolation of the exponential return trace. 

* I wish here to thank Dr. Wynn-Williams for designing the circuit which supplies 
these flashes. 
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It is arranged that the deflexions of the fibre take place towards the plate 
in the electrometer, and thus, as the length of the fibre is such that it 
cannot touch the plate, ionization spurts of any size can be accepted 
without damage to the electrometer, however high the sensitivity* may be. 

The electrometer is mounted below the ionization chamber on a stone 
pier built on the concrete ground floor of the room. The accumulator 
cells and potentiometer for the plate potential (about 22 volts) are enclosed 
in a box which is maintained at approximately constant temperature by 
a water jacket through which runs water from the main. The behaviour 
of the electrometer as a result of these precautions is very satisfactory. 
Drift of zero seldom occurs even during long runs. The record in 
fig. 8 a, Plate 3, was taken with 
the fibre under working conditions, 
except that the ionization chamber 
potential was zero. Only the Brown¬ 
ian motion of the fibre was to be seen. 

The ionization chamber potential, 

1500 volts, is obtained from 12 dry 
batteries of 125 volts each. It is 
obvious that a very constant source of 
potential is necessary, because the 
capacity of the ionization chamber is 
about two-thirds of that of the whole 
system—a change v in the ionization 
chamber potential produces by induc¬ 
tion a change 2v/3 in the potential of 
the electrometer system. With an 
electrometer sensitivity of 2000 divi¬ 
sions per volt, therefore, a sudden change of 0-0015 volts in the chamber 
potential is sufficient to produce a fibre movement of two divisions; 
that is to say, sudden fluctuations in the chamber potential of more than 
1 part in 10® must be avoided. Gradual changes of potential are not 
harmful, as they cause merely a constant displacement of zero. The 
required constancy of voltage was obtained by having the cylinder B, 
fig. 1, very well insulated, and by standing the batteries in a vertical pile, 
as shown in fig. 2, each one being well insulated from the one below. 
This arrangement of the batteries is of great advantage in minimizing 
fluctuations of voltage from leakage. As a test of the constancy of the 



* The tilted electrometer, I believe, is the only sensitive electrometer which is 
completely stable at high sensitivity; it becomes less sensitive as it is deflected from zero. 
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voltage, runs were made with and without a resistance-capacity smoothing 
circuit of 40 second half-period, A in fig. 2. The records were indis¬ 
tinguishable. It is therefore quite certain that all the fluctuations of the 
electrometer in fig. 8, Plate 3, ( b) and (c), are ionization fluctuations. 
Further details of these photographs are given in the explanatory captions. 

The total capacity of the system, measured by comparison with a 
variable length cylindrical condenser in the usual way, is about 33 cm, 
and the half-time of leak of charge through R, fig. 1, a lacquered graphite- 
on-quartz* resistance, is 6 seconds. It follows from the capacity that the 
number of pairs of ions in a burst, measured by the sudden deflexion of 
the electrometer, is 2-3 x 10 fl per 0-001 volt. Using also the half-time 
of leak of charge, R is found to be 2 -3 x 10 u ohms. A small difference 
of potential, sufficient to make the mean position of the unearthed fibre 
the same as its earthed position, is usually maintained between the end of 
the resistance R and earth. This bias voltage is a convenient measure of 
the average ionization current in the chamber. In Table I are rough 
values of the average current in the ionization chamber obtained from the 

Table I 


Gas Pressure Bias Total Current “ ion- Max. time 

in cm Hg volts current “ ion- pairs ”/cc/ of collection 

chamber atN.T.P. pairs ’’/see sec/atm sec 

Hydrogen. 185 0 019 5 x 10» 1-2 0-20 

Nitrogen ...... 77-5 0 036 9-8 x 10* 5-5 0-35 

Argon . 115-5 0-085 2-3 x 10* 8-7 0-57 


bias voltages used during the experiments about to be described. The 
numbers of ion-pairs per cc per sec per atmosphere in hydrogen, nitrogen, 
and argon have been worked out, but are not strictly comparable 
because the influence of radioactive materials in the laboratory was not 
constant. The number obtained for argon, 8 -7/cc/sec/atm, may, how¬ 
ever, be compared with 7 • 32/cc/sec/atm quoted by Coxf for room 
radiation with argon at 25 atmospheres. In the last column of Table I 
are given the calculated maximum times of collection of ions, for the 
pressures used in the following experiments, with a chamber potential 
of 1500 volts, assuming ionic mobilities of 6,1 -5, and 1 -3 in H a , N a , and 
A respectively. 


* Curtiss, * Rev. Sd. Instr.,’ vol. 4, p. 679 (1933). 
t * Phys. Rev.,’ vol. 45, p. 503 (1934). 
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3—Observations 

The observations (results of 1491 hours’ running) made with the large 
ionization chamber are presented just as they were obtained in Table IL* 
Before the data given in the separate columns of the table can be 
compared, some smoothing and a reduction to number of bursts per 
hour is necessary. A process of graphical smoothing! was used. The 
total number of bursts greater than a given size, found from Table II by 
addition, was plotted against that size, and smooth curves were drawn 
through the points. In Table HI are the resulting smoothed values 
reduced to bursts per hour. 


4—Discussion 

Several important new results can be deduced immediately from these 
observations; in particular, the size of cosmic-ray bursts in different 
gases, and the air-lead transition curve for large bursts. 

(a) Comparison of Size of Bursts in Different Gases 

Columns 5, 8, and 9 of Table III refer to argon, nitrogen, and hydrogen 
respectively, under identical external conditions (4-3 cm lead). The 
results in those columns can therefore be used to make a comparison of 
the relative size of the bursts in these three gases. For this purpose the 
sizes in argon (with an electrometer sensitivity of 100 mm/V) of the bursts 
in hydrogen and nitrogen have been computed, on the assumption that 
the size of the bursts is proportional! to the density of extra-nuclear 
electrons in the respective gases. The coefficients used are given in 
Table IV, and the sizes corresponding to those in column 1, Table III, 
are entered in the last two columns of Table III. In fig. 3, the heavy 
curves marked A, N„ (on the inset), and H a are the argon, nitrogen, and 
hydrogen curves from the data in columns 5, 8, and 9 of Table III, plotted 

* In the run with 7*9 cm lead above, on account of some hot humid weather, 
the insulation of the condenser in the smoothing circuit A, tig. 2, became slightly 
defective and caused numerous small fluctuations which tended to add to the numbers 
of small bursts counted. The trouble disappeared when the circuit A was removed. 

f Bennett and others, lac. clt. 

} Experimental results of Cox (Joe. cit.) and others show that v-ray (i.e., P-ray) 
ionization is not in these gases proportional to the electron density. Nitrogen gives 
a current about 15% too low (see also Table I), Corrections of this kind are not yet 
justified in the present work. In fact, experiments by Hopfield Show that the ratio 
for cosmic rays of the ionization in air to the ionization in argon is greater than the 
ratio for y-rays; 'Phys. Rev.,’ vol. 43, p. 675 (1933). 



Number of bursts in a range of size of 0* 1 mm 


232 


H. Carmichael 



S? = ~ 


<N <N i— 


« ( 1 £ i 9S 382 00 ^ - * « -*•» ™ 


^ i 


b -O t> 

£ £?SR2 06r, - r, ' ,N - 


I 

8 




(i i Sr 


* 




h-- t v n ^ 


~ 2 § g 8 8 3 8 £ 2 0010 * * - " " M 

4 c3 


§ M 


a 


$ 


is 


£ * 

\ § j? 


JQ ~*< ^ f**> fs| ^ *m 


?3S?;s r '“ r " tnNrt ^- 


P 3 5 S 8 JQ 2 2 *® m M N w--m 


* 


<nsacop»2s22i22i:2S5S an 




Large Cosmic-Ray Bursts 


233 


a 


oo 8 

mm „ rf r"» i— 


8 


m o f'l tr» © 
^ © *r> 


m — m —« 


mmmm«7>r~oo^ 


*" M *- vm mm «—< 




saa&fl&ss 

NSaRfiSNX 


s 

m 


p 


<+* *- ~ rs 


n .S?$PI 


m 

<N 

CL 

« 


^ 3 2 3 3 ^ S 

„ m m « p* 


J 

I 



Table in 

From smoothed curves. Number of bursts per hour larger than a given size 


234 


H. Carmichael 


op „ § 

l<£*i 


X isaSSSSSSSiSS 


O 

U © 


*n «n moo 

oor'r'\ovo»n»o^mN^ 


oo^tnenosv^—<sooo 


\*** v> vo oo on <*i in on t+i so © ^ oo r*> r*« vo *r> **• r- 

, A — *>« wm pi v- cs| <N ^ <*» en ^ In s© On r*> OO 


E ( E 

« O o ^ (Nr-^r'^in^mNN^g 

ffitn ro ^T7???????9? 

2 —ooooooooooo 


hi) «*■> 

a £ 4 


E 

o ^ r- 

n OO ^ 


^CMDqOVDOO^g-OQlN’tM'OmpVOCNfN 

^OON'nrnrniSHMwt-.SoOOOOOOOOOO 

t^bbbbbbbbbbbbbbbbbbbbob 


S^SSSSSSSSSSoSl 

° w »orsbbbbb6bb6bbbbb 


. * 

c * # SO © © «0 «r> On *<t *r> 00 — SO <N © 0© »n m fN © On ^ 

“ ©a^pisaslssssssloosssil 

m -66606666666666666660 


_mmmr-oo^ooin^inypm^mos'omO‘£? 

g?3SS8?3:?;S22islsSS59558 

w <N^-66bbb6bbb6bbb6bbbbb 


^votfQxtNNCitri^Q^Ntp^mooom 

mSSo?iimfs2«OOo3SoOo5o88 
<6bbbb6b66bb6b666b66 


3s£§s82§i|isiii§s§8§ 

n^6666666666o666o666 


28S5RR228S8S8S88SSSS88 

(s^666666 666o666666666o 


sill 


^ »n so t- oo On 


22222RSSPJS?S?88888| 


Unreliable (see footnote, p. 231), 




Large Cosmic-Ray Bursts 


235 


against the actual measured size of burst in column 1 (corrected to the 
electrometer sensitivity of 100 mm/V). The finer curves N s ' and H g ' 
are the nitrogen and hydrogen curves plotted against the sizes given in 
the last two columns of Table III. 


Oases 

Electrometer 

Table IV 

Pressure 

Electrons 

Coefficient 

compared 

sensitivity 

in chamber 

per molecule 

(product) 

A/H, . 

1/2 x 

115-5/185 

x 18/2 - 

2-81 

a/n, . 

1/2 x 

115-5/77-5 

x 18/14 

0*96 


It can be seen that the hydrogen and nitrogen curves H a ' and N a ' fit 
the argon curve fairly well except near their small-burst ends. The 
deviation there is very marked in the hydrogen curve. These deviations, 
it will be shown below, are almost certainly caused chiefly by a-particles. 

Table V 


From smoothed fitted curves. Number of 


Size of 

Minimum 

bursts per hour greater than a 

given size, 

argon bursts. 

number of 

assuming that the recorded size of a given 

0-1 mm units; 

cosmic ray 

burst varies 

as the electron density in the 

sensitivity 

particles 


chamber 


100 mm/V 

per burst 



- v 



A 

N,' 

H/ 

5 

100 

2*29 

6*00 

— 

6 

120 

1-30 

1*67 

— 

• 7 

140 

0*863 

0*780 

— 

8 

160 

0*603 

0*480 

— 

9 

180 

0*443 

0*344 

— 

10 

200 

0*347 

0*274 

— 

12 

240 

0*218 

0*197 

— 

14 

280 

0*164 

0*157 

1*62 

16 

320 

0*128 

0*128 

0*660 

18 

360 

0*105 

0*108 

0*280 

20 

400 

0*089 

0*094 

0*132 

22 

440 

0*076 

0*085 

0*079 

24 

480 

0*065 

0*077 

0*067 

26 

520 

0*055 

0*072 

0*060 

28 

560 

0*046 

0*066 

0*054 

30 

600 

0*039 

0*062 

0*048 

40 

800 

0*023 

0*041 

0*031 

30 

1000 

0*019 

0*031 

0 020 

60 

1200 

0*015 

0*025 

0*013 

70 

1400 

0*013 

0*022 

0*006 

100 

3000 

0*005 

0*016 

— 

300 

6000 

— 

0*012 

— 
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and are not a cosmic-ray phenomenon. It is therefore clear that, at 
least to a first approximation, for hydrogen, nitrogen, and argon, at 
pressures of about 1 atmosphere in an iron ionization chamber, the 
size of large cosmic-ray bursts is proportional to the density of extra- 
nuclear electrons in the gas. 

In the last three columns of Table V some readings from the curves 
A, N a ', and H 2 ' of fig. 3 are given. The number of bursts per hour 
between two given sizes is, of course, readily found in Tables III and V 
by subtraction. 

(b ) The Nature of the Ionizing Rays 

This experimental comparison of the size of the bursts in different 
gases completes the experimental evidence that the bursts are not produced 
by strongly ionizing particles. The exclusion of strongly ionizing par¬ 
ticles, as has often already been stated by others, leads to the conclusion 
that the largest bursts must be due to the simultaneous or almost simul¬ 
taneous occurrence in the ionization chamber of several thousand cosmic- 
ray particles. Some process must therefore exist by which a single 
high-energy cosmic-ray particle is replaced comparatively suddenly by 
thousands of separate ionizing particles. On account of the importance 
of the conclusion, let us summarize the evidence on which it is based and 
show how the argument is completed by the result just given in § 4 (a). 

It is well known that the more densely a gas in an ionization chamber is 
ionized the more difficult it becomes to obtain saturation on account of 
the loss of ions by recombination. In particular, if the ionization pro¬ 
duced by single a-particles is compared with that produced by (3-particles 
it is found that the former type of ionization, where a dense column of 
ions is formed, is very much more difficult to saturate than the latter. 
The difference is due to initial recombination of the ions in the column. 
A theory of columnar ionization, which is very successful for a-particles, 
has been given by Jaffe,* and a corresponding theory for the case of 13- 
particles by Lea,t who investigated the initial recombination in the 
globular clusters cf ions which are formed along the path of a fJ-particle. 
The enormous difference between the pressure-ionization curves for 
a-particles and (3-particles is indicated (in the range 0 to 10 atmospheres, 
for carbon dioxide, with a field strength of 10 volts per cm) by the curves in 
fig. 4. These curves are for particles travelling right across the ioniza¬ 
tion chamber at all pressures, so that in the absence of recombination 
both curves would be represented by the broken line in the figure. 

• • Ann. Physik,’ vol. 42, p. 303 (1913); ‘ Phys. Z.,’ vol. 30, p. 849 (1929). 
t * Proc. Camb. Phil. Soc.,’ vol. 33, p. 80 (1934). 
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Measurements of the variation of size of the largest bursts with pressure, 
using carbon dioxide under the above-mentioned conditions, have been 
published by Gastell.* * * § He shows (by a direct comparison with the 
ionization of (3-rays produced by the y-rays from a radium preparation) 
that the pressure-ionization curve for the large bursts is of the (3-ray 
type.f It is therefore certain that the large bursts cannot be produced 
by long-range strongly ionizing particles. This conclusion has already 
been emphasized by MesserschmidtJ and others. 

Only one possibility of burst production by strongly ionizing particles 
remains. It has been found by Lea (loc. cit.) that short-range recoil 
nuclei of velocities not much exceeding 5 x 10 s cm/sec have a p-ray type 

pressure-ionization curve, and in 
consequence he has criticized§ the 
above conclusion of Messerschmidt. 
Also Locher|| has reported neutron 
recoils in showers in an argon-filled 
counter-controlled Wilson chamber, 
but the work of Blackettf shows 
that these were possibly due to 
natural a-particles. In any case, the 
result given in § 4 (a), that the size 
of the large bursts is proportional 
to the density of extra-nuclear elec¬ 
trons in hydrogen, nitrogen, and 
argon, shows that relatively few if 
any short-range recoils can con¬ 
tribute to the ionization in the 
to suppose that any phenomenon 
involving the nucleus is in these three gases proportional to the number 
of extra-nuclear electrons. 

In column 2 of Table V will be found the numbers of rays in the bursts, 

* ‘ Z. Physik,’ vol. 97, p. 414 (1935). 

t The fact that the size of the bursts is proportional to the pressure in an ionization 
chamber, after correction has been made for the loss of ionization at the higher 
pressures, shows also, of course, that the thickness of gas so far used in ionization 
chambers (see Bennett and others, loc. cit.) is sufficient to absorb only a fraction of 
the energy of a burst. 

$ ‘ Naturwiss.,’ vol. 21, p. 235 (1933). 

§ Lea, loc. cit., p, 100. 

II ’ J. Franklin Inst.,’ vol. 216, p. 673 (1933); ‘ Phys. Rev.,’ vol. 44 . p. 779 (1934). 

1 ‘ Proc. Roy. Soc.,’ A, vol 146, p. 281 (1934). 
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assuming that their individual ionization in argon is 90 ion-pairs* per 
cm at N.T.P., and that the path of each ray in the chamber is 90 cm. It 
will be seen that the largest bursts recorded, which occurred in nitrogen, 
contained some 6000 rays, a value in rough agreement with the findings 
of other experimenters. 

(c) The Effect of ct-Partides in the Ionization Chamber 

We must now justify the assumption already made that the deviations 
near the small-burst ends of the hydrogen and nitrogen curves are chiefly 



0 10 20 30 

Size of burst in 10* ion-pair units 

Fig. 5—The effect of a-partides. 


caused by a-par tides. Measurements of the ionization current with 
hydrogen in the chamber, at various pressures from 0 • 5 to 2 • 5 atmospheres, 
were made, and it was deduced from the lack of proportionality of 
ionization current and pressure that a part of the ionization current 
equal to 2 x 10 6 pairs of ions per second was in this range roughly 
independent of the pressure. If this part of the ionization is assumed to 
be caused by a-particles making an average of 10 s pairs of ions each, then 
the number of a-particles entering the collecting space is about 0*5 per 
sq cm of its surface per hour. These must come from the mesh wires and 

* Swann, ‘ Phys. Rev.,’ vol. 41, p. 29 (1932). 
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from the walls of the chamber. The rate found is rather greater than 
the rates of emission of a-particles from uncontaminated surfaces 
measured by Bearden;* but this is to be expected as the apparatus was 
assembled in a radioactive laboratory. A calculation was then made to 
find how many fluctuations in the rate of occurrence of these a-particles, 
of sufficient size to be mistaken for bursts, would probably occur in 150 
hours, the duration of the hydrogen run in Table II. The Poisson 
formula,t 

P = a' i+v e ' x /(x + y )!, 

was used, where P is the probability that in a certain interval of time 
there will be counted, not x the average number of particles in that 
interval, but x + y particles. It was decided, from examination of the 
photographic trace with hydrogen in the chamber, that several more 
a-particles than usual, occurring within a time interval of 0-5 sec, would 
probably be counted as a burst, and so this was used as the time interval' 
for the calculation. The results are given in Table VI, and it will be 
seen$ in fig. 5 that the deviation of the hydrogen curve is very exactly 
fitted by the numbers calculated. The stepped curve in fig. 5 is from the 
experimental data in the last column of Table II, and the smooth curve 
with 4 points is from Table VI. 

Table VI 


Number of a-particles 

Corresponding size of 

Probable number 

more than the average 

spurious burst; 0-1 mm 

in 

in 0*5 sec 

units, 200 mm/V 

150 hours 

4 

4 

3500 

5 

5 

600 

6 

6 

87 

7 

7 

11 

8 

8 

1*3 

9 

9 

— 


The broken line drawn in fig. 3 shows where a-particles begin to affect 
the results with hydrogen in the chamber, and it can be seen in the inset 
graph that the nitrogen curve is apparently also affected by a-particles 
where it is intersected by this line. All the argon bursts are, however, 
outside the a-particle region of size. 

* * Rev. Sci. Instr.,’ vol. 4, p. 271 (1933). 

t Evans and Neher, ‘ Phys. Rev.,’ vol. 45, p. 144 (1934); see also Bennett and 
others, loc. cit., p. 442. 

t The exact fit obtained is accidental, but the fact that both die position and the 
shape of the deviation of the hydrogen curve have been found on die reasonable 
assumptions given above it very convincing. 
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Time (sec) -* 

Frci. 8—(a) Brownian motion of electrometer fibre. 

(b) Burst of 2*2 10 ft ion-pairs in H* in large chamber. 

(<*) Burst of 3*0 10 T ion-pairs in N 2 in large chamber. The size was 

found by extrapolation of the exponential return of the fibre. 

(Enlarged 5 from 16 mm cine camera film.) 


{Faring p. 240) 
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Proc . Roy . 5*00. ^4, w/. 154, Plate A, 



0 50 100 
Time (sec) -*■ 

Fig. 9— [a) Burst of 4 x 10* ion-pairs in A in small chamber. 

(b) Burst of 1 - 8 x 10 8 ion-pairs in A small chamber. 

(c) Calibration kick of 2 x 10* ion-pairs equal to ionization of a single 
long-range a-particle. Compare (c) and (b) ! 

(Enlarged x 5 from 16 mm cine camera film.) 

(Kick (r) has been turned upside-down by mistake.) 
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(d) The Air-Lead Transition Curve 

The first six columns in Table III giving the effect of lead will now be 
considered. Circular sheets of lead 50 cm in diameter were used, placed 
above the chamber as shown in fig. 1. It is true that with the lead so 
placed only the approximately vertical bursts can be affected, but it has 
been found by Swann* that the ratio between the number of bursts 
incident vertically on an ionization chamber and the number incident 
at 45° is 12: 1. Thus the effect of lead is probably most unambiguously 
to be found by placing a circular sheet of fairly restricted diameter normal 
to the direction of maximum number of incident bursts; further, this 
arrangement resembles closely some of those that have been used in 
finding the effect of lead on the showers. The following are the chief 
points to be noted. 

(1) No effect of the lead is discernible for the bursts of size greater 
than 3-6 mm or 720 ionizing rays. Only about 5 bursts, however, were 
counted in this range of size in each of the runs, so that no reliable con¬ 
clusion can be drawn, except that large bursts occur in an ionization 
chamber with an iron wall only i inch thick. This point is of interest 
because of the “ cascade ” theory of burst production put forward by 
Montgomery.t Great thicknesses of dense matter near the ionization 
chamber, it seems, are not necessary for the production of the largest 
bursts. X 

(2) In the range of size 0-8 to 3-6 mm or 160 to 720 ionizing rays, 
with increasing thickness of lead, the rate of occurrence of bursts increases 
to a maximum and then decreases, as shown in Table VII and in fig. 6. 


Table VII 


Thickness of 

Bursts/hour 

Total number 

Standard 

lead (cm) 

160-720 rays 

counted 

deviation/hour 

000 

0-386 

112 

±0*036 

0*76 

0-461 

98 

±0*046 

1*52 

O’572 

130 

±0*050 

- 4*3 

0-577 

124 

±0*052 

7*9 

0-420 

84 

±0*046 


The errors indicated are standard deviations, the length of the line 
through each experimental point in fig. 6 being equivalent to twice the 

* * Phys. Rev.,’ vol. 47, p. 811 (1935). 
t ‘ Phys. Rev.,’ vol. 45, p. 62 (1934). 

t These large bursts might, however, have come from the heavy roof of the room 
(see p. 228) 10 feet above the chamber. 
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square root of the number of bursts counted. This air-lead transition curve 
for large bursts should be compared with the curves obtained for small 
bursts of 20 to 30 rays by Street and Young (loc. cit.) and for showers of 
at least 3 rays by numerous experimenters. The only notable difference, 
that the maximum of the large-burst transition curve here given seems 
to be at a somewhat greater thickness of lead than 1 -6 cm is interesting, 
but must not, on account of the large possible error, be emphasized 
unduly. This result, that the air-lead transition curve for these large 
bursts is similar to the transition curve for showers, although it is not a 



Fig. 6—The air-lead transition curve for bursts of 160-720 ionizing rays. 

conclusive proof, makes it at least very probable that the large bursts 
are in fact unusually complex examples of the shower phenomenon. 

(3) The bursts in the range of size 0 • 5 to 0 ■ 8 mm or 100 to 160 ionizing 
rays, shown in Table VIII (the number for 7 -9 cm of lead can be neglected 
—see footnote p. 231), seem to be less influenced by the lead, but the data 
in this range is rather uncertain. When counting it was necessary to 
discriminate between “ bursts ” and “ fluctuations”. Any movement 
of the fibre taking more than 1 - 5 seconds was treated as a fluctuation 
and not counted. At present, therefore, it is not possible to say whether 
the numbers in this range are correct, but it is hoped that soon the real 
nature of these fluctuations will be settled. It would not be unreasonable 
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if the smaller bursts were, in fact, little influenced by the lead, because 
showers of particles from the heavy roof of the room, probably in a 
somewhat widely diverged state on account of the distance, could reach 


Table VIII 


Thickness of 

Bursts/hour 

lead (cm) 

100-160 rays 

000 

1*72 

0*76 

205 

1 *52 

1*76 

4*3 

1*69 

7*9 

2*95* 


* Unreliable (see footnote p. 231). 


the chamber through its unprotected sides, whether lead was present on 
the top or not, and would cause large numbers of small bursts tending to 
mask the effect of the lead. Also, at these comparatively low gas pres¬ 
sures, the possibility of ionization caused by single heavily ionizing rays 
unconnected with the bursts (specific ionization about 10 1 ) must not be 
neglected, especially as heavy cosmic-ray particles have been reported 
occasionallyf in Wilson chamber photographs, and also by Clay % who 
used an ionization chamber method of investigation. 

5—Other Results 

(a) Cross-Sectional Area of Large Bursts 

Work is in progress to obtain the distribution curve of the bursts in 
an ionization chamber, of the same shape as the one used in the above 
experiments, but of only one-hundredth the volume. A comparison of 
the distribution curves of bursts in the two chambers will eventually be 
made. Let us consider at present the largest burst so far observed with 
the small steel chamber, S, fig. 1, which contained argon at 80 atmo¬ 
spheres. Its height is 16 cm. A vertical ray, therefore, using the specific 
ionization 90 already quoted above for argon, produces about 10 s pairs of 
ions in the chamber, and so the burst in fig. 9b, Plate 4, of 1 *8 x 10 8 ion 
pairs, must have been caused by about 2000 ionizing rays. In the large 
chamber experiments the largest argon burst (during 1200 hours) contained 
2600 rays—-very little more in spite of the fact that the cross-sections of the 
chambers are in the ratio 17:1. The inference is that practically the 

t Anderson and Neddermeyer, * Int Conf. Phys.,’ Lond., 1934, vol. 1, p. 171. 

t ‘ Physical vol.*2, p. Ill (1935). 

R 2 
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whole of the 2000 ray burst must have passed through the small chamber, 
and so must have had a cross-sectional area not greater than that of the 
chamber. The diameter of the chamber is 12 cm. 


(b) Distribution of Rays Inside the Small Chamber 

The small chamber, fig. 1, S, at 80 atmospheres argon pressure and 
with about 500 volts collecting potential, had a time of collection of 
about 5 seconds, fig. 9 a, Plate 4. The collecting system has now been 



Fig. 7—Showing non-uniform ionization density in bursts in the small ionization 
chamber. The figures on the curves refer to the size of bursts in 10* ion-pair 
units. 


modified to reduce this to one second in order to count the small bursts 
more effectively. It was interesting to note, however, with the old system, 
variations in the shape of the curve of collection of the ions in the bursts. 
Some examples, corrected for the leak of charge during the time of 
collection and reduced to a common size, are given in fig. 7. The differ¬ 
ences in the curves show that the bursts do not ionize the collecting 
space uniformly. The cylindrical field was six times as strong near the 
central electrode as near the chamber wall, so that ions produced near 
the electrode moved quickly and affected the electrometer more rapidly 
than ions produced near the outer wall. In some of the sharper bursts 
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most of the ions must have been produced near the central electrode by 
a burst of cross-sectional area much less than that of the small chamber. 

(c) Frequency of the Small Bursts 

These preliminary experiments with the small chamber indicate that 
there is no maximum in the frequency curve for bursts of different sizes. 
Reference has already been made in § 1 to the discrepancies between the 
results of different experimenters in counting the small bursts. 

I am grateful to the Trustees of the Carnegie Trust for the Universities 
of Scotland for enabling me, by re-award of a Research Fellowship in 
1933 and 1934, to work in the Cavendish Laboratory, Cambridge, and 
also to the Master and Fellows of St. John’s College for a Grant for 
Research in 1934. 

I wish here to thank Lord Rutherford and Professor Chadwick for 
their most helpful and stimulating interest in this work. I also thank 
Professor Blackett and Dr. Ellis for kindly reading and criticizing this 
paper, and Professor Barkla who allowed me to have a model of my 
electrometer, which was made in the University of Edinburgh. 


6—Summary 

Cosmic-ray bursts have been investigated at sea level with a large 
(175-litre) ionization chamber. The results of 1500 hours’ observation 
are given. A new sensitive, quickly responding electrometer was used, 
and a new method of recording such that bursts of all sizes, above the 
lower limit set by the normal fluctuations of the ionization current, were 
measurable. 

Experiments were made with different gases in the ionization chamber 
and with several thicknesses of lead from 0 to 8 cm above the chamber. 

The result of the former experiments was used to complete the experi¬ 
mental evidence necessary to establish that the bursts are produced by 
thinly ionizing particles such as are found in cosmic-ray showers in the 
Wilson chamber, and the result of the latter experiments shows that the 
large bursts of 160 to several thousand ionizing rays are almost certainly 
complex examples of the shower-phenomenon. 

Some additional results obtained with a small (1-75 litre) ionization 
chamber are also reported. 
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V—Further Experiments on the Disintegration of Boron 

By J. D. Cockcroft, Ph.D., Fellow of St. John’s College, Cambridge, 
and W. B. Lewis, Ph.D., Fellow of Gonville and Caius College, 
Cambridge 

((Communicated by Lord Rutherford, O.M ., F.R.S.—Received 
December 23, 1935) 

1—In a previous paper* experiments on the disintegration of lithium, 
boron, and carbon by heavy hydrogen ions were described. 

The experiments on boron showed the presence of three proton groups 
of ranges 31, 58, and 92 cm for deuteron energies of 500 kv. They 
showed also a continuous distribution of a-particles between the ranges 
5 cm and 15 cm, the distribution having a maximum at about 9 cm. 
There were also indications of a homogeneous group of a-particles at 
the end of the distribution^ but the numbers of particles obtained were 
not sufficient to allow of its existence being definitely established. Since 
these experiments, we have been able to obtain heavy hydrogen of much 
higher purity, and have improved our source of ions, so that we have 
been able to determine the distribution in energy of the a-particles with 
much greater precision. A further improvement has been made by 
applying magnetic analysis to our ion beam, for in our original experi¬ 
ments with a mixed beam of protons and deuterons, the a-particles of 
range less than 4 cm resulting from deuteron transmutations were masked 
by the large number of a-particles due to proton disintegrations. 

With these improvements we have been able to establish the existence 
of two homogeneous groups from boron and have obtained more 
information on the continuous energy distribution. 

2—Apparatus 

No major changes have been made to the apparatus described in 
previous papers but a number of minor alterations have improved our 
results greatly. A discharge tube of improved design has been con¬ 
structed. We now use a mixture of approximately 30% pure deuterium 
with 70% helium, and feed the discharge tube from a constant pressure 

* Cockcroft and Walton, 111, * Proc. Roy. Soc.,’ A, vol. 144, p. 704 (1934). 

t Cockcroft, * Int. Congr. Phys. Lond.,’ 1934. 



High Velocity Positive Ions 


247 


gasometer through a bent tube type variable leak.* With these improve¬ 
ments, we have no difficulty in obtaining steady currents of from 10 
to 20 microamperes of deuterons, and 30 to 40 microamperes of protons, 
the ion beam being focussed on to an area of about 1 sq cm. Fig. 1 
shows the present apparatus. 

A number of improvements have been made in our linear amplifier 
particle recorder. The ionization chamber depth has been reduced to 
2‘5 mm, and the potential increased from 160 to 375 volts to shorten 
the time of collection of ions. The particles are recorded by two high 
speed counters operating simultaneously; these are usually adjusted so 
that one counter records only very large pulses of ionization such as are 
produced by a-particles near the end of their range, while the other counts 
all pulses down to a size such as is produced by protons near the end of 
their range. 

Both of these counters might have been of the thyratron “ scale of 
two ” type, but actually we use one thyratron counter of this type and 
one scale of two counter employing oscillating valves.f The maximum 
countin'g speed permissible with the valve counter is about 6000 particles 
per minute and with the thyratron counter 4000 particles per minute. 

With the larger number of disintegrations now produced we have 
been able to improve the geometry of our detecting system and have by 
this means further increased the resolving power of the recorder. A 
window of 0 ■ 58 cm stopping power covers a number of 1 mm diameter 
holes distributed over a circle of 0-9 cm diameter. The window is 
placed at a distance of 4 cm from the centre of the target. The dis¬ 
integration particles entering the ionization chamber are thus distributed 
within an angle of 90° ± 6° from the direction of the incident beam. 

The inset curve in fig. 2 gives the shape of absorption curve obtained 
with this geometry for the 13 cm homogeneous group of a-particles from 
lithium bombarded by deuterons. It will be seen that the number of 
counts recorded falls from a half value to 01 of the maximum in about 
2 mm. The corresponding width for a group of protons of 14 cm range 
is 3*5 mm. 

3—The Disintegration of Boron by Deuterons 

Targets for these experiments have been made by fusing B,O s on to 
carefully cleaned copper plates. The target was bombarded by 10 fzA 
of deuterons of 550 kv energy. 

* Fowler, * Rev. Sci. Instr.,’ vol. 6, p. 26 (1935). 
t This will be described in a separate note. 
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The main curves of fig. 2 show the number of particles recorded as 
increasing thicknesses of mica are inserted in the path of the particles. 
It will be seen that there are present two homogeneous groups of 
a-particles, the extrapolated-number-ranges being 4-62 ±0-1 cm and 
14-75 ±0-1 cm.* 

In addition to these two homogeneous groups it appears that there are 
two continuous distributions of doubly charged ionizing particles, one lying 
between l-3f and 4-5 cm, and the other between 4-5 and 13-14 cm, 
this latter distribution having a maximum at the short range end and at 
a range of 10-5 cm. 

There appear further, as shown in fig. 3, the three groups of protons 
decribed in out paper 111,% the “ extrapolated number ranges ” being 
now more accurately determined as 91 -0 ± 1 cm, 58-8 ± 1 cm, and 
30-6 ±0-3 cm. 

We have in a separate experiment searched for groups of longer range, 
out to a total absorber of 170 cm, and can state that there is no other 
group present in a proportion greater than 10% of the 91 cm group. A 
smaller minimum cannot be set owing to the presence of neutron recoils. 

We find that the most reasonable hypothesis to explain the two homo¬ 
geneous groups is that they are a-particles resulting from the following 
transmutations: 

n B + m - «Be + 4 He + E 1 E 1 - 8-08 ± 0-15 Mv (1) 

I0 B + *H - "Be + 4 He + E a E* - 17-5 ± 0-15 Mv. (2) 

The proton groups were assumed in our previous paper (Cockcroft and 
Walton, loc. cit.) to result from the transmutation 

ln B + *H -+ U B -f *H + E* E s = 911 ± 0-1 Mv, (3) 

Ei, E„ and E s being the total kinetic energy released in the transmutations. 

Table I gives a summary of our data for these reactions and the energy 
releases observed. 

We may now look for additional evidence in support of the hypothesis. 
One test of the greatest importance and one which should be applied 
whenever possible is that the reaction assumed and the energy release 

* The stopping power of mica is assumed to remain constant over the whole range 
and to have an equivalent of I cm air for a weight of 1 -43 mg/sq cm. 

t We could not observe at shorter distances owing to the presence of scattered 
protons. 

t Cockcroft and Walton, * Proc. Roy. Soc.,* A, vol. 144, p. 704 (1934). 
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Table I 



Deuteron 

E.N.* 

a or p 

Energy* 

Weighted 

Reaction 

energy 

range 

energy 

release 

mean 


Mv 

cm 

Mv 

Mv 

. Mv 

1 

0-230 

4*5 ±0*15 

5*84 

8*19 ±0*18 


I 

0*44 

4*58 ± 0*1 

5*90 

8*08 ± 0*12 

8*08 ±0*15 

1 

0-55 

4*63 ± 0*1 

5*95 

8*05 ± 0 12 


2 

0*37 

14*3 ±0*2 

11*91 

17*45 ± 0*1 


2 

0-42 

14-45 ± 0*1 

11*98 

17*49 ± 0*05 

17*5 ±0*15 

2 

0*49 

14*35 1- 0*15 

11*93 

17*36 ± 0*07 


2 

0*55 

14 74 ± 0*05 

12*13 

17 60 ± 0*02 


3 

0*56 

91*0 ± 1*0 

8 83 ± 0*06 


9*11 ± 0*1 


0*56 

58-8 ±1*0 

6-87 ± 0*08 


6*99 ± 0*10 


0*56 

30 6 ±0*3 

4*69 ± 0*03 


4*62 ±0*05 


* The probable errors given in these columns are those due to uncertainty in the 
exact end point obtained from a particular absorption curve, and do not include 
other possible sources of error. We have made some allowance in the final figure 
for other possible errors such as uncertainty in mica stopping power. 

observed is consistent with other related reactions. Thus we may com¬ 
bine reaction (2) with (3) and (4).* 

U B + *H 8 Be + 4 He + E 4 E 4 = 8-49 ± 0 08 Mv, (4) 

to obtain the condition necessary for consistency that 

Eg Eg E 4 — 0. 

(17-5) (9 11) (8-49) 

The value of E 4 comes from our data of § 4,' and agrees with Rutherford 
and Oliphant’s value of 8 • 5 Mv. It will be seen that these values satisfy 
the condition within the experimental errors. 

Reaction (1) may be similarly related to reactions (2) and (4) and the 
reaction (5)t 

9 Be + m - 8 Be + S H + E 5 E 5 = 0-47 Mv; (5) 

giving the condition necessary for consistency that 

Ei — Ej 4- E s + E # = 0. 

(8 08) (17-5) (9-11) (0-47) 

* Kirchner, ‘ Naturwiss.,’ vol. 25, p. 473 (1933) ; Rutherford and Oliphant, * Proc. 
Roy. Soc.,’ A, vol. 141, p. 266 (1933). 

t Oliphant, Rutherford, and Kempton, * Proc. Roy. Soc.,’ A, vol. 150, p. 241 
(1935). 
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It will be seen again that this condition is satisfied within the experi¬ 
mental error. 

The origin of the continuous distribution of a-particles must necessarily 
be more difficult to settle. If we assume that reaction (1) explains the 
homogeneous range of 4-5 cm then it follows that a-particles of greater 
range cannot come from a reaction of 2 H with U B, since “Be is now con¬ 
sidered to have a mass less than the sum of two a-particles and a neutron, 
and any break up of the °Be nucleus into more elementary particles 
would reduce the maximum kinetic energy of the a-particle by at least 
a million volts. 

We assume, therefore, that the continuous distribution of a-particles 
between 4-5 and about 13 cm results from the transmutation 

10 B + 2 H -* 3 4 He + E 6 . (6) 

The maximum possible a-particle energy in such a method of dis¬ 
integration should be about the same as the energy of the a-particle in 
the alternative reaction (2) in which 8 Be is formed, since the mass of 8 Be 
is almost equal to that of two a-particles. This, in fact, is what is observed. 
Any alternative method of break up into a system of three particles of 
other types including say a 3 He nucleus would absorb much more energy 
and the maximum of the a-particle distribution would be much lower 
than the observed value. 

We must next enquire whether all the a-particles from reaction (6) have 
ranges greater than 4-5 cm. The answer to this must clearly be in the 
negative for the total energy release must be very nearly equal to that in 
reaction (2), or about 18 million volts. The average energy of the a- 
particle cannot therefore exceed 6 million volts, corresponding to a range 
of about 4-6 cm, so there must be enough a-particles having ranges less 
than 4-6 cm to give a mean energy of 6 Mv. 

We have calculated roughly the true distribution in energy of all the 
particles excluding the two homogeneous groups and this is plotted in 
fig. 4. The area shown shaded would be sufficient to give the correct 
average energy to reaction (6) although of course the shape of the boundary 
curve below 5 Mv cannot be determined. The remainder of the particles 
having energies less than 6 Mv must therefore belong to some other dis¬ 
tribution in which the average energy is much lower. We assume that 
these a-particles come from the transmutation U B, the reaction giving 
most kinetic energy being 

UB + »H 3 4 He + 'n + E ? . (7) 

Comparing this with reaction (1), and noting that the energy required to 



Number of a-particles having a given 
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disintegrate ®Be into two oc-particles and a neutron is from 1 -3 to 1 *9 Mv, 
the maximum energy of the a-particles should be about 5 Mv, corre¬ 
sponding to a range of 3-5 cm, a deduction which is consistent with our 
observations. 



Fro. 4. 

More certain information as to the origin of the a-particles of low 
energy must await the production of separated sources of the boron 
isotopes and Wilson chamber experiments. 

A theoretical solution for the break up of a nuclear system into three 
particles has been given by Fokker, Kloosterman, and Belinfante* on 


* ‘ Physica,’ vol. 1, p. 705 (1934). 
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the assumption that the probability of a given distribution is proportional 
to the corresponding volume in phase space. This solution has one 
maximum at half the total energy. 

From the general arguments already advanced, however, it seems fairly 
certain that the break up of the 10 B-deuteron system into three a-particles 
gives a distribution in energy possessing two maxima. 

It seems therefore necessary to introduce factors other than pure 
chance into the solution. 

4—The Disintegration of Boron by Protons 

The disintegration of boron by protons has been carefully studied by 
Rutherford and Oliphant,* by Kirchner.f and by Dee and Gilbert.^ 
Kirchner first showed that a homogeneous group of a-particles resulted 
from reaction (4), in which 8 Be is assumed to be formed. In view of our 
discovery of reaction (2) involving also the formation of 8 Be, we have 
thought it desirable to make measurements under our conditions, using 
protons for comparison with the deuteron disintegration. 

The same target was used as for the previous experiments, but in these 
experiments the solid angle subtended by the counter aperture was 
increased by moving the window to a distance of 2 cm from the centre of 
the target. 

At a proton energy of 225 kilovolts the curve of fig. 5 was obtained 
showing the homogeneous group of 4 • 5 cm E.N. range, which is associated 
with the formation of 8 Be in reaction (4). Three determinations of the 
energy release in the reaction gave a mean value E 4 = 8-49 ± 0-08 Mv 
in agreement with Rutherford and OUphant.§ 

On increasing the voltage, however, the new point was discovered that 
this homogeneous group became much less pronounced, the shape of 
the curve changing markedly as is shown by fig. 5. It appears, in fact, 
that the probability of reaction (3) increases with voltage much less 
rapidly than the probability of a disintegration into 3 a-particles. Thus 
the ratio of the numbers counted at the peak of the main curve at about 
2 cm to the numbers at the peak of the end group at 4 cm changes from 
22:1 at 185 kv to 90:1 at 360 kv. The ratio of the numbers in the two 
modes of disintegration can be fixed very approximately by an evaluation 
of the areas under the curve and changes from 60:1 to 240:1 between 
these voltages. 

* ‘ Proc, Roy. Soc.,’ A, vol. 141, p. 266 (1933). 

t ‘ Naturwiss.,’ vol. 25, p. 473 (1933). 

$ Unpublished. 

8' Prod. Roy. Soc.,* A, vol. 141, p. 266 (1933). 
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5—The Relative Probabilities of the Different Boron 
Deuteron Disintegrations 

In view of the difference in the excitation functions of the two types of 
proton disintegration, we have made rough measurements on the relative 



0 12 3 4 5 

Absorber cm air equivalent 

Fia. 5—B + *H excitation function. 


numbers in the different groups of the boron-deuteron disintegration. 
Figures for these ratios are given in Table II; they must be considered as 
orders of magnitude only, for in different experiments fluctuations of the 
order of 25% appear whose origin is uncertain. There is also an additional 
uncertainty in the ratio between ix-particle and proton numbers owing to 
the difference of the ionization curves of the two types of particle. 
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Within the error of our experiments we could not detect any change in 
these ratios or in the shape of the curves on increasing the voltage from 
375 to 560 kv. 

We may use these results to give the relative probability of the different 


disintegrations. 

Taking the ratio of the abundances of 10 B and U B as 



Table II 



Continuous 

4 *5 cm 

Continuous 

14*7 cm 

30 cm 

distribution 

group 

distribution 

group 

proton group 

1 *4-4*5 cm 


4*5-13 cm 



>2*5 

1*0 

4 

0*13 

0*5 

58 cm 

92 cm 




proton 

proton 




group 

group 




0-14 

0*43 





1: 4 and remembering that the numbers in the three particle disintegra¬ 
tions must be divided by three we arrive at the results given in Table III. 

The absolute yield of the first transmutation for a thick target of pure 
boron bombarded by 560 kv deuterons is one disintegration in 7 x 10 8 . 
This is about half the yield which we reported for the production of radio 


Table III 

Reaction 

U B f a H »Be + ‘He 
-* 3 ‘He + n 
l0 B + *H -* 'Be + ‘He 
••+ 3 ‘He 

- “B + l H 

- “C + n 


Relative probability 
10 
>0-5 
0-5 
11 
4 
8 


carbon.* We have therefore added to the list the comparative figure 
for this reaction making the correction for the isotope ratio. 


6—An Attempt to Detect the 8 Be Nucleus 

With a view to obtaining confirmatory evidence of our interpretation 
of the 14-7 cm a-particle group from the boron-deuteron transmutation 
we have made a search for recoil "Be nuclei, on the assumption that 
they would have a higher ionization pet unit path than a-particles. The 
duration of ionization pulses was reduced in the amplifier, and the bias 
of the thyratron counter was raised from an a-particle value of 45 volts 

* Cockcroft and Walton, IV, * Proc. Roy. Soc.,’ A, vol. 148, p. 225 (1935). 


VOL. CUV.—A. 
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to 53 volts, thereby making it irresponsive to a-particles. The valve 
counter was used to record the number of a-particles. Using a voltage 
of 550 kv and a deuteron current of 2 pA, we recorded about 25 a- 
particles per minute for 14 cm absorption, and should therefore expect 
about the same number of 8 Be nuclei to be recorded for low absorption. 
Assuming that the range varies as Ma a Be nucleus of 9 Mv 
energy would be expected to have a range of 2-6 cm for an average 
charge Z of 3e, or 3-8 cm for an average charge of 2-5e. 

A search was made between absorbers of 1-4 and 5-8 cm. In this 
region the thyratron counter did indeed record a few particles, but investiga¬ 
tion showed that for a given absorber they were proportional to the 
square of the number of a-particles recorded and thus due to the simul¬ 
taneous arrival of two a-particles. We were not therefore able to obtain 
any positive evidence for the existence of the 8 Be nuclei. The difficulty 
of a decisive test lies in the large number of a-particies of short range 
entering the window compared with the number of "Be nuclei to be 
expected. A more extensive series of experiments might have more 
success. 


7—-Evidence for Shorter Range Proton Groups 

In a recent paper Crane, Dellsasso, Fowler, and Lauritsen* have 
shown that boron bombarded by deuterons of 530 kv energy becomes 
radioactive with the emission of electrons having a maximum energy of 
11 Mv. They suggest that the reaction occurring is 

U B -f 2 H - 12 B + l H; U B - “C + e".... (8) 

We ought, therefore, to observe this proton group. Assuming that the 
energy release in the radioactive disintegration is given by the maximum 
electron energy, and taking Bethe’sf scale of masses, as revised by our 
more recent data,} we should expect a proton energy of about 3 Mv, 
corresponding to a range of about 14 cm. The intensity of this group, 
from the figures given, should be about 20 times as intense as the 92 cm 
proton group. It should, therefore, from the figures of § 5 be about 
eight times as intense as the 4-5 cm a group. 

The results of one experiment§ in which we counted particles giving 
proton ionization simultaneously with a-particles, are shown in fig. 6. 

* * Phys. Rev.,’ vol. 47, p. 887 (1935). 

t Bethe, ’ Phys. Rev.,’ vol. 47, p. 633 (1935). 

t Cockcroft and Lewis, VI, succeeding paper. 

§ This experiment was carried out with poorer geometry than the experiment of 
§ 3, so that the shape of the curve is different in detail from that of fig. 2. 
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It will be seen that there is no evidence at all for a proton group of the 
required intensity. Impulses of proton size are of course produced by 
fast a-particles before they are slowed down, and the small impulses 
recorded are all required by the a-particles present. The evidence that 
the number of electrons is 20 times the number of 92 cm protons seems 
sufficient to exclude either the 30 or 58 cm group from being responsible. 

It seems questionable, therefore, whether reaction (8) is the correct 
reaction for the production of these high energy electrons. 

8—Evidence for the Stability of 8 Be 

Evidence for the stability of 8 Be can be derived from an accurate 
knowledge of the energy release in reaction (3) and the energy release of 
the boron proton reaction leading to three a-particles. A value for the 
latter can be derived from the following reactions: 

U B + 2 H -* “Be 4 a -f E, E t = 8 -08 ± 0-15 Mv* 

“Be + *H - "Li 4- a + E* E„ = 2-05 ± 0-1 Mv 

"Li 4 2 H -v 2a + E 10 E 10 - 22 -06 ± 0 07 Mvf 

from which we find that 

U B 4 >H = 3a — (2 2 H -- a) + 32-19 ± 0-19 Mv. 

The deuterium molecule helium difference is accurately known from 
Bainbridge’s work and is 23-4 ± 0-2 Mv. 

We find then that 

ll B + 3« 4- 8-8 ±0-27 Mv 

whereas “B + = la + "Be 4- 8-49 ± 0-08 Mv. 

From this we conclude that the mass of "Be should be greater than the 
mass of 2 a-particles by about 0-3 Mv. This conclusion will be modified 
by any error in Bainbridge’s helium-deuteron difference. It is supported 
by Bonner and Brubaker’s determination of the energies of neutrons from 
7 Li 4- a H - "Be + n. 

We wish, in conclusion, to express our appreciation of Lord Ruther¬ 
ford’s constant interest and encouragement in the work. 

Summary 

The disintegration of boron by deuterons of energies between 300 
and 600 kv has been studied. Two homogeneous a-particle groups of 

* Oliphant, Kempton, and Rutherford, * Proc. Roy. Soc.,’ A, vol. 130, p. 241 

(1935). 

t Ibid., vol. 149, p. 406 (1935). 
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range 4-5 and 14-7 cm for deuteron energies of 560 kv have been dis¬ 
covered, these groups being assumed to result from transmutations in 
which 8 Be and ®Be are produced. There are also two continuous dis¬ 
tributions of a-particles which probably result from the break up of the 
nuclear system into three or more particles. The results provide a link 
between the masses of boron and the lighter elements. They also suggest 
that the mass of *Be should be slightly greater than that of 2 a-particles. 


Experiments with High Velocity Positive Ions 

VI—The Disintegration of Carbon, Nitrogen, and Oxygen 

by Deuterons 

By J. D. Cockcroft, Ph.D., Fellow of St. John’s College, Cambridge, 
and W. B. Lewis, Ph.D., Fellow of Gonville and Caius College, 
Cambridge 

(Communicated by Lord Rutherford , O.M., F.R.S.—Received 
December 23, 1935) 

1—The use of transmutation data to establish a “corrected mass 
scale ”* has made it important to measure with higher precision, nuclear 
reaction energies. Using the improved methods described in the pre¬ 
ceding paper we have therefore reinvestigated the disintegration of 
carbon, nitrogen, and oxygen by deuterons. Several new groups of 
particles have been discovered and all the reaction energies determined 
to within about CM million volts. The new results have been used to 
correct Bethe’s mass scale and to check the energy balance in the process 
of positron emission from radio-nitrogen. 

2—The Disintegration of Carbon by Deuterons 

A target of Acheson graphite was bombarded by 2 (iA of deuterons of 
560 kv energy. The geometry of the apparatus was such that disintegra¬ 
tion particles making an angle of 90° ±6° with the direction of the 
incident deuterons could enter the counter. The particles were recorded 

• Oliphant, Kempton, and Rutherford, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 241 
(1935); Bethc, • Phys. Rev.,’ vol. 47, p. 633 (1935). 
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by the double counter described in our paper V and the absorption curve 
of fig. 1 was obtained, showing the curve obtained by the counters biased 
to record a-particles and particles of proton ionization respectively. 

For comparison purposes a target containing deuterium, DP0 3 , was 
mounted in the same apparatus and the range of the 16 cm protons coming 
from the reaction, 2 H + 2 H ■* X H ± 3 H, was measured, the absorption 
curve being shown on the same figure. 

It will be seen that the extrapolated numbers range of the proton group 
from carbon is 13 -9 ± 01 cm giving a mean range of 13-6 ± 0-1 cm, 
and a proton energy of 2-93 Mv. On the assumption advanced in our 
previous paper II* that the reaction is 

«C + 2 H - ia C + m + Ei, (1) 

and taking account of the minimum angle of the disintegration protons 
with the deuteron direction (84°), which gives the fastest particles, we 
find that E x , the kinetic energy release in the reaction, is 2-66 ± 0-02 Mv. 
A series of experiments at different voltages gave the following results 
for Ei: 

Volts kv. 305 360 510 

E.N.R. (cm) .... 12-5 ±0-15 12-8 ±0-15 13-3 ±0-1 

E, (Mv) . 2-68 ± 0-02 2-69 ± 0-02 2-63 ±0 02 

Volts kv.. 555 563 

E.N.R. (cm) .... 13 65 ±0-15 13-93 ±012 
E x (Mv) . 2-61 ±0 02 2-65 ±0-02 

The mean value of Ei from these results is 2 -66 ± 0-06 Mvf. Previous 
figures for this energy have been 2-60 ±0-16 Mv (Cockcroft and 
Walton),J 2-79 Mv (Tuve and Hafstad),§ 2-70 Mv (Lawrence),|| the 
probable errors in the last two determinations not being stated. 

3— Comparison with Protons from D-D Reaction 

The direct comparison of range with the protons from the reaction of 
deuterons on deuterium has been carried out in view of earlier suggestions 

* ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 704 (1934). 

t Throughout this paper, the probable errors given for individual determinations 
arise only from imperfections in the absorption curve. The figure given for the 
probable error of the mean includes possible errors in mica absorption, (2%), energy 
of deuterons 5%, and the assumed ionization curve for a proton. 

t ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 704 (1934). 

§ * Phys. Rev.,’ vol. 48, p. 106 (1935). 

II * Phys. Rev.,’ vol. 44, p. 56 (1933). 
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that the proton group from carbon might be due to a contamination of 
the carbon with deuterium. 

It will be seen that for the same deuteron energy, the extrapolated 
number range for the D-D protons is 16 • 3 ± 0 -1 cm, the large difference 
of 2 -4 cm from the range of the carbon protons providing a conclusive 
proof that the carbon protons are not due to deuterium contamination. 

The energy release in the D-D reaction calculated from the above 
range and making the same geometrical correction as for the carbon 
protons is 3 -96 ±0-06 Mv. The value given by Oliphant, Kempton, 
and Rutherford* is 3-97 ± 0 02 Mv. The large value of the correction 
for the forward angle of 6°, 0-13 Mv stresses the importance of accurate 
definition of geometry in these experiments. 

4—The a-PARTICLE Groups 

The curve of fig. 1 shows in addition to the proton group a weak 
a-particle group having an E.N. range of 2-70 ± 0 05 cm for a deuteron 
energy of 563 kv. The numbers in the a-particle group are about 1 /50th 
of the number of 14 cm protons. 

This a-particle group appears as a contamination group on most 
targets. From a quartz target used in one of our experiments, the group 
was present in about one-tenth the intensity of the numbers from carbon 
but the particles disappeared completely after the target was carefully 
cleaned, a result to be expected if it was due to grease. 

A further test of its attribution to carbon was made by comparing the 
ratio of the number of a-particles to the number of the 14 cm protons for 
carbon and calcite. In both cases the ratio of the areas under the curves 
was about 1 to 50, whilst the absolute numbers from calcite were about 
one-eighth of the number from carbon, the reduction in numbers being 
about that expected from the relative stopping powers of the two 
targets. ' 

We know also that the group does not appear from any of the other 
elements up to and including oxygen, and since the particles can be 
detected for deuteron energies as low as 300 kv it seems extremely un¬ 
likely that they can come from any element of higher atomic number, so 
that we are left with carbon as the only likely source. 

The main difficulty in the assignment of the group to carbon is the 
fixing of the nuclear reaction. If, for example, we assume that it arises 
from the reaction 

**0 + *H -+ l0 B + 4 He + E* E a =5-26Mv, 

* ‘ Proc. Roy. Soc.,’ A, vol. 149, p. 406 (1935). 


(2) 
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■we find a complete disagreement with the reactions (1) and (3)* 

10 B + 4 He -> 13 C + l H + E 3 E s == 3'1 ± 0-3 Mv, (3) 


which require that 

Ei - E 2 - Eg =0. 

(2-66) - (5-26) - (3-1) 

An alternative possibility and one supported by the low intensity of 
the group is that it results from a transmutation of 13 C, whose abundance 
is only about 1 /100th of 12 C. In this case we should expect the reaction 

18 C + *H = u B + 4 He + E 4 E 4 - 511 ± 01 Mv, (4) 

which has to be consistent with the reaction (3) and the reaction (5) 
<Part V). 

10 B + 2 H = U B + *H + E 5 E 5 = 911 ± 01 Mv, (5) 

giving 

Eg + E 4 — E 6 = 0. 

(3-1) (5-11) (911) 

Here the test fails by about 0-9 Mv, a quantity outside the error of 
measurement. We have thought it possible that the discrepancy might 
be explained by the existence of a longer range a-particle group of low 
intensity from the carbon-deuteron reaction. We have accordingly made 
a careful search and can state that a group of the expected range, 4 cm, 
is not present to an intensity of more than 1/200 of the main 2-7 cm 
.group. 

It is possible that there may be some error in the determination of the 
energy release in the a-particle reaction, the main uncertainty being the 
precise energy of the a-particle responsible for the fastest protons and in 
the exact end point for the weak long range proton group. Values as 
high as 3*5 Mv have been obtainedf but it seems unlikely that the error 
can be large enough to account for the whole discrepancy. The assign¬ 
ment of the reaction cannot therefore be regarded as satisfactory and 
further work is required. 

* Miller, Duncanaon, and May, ' Proc. Catnb. Phil. Soc.,’ vol. 30, p. 549 (1934); 
Chadwick, Conatable, and Pollard, 1 Proc. Roy. Soc.,* A, vol. 130, p. 463 (1931). 
t Chadwick, Constable, and Pollard, ‘ Proc. Roy. Soc,,’ A, vol. 130, p. 463 (1931). 
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5—The Energy Balance in the Proton and Positron Reactions. 

The accurate measurement of the kinetic energy release in reaction (1> 
enables an interesting comparison* to be made with the alternative- 
reaction leading to radio-nitrogen. 

12 C + 2 H -+ 13 N + n + E (| (6> 

-> 13 C -f e+ + n + E 6 + E,, (7> 

for comparing this with reaction (1) we find the relation, independent of 
nuclear masses, that 

El - («+«+- H,) = E 6 + E,. 

The term in brackets may be taken as the binding energy of the proton 
and from the most recent work this is about 1*5 Mv. We find then that 

E„ + E, •- 1 -16 ±01 Mv 

should give the sum of the energy releases in the neutron and positron reac¬ 
tions. 

A lower limit to E„ is set by our observation that reaction (6) begins, 
sharply with deuterons of 0-32 Mv energy so that E a > —0*32 Mv. 
We have then E, < 1 - 46 Mv. 

Observations of Alichanow, Alechanian, and Dzepelowf suggest that 
E, — 1 -45 Mv. There is thus quite certainly not sufficient energy to 
give the extension of the upper limit of the positron spectrum to 1 -75 Mv 
as is required by the theory of Uhlenbeck and Konopinski,| and to- 
1 -9 Mv as required by the observations of Kurie.§ 

Direct observations on the energies of the neutrons emitted in reaction 
(6) have been made by Tuve and Hafstad.|| Using 900 kv deuterons they 
give an upper limit to the neutron energy of 1 - 3 Mv, which would require 
that E 6 < 0 • 3 Mv. Observations by Newsonf of the recoiling N“ atoms 
give E a = —0-1 Mv, a value which is rather too high to balance the 
energy. 

A way out of the difficulty would be to assume that in the “C + *H -<• 
ls C + 1 H reaction, the U C nucleus is always left in an excited state, subse¬ 
quently emitting the y-ray of 3-7 Mv energy, which has been observed 

* Tuve and Hafstad. ‘ Phys. Rev.,’ vol. 48, p. 106 (1935). 
f * Z. Physik,’ vol. 93, p. 350 (1935). 
f * Phys. Rev.,’ vol. 48, p. 7 (1935). 

8 ‘ Phys. Rev.,’ vol. 48, p. 167 (1935). 

II ‘ Phys. Rev.,’ vol. 48, p. 106 (1935). 

If ‘ Phys. Rev.,’ vol. 48, p. 795 (1935). 
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in about the correct intensity.* In this case the total energy release in 
the reaction would be increased to about 6 Mv. As will be shown later, 
such an increase in the reaction energy would mean a substantia] change 
in the mass scale and the evidence from mass spectrograph data given 
below seems sufficient to exclude the possibility. This result confirms the 
theoretical argument advanced by Bethef for believing that the W C 
nucleus could not be left excited in every transmutation. 

We must conclude then that if the energy in the two methods of pro¬ 
ducing ,3 C from l2 C is to be balanced, either the upper limit of the positron 
spectrum is lower than that given by Alchanow or the energy release in 
the neutron reaction cannot be greater than our lower limit of — 0*3 Mv. 
An accurate determination of the upper limit of the energy of the 
positrons and of the energy of the neutron are required to settle this 
important question. 

6—The Transmutation of Nitrogen by Deuterons 

The transmutation of nitrogen has been studied using targets of 
aluminium nitride, sodium nitrite, and ammonium chloride. The 
geometrical arrangement of target and recorder was the same as in the 
experiment with carbon and the double counter was used to record 
simultaneously impulses due to a-particles near the end of their range 
and impulses of smaller ionization. Using 10 jxA of deuterons at a 
voltage of 575 kv, the absorption curve of fig. 2 was obtained when 
bombarding an ammonium chloride target. The curve shows the 
presence of the following groups of particles: 

1—A continuous distribution of a-particles extending out to at least 
2-5 cm. 

2, 3—Two well-defined homogeneous groups of a-particles having extra¬ 
polated number ranges of 6-18 ± 0-1 cm and 11-37 ±0-2 cm. 

4, 5—Two groups of protons having E.N. ranges of 14-1 and 16 cm, 
due to contamination by carbon and deuterium respectively. 

A separate experiment using 530 kv deuterons showed the existence of 
two further proton groups having E.N. ranges of 18-3 ±0-3 and 
85-0 ± 1-0 cm. These are shown in the inset figure. 

The apparent proton groups at 6-3 cm and 11-5 cm are due to the 
a-particle groups terminating in those regions. 

* Tuve and Hafttad, ‘ Phya. Rev.,’ vol. 48, p. 106 (1935); Lauritsen and Crane, 

• Phys. Rev.,’ vol. 45, p. 346 (1934). 

t ' Phys. Rev./ vol. 47, p. 633 (1935). 
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7—The (x-Particle Groups 

Groups (2) and (3) correspond to the a-particle groups discovered by 
Lawrence* having ranges of 6-9 cm and 12-7 cm for a deuteron energy of 
1 -4 Mv. They are assumed to come from the reaction 

,4 N + *H “C + "He + E„ E 8 - 13 -22 ± 01 Mv. (8) 

The energy release for the long range group has been calculated assuming 
a minimum angle of 84° between a-particles and deuteron directions. 
Two experiments gave 13-23 Mv and 13-21 Mv respectively. The mean 
kinetic energy release corresponding to the shorter range group is 
8-93 ±0-03 Mv. 

Lawrence’s values for these reaction energies were 13-7 and 9-0 Mv, 
the probable errors not being stated. These values appear to have been 
calculated without correcting for the forward angle of the particles and 
we understand from Professor Lawrence that if these corrections are 
made, the value of 13-2 db 0-1 Mv is obtained for E„. In addition to 
these two groups Lawrence reported an intermediate a-particle group of 
range 7-8 cm, the intensity being about one-eighth of the 6-9 cm group. 
It will be seen that no evidence for such a group appears in our curve and 
separate experiments show that its intensity at our voltages cannot 
exceed 1/150th of the 6 cm group. It is possible, of course, that this 
group has a different excitation function from the other groups. 

8—The Long Range Proton Groups 

The proton groups having ranges of 18-3 and 85-0 cm correspond to 
Lawrence’s proton groups of 24 and 85 cm, obtained with 1-25 Mv 
deuterons, the reaction assumed being 

I4 N+*H- I6 N + 1 H + E 9 8-53 ±0-1 Mv. (9) 

The kinetic energy releases, E # , calculated from the mean of four experi¬ 
ments are 3-25 ± 0-07 Mv, and 8-53 ± 0-1 Mv. Lawrence gives these 
reaction energies as 3 - 3 and 8 -0 Mv, his long range being almost exactly 
the same as ours in spite of higher deuteron energy. We have verified 
that in our experiments the range increases with voltage so that the group 
does not behave anomalously in this respect. 

9—The Continuous Distribution of a-PARTicLEs 

The section of the absorption curve between 1 -4 and 2-6 cm cannot 
be due to a homogeneous group of particles as can be seen by comparing 


• * Phys. Rev.,’ vol. 471, p. 274 (1935). 
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the slope of this portion of the curve with that on the high velocity side 
of the 6 cm group. Further confirmation is obtained from a com¬ 
parison of this curve with those for the 1 - 6 cm a-particles from oxygen, 
and the 2-7 cm a-particles from carbon shown together in fig. 3. The 
curve must therefore represent either a continuous distribution extending 



Fig. 3—• a-particles from quartz; x a-particles from nitrogen; o a-particles from 

carbon. 

out to an energy of at least 3'2 Mv, or possibly a number of closely 
spaced groups. 

A continuous distribution could result from a break-up of the excited 
M 0 nucleus into three or more particles, a break-up which can occur in 
several ways. A division into four a-particles, or into two a-particles 
and a 8 Be nucleus would release about 7-6 Mv of energy; and is therefore 
a possible explanation of the observed a-particles. Any other com- 
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bination of particles would seem to release less than the required amount 
of energy. 

10 —The Connexion of *-Particles and Proton Levels with 

y-Rays 

Crane and Lauritsen* have observed the emission of y-rays from nitrogen 
bombarded by 900 kv deuterons and by observations on the Compton 
recoil tracks in a Wilson chamber have estimated that y-ray lines of 1 -9, 
31, 4-1, 5-3, and 7-0 Mv are emitted. 

Our figures for the energy differences between the two a-pardcle groups 
and the two proton groups are 4-30 ± 0 07 Mv and 5-28 ± 0-13 Mv 
respectively. On the other hand Crane and Lauristen state that owing 
to the proton groups being only T V the intensity of the a-particle groups 
(in our experiments the 19 cm proton group was 1/4 to 1/3 the intensity 
of the 6 cm a-particle group) the observed lines cannot result from the 
proton transmutations and they suggest that there must be a-particle 
.groups of shorter range than those observed by Lawrence. It will be 
seen, however, that such groups are not evident at our voltages and that 
only two of these lines could be accounted for. More definite data 
seem to be required to settle with certainty the existence of these y-ray 
groups. 

11 —Agreement with other Reactions 

Unfortunately it is not possible to check the nitrogen reaction energies 
E 8 and E # by comparison with a third a-particle reaction energy since the 
a-particle transmutation 12 C — 1S N would absorb too much energy to 
be possible. We can, however, compare reaction (8) with the following 
two reactions :f 

14 N + 'n - U B + 4 He + Ej 0 Ej 0 0*51 Mv, (10) 

U B + a H -> “C + ] « + E u E n = 13 Mv. (11) 

For consistency we should have 

Eg Ejq J-n ~ 

(13-22)-(0-5)-(13) 

a condition which is satisfied within the experimental error. 

* * Phys. Rev.,’ vol. 48, p. 100 (1935). 

t Chadwick and Goldhaber, * Proc. Camb. Phil. Soc.,’ vol. 31, p. 612 (1935); 
Lauritsen, ‘ Phys. Rev.,’ vol. 48, p. 102 (1935). 
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Bonner and Brubaker* have, on the other hand, recently determined E* 
as 2-31 ± 0-35 Mv, so that reaction (10) cannot be considered to 
be definitely established. 

12 —The Transmutation of Oxygen by Deuterons 

The transmutation of oxygen has been studied using targets of quartz 
and HPO a , with the same geometry as in the previous experiments. 
Fig. 4 shows the absorption curve obtained for the particles emitted 
from a quartz target using 2 (xA of 575 kv deuterons. It will be seen 
that there are present three groups of protons having E.N. ranges of 
14 5, 9-23 ± 0 07, and 4-56 ± 01 cm, and one a-particle group having 
a range of 1 57 ± 0 05 cm. The small number of a-particle counts 
beyond this range are due to the superposition of protons. The intensity 
of the 14 * 5 cm group varies enormously with the cleanliness of the surface, 
and is certainly due to carbon. The other two proton groups are those 
reported previouslyf as appearing from oxidized tungsten and having 
ranges of 8 ± 1 and 4 cm at deuteron energies of 500 kv, the reaction 
assumed being 

18 0 + *H - l7 0 + 'H + E,„ E„ - 1 -91 ± 0 05 Mv. (12) 

Four determinations of the energy release for the long range group gave 
1-92, 1-89, 1-93, and 1 -91 Mv respectively for voltages ranging from 
425 to 575 kv, whilst the mean kinetic energy release for the short range 
group was 1 -03 ± 0-03 Mv. 

The a-particle group was also observed in the original experiments with 
oxidized tungsten, the range being given as 2 ± 0-5 cmj and the reaction 
being assumed to be 

19 0 + *H -*• U N + ‘He + E 18 E 1S == 2-95 ± 0-04 Mv (13> 

the energy release given being the mean of four determinations. 

To these reactions we may apply the test of consistency, combining 
them with the reaction,§ 

14 N + *He -* 17 0 + m + E 14 E 14 - - 1 -26 Mv, (14> 

to require that 

Eis — E 1S + E 14 — 0. 

1-91 - 2-95 + 1-26 

• ' Phys. Rev.,’ vol. 48, p. 469 (1935). 

t Cockcroft and Walton, * Proc. Roy. Soc.,’ A, vol. 144, p. 704 (1934). 

t Cockcroft, ‘ Int. Congr. Phys. Lond.,’ 1934. 

I Haxel, ‘ Z. Physik,’ vol. 93, p. 400 (1935). 
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Absorber cm air equivalent 
Fig. 4 — Deuteron energy 575 kv. 
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It will be seen that there is a small discrepancy of the order of 0-2 Mv, 
which is probably within the experimental error. 

13—The Excitation Functions of the Reactions 

We have not yet attempted to obtain accurate figures for the excitation 
functions of the different reactions, since voltage changes result in a 
variation of the focus of our ion beam which, without special control 
investigations, may lead to error. 

We have, however, made rough measurements on the excitation 
function of the short range proton group from quartz since it is of some 
importance to link up our results with those of workers at lower voltages 
in view of the importance of oxygen as a contamination. These results 


are given in Table 1. 

Table 1 

Voltage . 600 500 400 300 230 

Relative number of dis¬ 
integrations . 10 025 0 05 0 009 0-0008 


We have also investigated the relative numbers in the short and long 
range proton groups for varying voltages, and find that this is not con¬ 
stant, the ratio changing from <0-2 for voltages below 450 kv to 0-5 for 
voltages of the order of 600 kv. We hope to study this question more 
carefully at a later date. 

14—The Disintegration Yields 

We give in Table II rough comparative figures for the number of 
deuterons required to produce a disintegration of the different elements at 
a voltage of 550 ± 25 kv. The figures are calculated for a thick target 
consisting of one isotope only. 

The yield for the oxygen transmutations is surprisingly high compared 
with elements of lower atomic number. The yield of the reaction pro¬ 
ducing radio-oxygen was obtained by a direct comparison of the number 
of positrons emitted from a nitrogen target with the number of long range 
protons, and is a lower limit since some of the radio-oxygen might have 
been driven from the target by bombardment. 

15—The Possibility of “ Reverse Reactions” Leading to 
Deuteron Emission 

The emission of the isotopes of hydrogen ®H and *H has already been 
observed in certain nuclear reactions, but so far no evidence has been 
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obtained for their emission in reactions resulting from a-particle bombard¬ 
ment, although the possibility of such reactions has been suggested by 
Perrin* and by Pollardf on the basis of nuclear masses. More definite 
support for the existence of such reactions should be provided by experi¬ 
ments in which deuteron bombardment leads to a-particle emission, for 
such reactions should be reversible provided energy conditions can be 
satisfied. Table III gives the reverse reactions to those we have studied, 
and the deuteron ranges which ought to be observed. 


Table 11 


Reaction 

“B + a H - "Be -f ‘He 
10 B -( a H -* n B + *H 
**C 4- ! H - 13 C | l H 
“N 4- *H -* U C + ‘He 
U N + ‘H “N r ‘H 
“N + *H - “O {- ‘n 
“O 4- a H -» "O + ‘H 
"O 4 a H -+ ,4 N ) ‘He 


Number of deuterons 
required to produce one 
disintegration 
6 0 x 10* 

1-5 x 10* 

3 0 x 10* 

1-9 x 10* 

4-5 x 10* 

<4 -5 x 10* 

1 0 X 10* 

<3 0 x 10* 


Table III 





Deuteron energy 

Deuteron energy 

Reaction 

Energy 

a-particle 

and range at 90° 

and range at 0° 


release 

energy 

✓-"" 

-V 

/". 

-^ 


Mv 

Mv 

Energy 

Range 

Energy 

Range 




Mv 

cm 

Mv 

cm 

•Be + ‘He -» U B 4- a H 

— 8*08 

8 

— 

— 

— 

— 

U B 4- ‘He -* “C 4- *H 

— 5*11 

8 

0*36 

0*24 

1*79 

4-5 

ia C 4- ‘He ->• “N 4- ‘H 

— 13*22 

8 

— 

— 

— 

— 

“N 4- ‘He - w O 4- *H 

- 2*95 

8 

2*7 

7*5 

4*6 

18 



5*3 

0*9 

M2 

J *9 

4*7 


It will be seen that only the nitrogen disintegration should lead to 
detectable deuterons. Of the experiments which have been carried out, 
Haxeli using 7-8 cm a-particles did not carry his experiments to low 
enough absorbers to observe the expected deuterons. Pollardf working 
with polonium *-particles has made observations in the forward direction 
down to absorbers of 3 cm, and found a proton group of range 6 -6 cm 

* ‘ C.R. Acad. Sci. Paris,’ vol. 194, p. 2211 (1932). 
t * Phys. Rev.,’ vol. 47, p. 600 (1935). 
t * Z. Physik,’ vol. 93, p. 400 (1935). 
fi ‘ Phys. Rev.,’ vol. 47, p. 600 (1935). 

T 2 
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due to resonance with 3-4 Mv a-particles, but was unable to find a 
shorter range group. 

Dr. Peierls has pointed out to us that the ratio of the probability 
of a reaction leading to deuteron emission to the probability <f> a of the 
reverse process leading to a-particle emission is given by purely thermo¬ 
dynamical arguments as 

jAn_ Mjj E n (2/p ~j- 1) 

fa ~ M«E*(2y o + 1) T ’ 

where E„ and E a are the energies of deuteron and a-particle in a system 
in which the centre of gravity is at rest; j D and j a are the angular momenta 
(in units h/ln) of the nucleus remaining after the emission of deuteron 
or a-particle; y is 1 or 2 according to whether any deuteron or only those 
with a certain direction of spin relative to the nucleus can be captured. 

We find then, that the chance of an 8 Mv a-particle disintegrating 
nitrogen with emission of a deuteron is of the order of yLth of the reverse 
probability of a 4-6 Mv deuteron disintegrating oxygen with a-particle 
emission. This chance can only be estimated from our data by using a 
Gamow function to give the disintegration cross-section fa at a deuteron 
energy of 2 - 9 Mv. Making this assumption we find that the cross-section 
for deuteron emission should be of the same order as that observed by 
Haxel for proton emission. 

16—Disintegration Data and the Mass Scale 

If disintegration data are to be used to establish the mass scale* it is 
essential that they should satisfy the tests of consistency such as we have 
applied, whenever a closed chain of reactions is available. In general it 
appears that reactions involving neutrons are not so reliable from this 
point of view, but that most proton or deuteron reactions leading to 
a-particle or proton emission satisfy such tests within the experimental 
error. It seems therefore worth while in the light of our work to review 
the chain of reactions used recently to revise the mass scale. These 
reactions are as follows: 

l9 0 + a H - 14 N + 4 He + 2-95 ± 0-04 Mv 

U N + *H U C + 4 He + 13-22 ±0-1 Mv 

“C + *H - 1S C + *H + 2-66 ± 0-06 Mv-f 4 Mv (?) 

* Oliphant, Kempson, and Rutherford, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 241 (1935); 
Bethe, ‘ Phys. Rev.,’ vol. 47, p. 633 (1935). 
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Last term added if y-ray energy additional. 

13 C + 2 H ► U B + 4 He + 511 ± 01 Mv (4) 

U B + J H -+ 3 4 He + 8-8 ± 0-2 Mv (15) 

from which 

w O = 6 4 He - 4 2 H + 32-74 ± 0-6 Mv + 4 Mv(?). (16) 


The value of the energy release in reaction (15) is that derived in the 
preceding paper using transmutation data and Bainbridge’s value for 
the mass difference (2 2 H -- He) of 23-4 ±0-2 Mv. 

The same value of the mass difference (2 2 H — He) is then used as in 
Bethe’s work to substitute in (16) and thus find the mass of helium in 
terms of oxygen, so that 

4 4 He =* w O + 0 0151 ± 0 0007 -0 004 (?) 

4 He = 4-00377 ± 0 00017 -0 001 (?). 

An uncertainty in the y-ray process in the 12 C — 13 C reaction would leave 
the helium mass uncertain to 0-001 m.u. In addition to this, a possible 
error arises from the uncertainty in reaction (4), Our value for helium 
differs from that of 4 -00336 adopted by Bethe owing mainly to our more 
accurate value for the energy release in the 14 N — 12 C reaction and to our 
use of reaction (4). We give Table IV showing Bethe’s and Oliphant’s 
masses and our values for the masses using the revised data. 

Any one of these scales of masses satisfies the requirements of nuclear 
reactions between elements lighter than carbon. Scale 1 gives a too 
low mass for ia C to fit the reactions (8) and (13) connecting carbon to 
oxygen. Additional evidence which helps to decide between scales 3 
and 4 is obtained from Lauritsen’s* reaction 

U B + *H -. l2 C + Av 

in which from observations of electron and positron pairs produced he 
concluded that y-radiation of 14-5 Mv energy was emitted. As shown 
in Table IV this observation in itself would be sufficient to eliminate 
scale 4. 

We can also compare in Table IV Aston’s recent values for the mass 

differences ~ — 3*H, and ‘*C?H 4 — w O with the values given by these 

different scales. This evidence seems to decide conclusively against 

scale 4. 
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Table IV 







Amended 

Value if y-ray 


Oliphant 

Be the 

values 

energy additive 


1 

2 

3 

4 


«N 


15*0053 

15*0046 

15*0049 


W N 


14*0076 

14*0075 

14*0080 


t#C 


13*0069 

13*0075 

13*0042 


ia C 

120026 

12*0037 

12*0040 

12*0050 


U B 

110110 

11*0111 

11*0126 

11*0098 



100143 

10*0146 

10*0161 

10*0136 


»Be 

90138 

9*0135 

9*0146 

9*0123 


7 Li 

7*0170 

7*0169 

7*0176 

7*0158 


«Li 

60163 

6*0161 

6*0168 

6*0153 


4 He 

4*0034 

4*00336 

4*00377 

4*00277 


a H 

2*0142 

2*0142 

2*01445 

2*0139 


'H 

1*0081 

1 0081 

1*0082 

1*00795 


n 

1*0083 

1*0085 

1*0087 

1*00845 

Observed 

Mass PC _ 

0 0413 

0*0408 

0*0413 

0*0392 

0*0423 

spectrograph * 2 






brackets PC l H 4 - ls O 

0*0350 

0*0361 

0*0368 

0*0368 

0*0360 

J1 B -f- - 1S C 

0*0165 

0*0165 

0*0167 

0*0126 

>0*01555 



Summary 





The disintegration of carbon, nitrogen, and oxygen by deuterons has 
been studied. A new a-particle group from carbon has been discovered 
which probably arises from a transmutation of 1S C to U B, although the 
energy balance with other reactions is not satisfactory. The energy 
release in the transmutation of 18 C to “C- with proton emission has been- 
determined as 2 66 ±0 06 Mv, and compared with the energy release 
in the alternative transmutation in which a positron and a neutron are 
emitted. It appears that the energy balance of the two branches can 
only be satisfied if the values given by other workers for positron or 
neutron energies are reduced. 

The energies of the two proton groups and of two of the a*particle 
groups resulting from the transmutation of 14 N to 16 N and “C respectively 
have been measured and values for the energy release of 8*53 Mv and 
13-22 Mv obtained, which differ appreciably from figures published by 
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other workers. A study of the transmutation of ia O to M N shows that 
the energy release is 2-95 Mv, a figure in good agreement with other 
reactions. 

These more accurate figures for reaction energies require a slight 
amendment of Bethe and Oliphant’s new mass scale. The chief rem aining 
uncertainty in the scale results from the uncertainty in the reaction 
connecting carbon to boron. 


The Disintegration of Boron into Three a-Particles 

By P. I. Dee, M.A., Sidney Sussex College, and C. W. Gilbert, M.A., 

Jesus College, Cambridge 

(Communicated by Lord Rutherford, O.M., F.R.S.—Received February 7, 

1936) 

[Plates 5-6] 

1—Introduction 

The first experiments upon the disintegration of boron under proton 
bombardment were made by Cockcroft and Walton* who reported the 
emission of a-particles of range about 3-5 cm. Their subsequent 
researches.t together with those of Oliphant and Rutherford^ and of 
Kirchner,§ proved that the products of this bombardment, unlike those 
of practically all other transmutation experiments, were not homo¬ 
geneous in energy, but consisted of a continuous distribution of oi-particles 
with a maximum range of 4-7 cm. The most natural assumption which 
could be made to interpret these results was that the boron nucleus 
disintegrated in the manner 

"B + lH - *He -I- jHe + jHe (1) 

this transmutation differing from the usual type in that three instead of 
two particles were emitted. It was natural to anticipate that the detailed 

• ‘ Proc. Roy. Soc.,* A, vol. 137, p. 229 (1932). 
t ‘ Nature,’ vol. 131, p. 23 (1933). 
t ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 259 (1933). 

§ ’ Naturwiss.,’ voL 21, p. 250 (1933). 
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study of a nuclear disintegration into three particles would present great 
difficulties both in experimental investigation and in the theoretical 
interpretation of the results. A satisfactory value for the energy liberated 
in this process could not be derived from the experimental data until 
quite recently, while even the main features of the distribution of energy 
among the products have not yet been explained. For a long time the 
only satisfactory experimental evidence that the disintegration was in the 
manner postulated lay in the observed inhomogeneity of the products. 
Much of our work, therefore, has been to obtain direct verification of this 
hypothesis. 

The mechanism of disintegration of a nucleus into three particles is 
a problem of which practically nothing is known and it was hoped that a 
systematic study of the cloud track photographs of such a process might 
lead to interesting results. 

The distribution in energy of the a-particles emitted in this process 
showed a pronounced maximum corresponding to a particle range in 
the neighbourhood of 2 4 cm, and the usual assumption which was made 
to explain this fact was that this range corresponded to a favoured mode 
of disintegration in which the three particles were emitted at angles of 
120°, relatively to each other. * On this hypothesis the total energy 
liberated in the reaction was 11-7 x 10® e-volts, in excellent accord with 
the value 11*6 x 10® e-volts which was to be expected from the scale of 
nuclear masses in use at that time. Still further support for this view 
of the process appeared in the discovery by Kirchner of an additional 
small homogeneous group of particles of range 4*4 cm at the tail of the 
continuous distribution. Although Kirchner suggested that they were 
produced in the process 

”B + lH - tBe + *He (2) 

it seemed possible that the other symmetrical mode of disintegration 
into three a-particles (emission of two particles in opposite directions, 
the third receiving zero energy) might explain such a group. On this 
view the energy balance in the process of disintegration into three particles 
would be again 11*6 x 10® e-volts. The first suggestion that this 
apparently satisfactory picture might be quite erroneous was implied in 
a calculation of the energy balance, by Oliphant and Rutherford,f from 
the end point of the continuous distribution of a-particles. While 

•Kirchner, *Naturwiss.,’ vol. 21, p. 473 (1933); Report of ‘Int. Conf. Phys., 
Lond.’ (October, 1934). 

t Oliphant and Rutherford, * Proc. Roy. Soc.,’ A, vol. 141, p. 259 (1935). 
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supporting the assumption of favoured symmetrical types of disintegra¬ 
tion they pointed out that the particles of maximum energy might 
naturally be expected to correspond to the case in which one a-particle 
was emitted in a direction opposite to that of the other two a-particles. 
On this view, using their experimental value for the maximum energy of 
the particles, the total energy released in the process would be the much 
lower value 8-9 x 10 n e-volts. A possible explanation of this difficulty 
was made by Lauritsen and Crane,* who suggested that it might be 
impossible foi two particles to escape with zero relative energy. Thus the 
balance of evidence lay with the view that the energy balance in the 
process was 11-6 x 10" e-volts and that the most probable range of 2-4 
cm corresponded to the particles being emitted at 120° with each other, 
this mode of disintegration being a favoured type. In support of this 
view Kirchner published a cloud track photograph showing three tracks 
at 120°, and stated that when only two tracks were obtained on a photo¬ 
graph they frequently lay at 120° with each other. 

Early expansion chamber experiments by Walton and one of usf failed 
completely to repeat the results of Kirchner. Cases of three tracks passing 
through a point and lying in a plane were frequently obtained but no 
satisfactory balance of momentum of the particles could be made. 
Kirchner does not state whether this test had been applied to his photo¬ 
graph. We therefore decided to make further experiments upon this 
problem in order to decide between the two different values for the total 
energy release. This work, in conjunction with that done at the same 
time by Oliphant, Kempton, and Rutherford} has shown that the higher 
value for the energy release must be incorrect, and that the association 
of the most probable range of 2-4 cm with the symmetrical (120°) mode • 
of disintegration is quite untenable. This latter type of disintegration 
has a very small relative probability of occurrence. 

2— The Early Cloud Track Experiments 

(a) The first experiments, which we made upon this problem, were to 
test whether the small homogeneous group of particles of range 4-4 cm 
could be attributed to the emission of two a-particles in opposite directions, 
the third having zero energy. 

A film of borax of 4 0 mm air equivalent was bombarded in vacuo by 
artificially accelerated protons and the cloud tracks of the emitted 

* ‘ Phys. Rev.,' vol. 45, p. 493 (April 1, 1934). 

t Dee and Walton, ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 733 (1933). 

} * Proc. Roy. Soc.,’ A, vol. 150, p. 241 (1935). 
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particles were photographed in the manner described in earlier papers.* 
The target was surrounded by mica windows of 2-50 cm air equivalent, 
through which the products of disintegration passed into the expansion 
chamber. A mixture of helium and oxygen was used in the chamber so 
that the particles of the group under investigation had a range in the gas 
of 7 cm. 

On 150 stereoscopic pairs of photographs taken under these conditions 
the number of opposite pairs of 4-4 cm tracks was no greater than could 
be attributed to chance. The most likely explanation of this group of 
particles is therefore that originally advanced by Kirchner and Neuertf 
(equation (2)). No support for the early views of the three particle dis¬ 
integration could therefore be drawn from the existence of this group. 

(b) The second group of experiments was made with the object of 
obtaining direct evidence of the disintegration of boron into three particles. 
It was to be expected that any photograph showing the simultaneous 
emission in one plane of three particles from a point, with mutual con¬ 
servation of momentum, would give definite proof that the process (1) 
was taking place and also a value for the energy released in the reaction. 

All our previous experiments on the photography of opposite pairs of 
tracks of particles produced in experiments upon artificial disintegration 
had shown that the method of bombarding, in vacuo, a target surrounded 
by windows was most unsatisfactory when the ranges of the products 
were small. The thin windows needed in such cases must be supported 
upon grids of fine mesh and the probability of any particle entering the 
chamber is correspondingly reduced. This difficulty is of still greater 
importance when it is desired to register simultaneously three particles. 
We therefore decided to use the method which had proved successful 
in the investigation of the short range products from lithium under 
proton bombardment.f In this method the beam of artificially acceler¬ 
ated protons passed through a thin mica window into the expansion 
chamber, where it fell upon the “ boron ” target from which any emitted 
particles have unimpeded access to the gas of the chamber. The mica 
window had an air equivalent of 2 • 5 mm, and was supported upon the 
bottom end of a cylindrical tube of 1 cm internal diameter down which 
the protons passed. The end of this tube was pierced with about 50 
holes, each 0-33 mm in diameter. The target was of pyrex glass with an 
air equivalent 1 -2 mm. The target had to be made as thin as possible 
since at least one of the three particles from each disintegration must pass 

* Dee, ‘ Proc. Roy. Soc.,’ A, vol. 148, p. 623 (1935). 

t ‘ Phys. Z.,’ vol. 34, p. 878 (1933). 
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through it. Even under these conditions the probability of detecting all 
three particles emitted in a single nuclear disintegration is only 0 03, 
this ratio being determined by the solid angle subtended by the useful 
part of the chamber at the target. This probability is reduced still 
further if modes of disintegration occur in which all three particles have 
not the same energy, since with change of the angles from the 120° case 
the energy of one particle rapidly becomes too small to enable it to emerge 
beyond the beam of scattered protons. The conditions of operation 
required to give reasonably good tracks of particles in the neighbourhood 
of the intense ionization due to the beam are critical, but the great advantage 
of elimination of the window system made this method essential. The 
gas used was a mixture of helium and oxygen in such proportions that the 
longest tracks reached the walls of the chamber. Under these conditions 
400 pairs of photographs were taken with an average of 5 tracks per 
exposure. The plates were replaced in the cameras and the tracks re¬ 
projected in space by a method which will be described elsewhere. If the 
sole mechanism of disintegration had been into three particles of about 
equal energy we should have obtained on this run the complete record 
of about 200 three particle disintegrations. We obtained 25 cases in 
which, within the errors of measurement, three tracks passed through 
a point and lay in a plane. To test whether these 25 could definitely be 
attributed to disintegration of single nuclei into three particles the ranges 
of the tracks and angles between them were measured. From the con¬ 
servation of momentum alone it follows that if A, B, C are the energies 
/\ /\ /\ 

of the three particles, AB, BC, CA, the angles, then 

•v/(A)/sin BC \/(B)/sin CA --- y/Cj sin AB, 

and hence these ratios, which may be determined for any set of three 
tracks, should be constant. In all but three cases these ratios exhibited 
differences far beyond experimental error. The total energy release in 
the three cases which roughly satisfied this test, varied from 9 to 12 x 10* 
e-volts. The view that the most probable range of 2-4 cm was to be 
associated with the symmetrical (120°) mode of disintegration could no 
longer be maintained, since the successful verification of this theory could 
hardly have failed in these experiments, had it been correct. The apparent 
triads of tracks lying in a plane and passing through a point have to be 
explained by the chance coincidence of the points of origin of particles 
emerging from different nuclei in the target. The importance of making 
the test of conservation of momentum is also apparent from these results. 
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3— Recent Experiments 

Shortly after we had reached the above conclusion the distribution in 
energy among the products of this transmutation was studied with greater 
accuracy by Oliphant, Kempton, and Rutherford.* They found, in 
agreement with Kirchner, that there was a pronounced peak in the dis¬ 
tribution curve at the range 2-4 cm (a-particle energy = 3-9 x 10® 
e-volts), and confirmed his conclusion that the form of the curve was not 
symmetrical about this energy (see fig. 3). In view of the difficulty of 
interpretation of the particles of maximum energy they derived the 
energy balance in the process from an integration of the distribution curve. 
Assuming that the whole of energy released in the process appeared 
as kinetic energy of three a-particles they found that, whatever the mode 
of disintegration, this total energy release had the value 8-5 ± 0-6 x 10® 
e-volts, the rather wide limits of error being set by the necessary extra¬ 
polation of their curve over the region of low energy where, on account of 
experimental difficulties, no particles could be counted. This value was 
shown to be in reasonable agreement with that expected from the new 
scale of nuclear masses. It is clear from the form of their distribution 
curve that the relative probability of disintegration into three particles 
at 120°, which is proportional to the area under their curve in the region 
of 8-5/3 —2-8 x 10® e-volts, must be very small. In this mode of 
disintegration, with the new value for the total energy release, the common 
range of the three particles would be only 1 -6 cm, and hence grave doubt 
is thrown upon the validity of the photograph obtained by Kirchner, 
where windows of 1 cm stopping power surrounded the target. It was 
therefore important to attempt to discover some mechanism of dis¬ 
integration which would lead to a curve of the observed type. For 
theoretical reasons explained in § 6 it appeared to us that the most 
obvious explanation of the distribution curve was that in each disintegra¬ 
tion into three particles one of the emitted particles had a range of 2 - 4 cm. 
Apart from this theoretical expectation, it was a necessary consequence of 
their results and interpretation that this should at least be true in most 
of the disintegrations. Now if, in general, one particle has an energy 
3-9 x 10® e-volts, and if the value 8-5 x 10* e-volts for the total energy 
release is correct, then the other two particles from the same disintegration 
must have together an energy not greater than 4-6 x 10® e-volts, and 
hence in nearly every case one particle must have an energy not greater 
than 2-3 x 10* e-volts or a range not greater than 1-3 cm. It similarly 


* * Proc. Roy. Soc.,’ A, vol. 150, p. 241 (1935). 
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follows that in general the range of one of the particles would be much 
less than this. This result explains our consistent failure to obtain 
photographs of the tracks of all three particles resulting from a single 
nuclear disintegration. The detection of the particle of short range 
would normally be impossible when windows surrounded the target, 
and even in the method where the target was bombarded in the expansion 
chamber the short track would be obscured by scattering of the protons 
from the bombarding beam. The possibility of detecting all three 
particles emitted in a disintegration was therefore very remote, and it was 
necessary to devise a new method to study this process. 

Our simplifying hypothesis that in every case one of the three particles 
had a range 2-4 cm admitted of a ready test. For example, if a track of 
length 2-7 cm is observed in the chamber, then it follows from the con¬ 
servation of energy and momentum that the 2-4 cm track belonging to 
the same disintegration must lie at an angle of about 160° with the first 
track. The third track would have a length of 4 mm and would not be 
observed, but the 2 4 cm track should be readily detectable at the correct 
angle. It is clear that this hypothesis is most easily tested if one chooses 
as reference tracks only those of length >2-7 cm, since then the corre¬ 
sponding 2-4 cm track in each case must lie at a known angle between 
160° and 180° with the first. For these large angles there is negligible 
probability of the 2-4 cm track being lost by passing steeply out of the 
useful part of the chamber. In this manner it was shown that a track of 
range approximately 2-4 cm lay at the calculated angle in three times as 
many cases as could be attributed to chance. The expectation of chance 
agreements was large owing to the wide error limits given by Oliphant, 
Kempton, and Rutherford for the total energy release, since this made 
impossible a precise calculation of the angle at which the 2-4 cm track 
should lie. The view that in every disintegration one particle has a 
range of 2-4 cm cannot be maintained since in these experiments there 
were many cases in which the 2-4 cm track was not present at the required 
angle, but strong support was obtained for the view that in the majority 
of disintegrations one particle had a range of about this amount. 

Our final attack upon this problem was a development of the method of 
investigating the three particle emission by observations upon two of the 
products of disintegration. Now the general type of photograph obtained 
is one upon which there are several tracks and some further data is 
required in order to be certain which pairs of tracks originate in the same 
nuclear process. This additional information must be sufficiently 
selective in character to make improbable the selection of pairs of tracks 
which may result from disintegration of neighbouring nuclei in the target. 
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The method chosen was to make a precise measurement of the position 
of the point of origin of each track upon the target. In this manner the 
coincidence, within a certain small distance of one another, of the points 
of origin of tracks, could be used as a criterion for the production of 
those particles in the same nuclear process. It is important to notice 
that, providing that it is known that two observed tracks result from a 
single nuclear disintegration, the lengths of the two tracks and the angle 
between them are sufficient for the calculation of the range and direction 
of the third (unobserved) particle, and hence also of the total energy of 
the three particles. The only assumption made in order to do this is 
that momentum is conserved in the process. If the values of this total 
energy release are identical for a number of such pairs, proof is thereby 
obtained that the boron nucleus is disintegrated into three a-particles, 
and that there is no loss of energy in any other process. We attempted at 
first to determine the points of origin upon the target by spacial repro¬ 
jection of the tracks, but this was found to be both tedious and inaccurate. 
A better solution was found by arranging the plane of the target to be 
coincident with the plane containing the camera axes. In this way a 
flat target appeared as a line upon the photographic plate. By placing 
a transparent scale along this line, in contact with the gelatin of the plate, 
and viewing with a lens a fine hair which could be laid along each track, 
the points of origin could be rapidly and accurately determined. A 
measurement of the accuracy of the method showed that for photographs 
upon which were less than 10 tracks present the number of chance coinci¬ 
dences should be fewer than the number of pairs originating in single 
nuclear processes. Further elimination of chance coincidences could 
often be made from the appearance of the age of the tracks. The 
calculation of the total energy for pairs which are due to chance might 
then give any value up to 24 x 10 6 e-volts for the case in which two of 
the fastest particles were emitted in the same direction, whilst the pairs of 
tracks which originated in the same nucleus would be expected to give 
the same result for these calculated energy values. 

Three hundred pairs of photographs were obtained under these con¬ 
ditions. Different values of the stopping power of the gas in the chamber 
were chosen to investigate different parts of the energy distribution. 

4—Results of Recent Experiments 

By the method described in § 3, 79 pairs of tracks were obtained which 
satisfied the experimental tests which were applied to eliminate chance 
pairs. For each of these pairs the energy of a third a-particle required 
to conserve momentum has been calculated and the 79 values of the sum 
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of the energies of the three particles are shown in fig. 1. The peak in the 
neighbourhood of 9 x 10 6 e-volts gives a direct proof that the boron 
nucleus disintegrates into three a-particles with about this value for the 
total energy release. The other values of the energy release must be 
attributed to pairs of particles which came from approximately the same 
point of the target, but in fact originated in different nuclei. 

The spread of energy 1 - 5 x 10 a e-volts) of the points under the 
main peak is due to experimental error and is discussed in § 5. For 40 
of the 56 values of the energy release which can reasonably be attributed 
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Fig. 1—Distribution of the observed energy releases. 


to real cases of disintegration of boron nuclei into three particles, the 
calculated range of the third particle was < 9 mm. The range of the 
scattered protons was in general about 7 mm, so that in these cases the 
■detection of the third particle could hardly be expected. Of the remaining 
16 cases, on 8 occasions the inclination of the plane of the disintegration 
to the horizontal was so steep that the third track could not have been 
detected. In six of the remaining eight cases the third track was observed 
within 3° of the calculated angle, although in four of these the track passed 
out of the region of illumination, its range up to the point of disappearance 
being less than the calculated range. In two of the remaining four the 
third track was completely recorded. The results for these two dis¬ 
integrations were: 

No. 194. Track A = 2-90 cm, track B = 2 00 cm, angle Xk = 155° 
calculated range of track C, 0 • 5 mm t 
observed range oftrack C, 0-6 mm i ’ 
calculated angle BC, 87° t 
observed angle I&, 90°' ’ 
total energy release, 8-7 x 10* e-volts. 
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This is typical of the usual case of disintegration in that one of the 
particles has a small range. The short track in this case happened to 
occur in a direction in which there are relatively few scattered protons. 
Fig. 6, Plate 5. 

No. 50 Track A = 1-97 cm, track C — 1-56 cm, angle Ac = 122° 
calculated range of track B, 1 -60 cm) 

observed range of track B, 1 -63 cm ' 

/\ 

calculated angle AB, 123° i 
observed angle AB, 120° ( 
total energy release, 9-1 x 10® e-volts. 

This type of disintegration is very rare but the chance of observing all 
three particles is improved by the fact that neither is very short. Fig. 7, 
Plate 5. 

5 —The Energy Balance in the Reaction 

From fig. 1 it may be seen that the experimental values of the calculated 
total energy release for the points lying under the main peak vary from 
8 0 to 9-5 x 10 8 e-volts. The following factors may contribute to this 
spread of energy values: 

(a) The bombarding energy of the protons was about 0-3 x 10® e-volts, 

and disintegrations may have occurred for any value of this energy 
up to that amount with consequent variation in the calculated 
energy release. 

(b) Error in the determination of the angle between the two tracks. 
This error has an average value ±0-2x 10® e-volts for all the 
pairs obtained and is smallest for pairs of particles emitted in 
nearly opposite directions. 

(c) Uncertainty in the actual gas length of the tracks. This is of the 

order 0 15 x 10® e-volts per mm of range, and for the low stopping 
power used the error due to this cause should be less than 
±0-05 x 10® e-volts. 

(d) Uncertainty of the depth in the target at which the disintegration 
occurred. The air equivalent thickness of the target was 1 -2 mm, 
and for purposes of calculation all disintegrations were assumed to 
occur at its upper plane, the necessary correction being made in 
each case for the tracks which emerged on the lower side of the 
target. The average error due to this cause, for tracks which made 
an angle of 45° with the plane of the target, is ± 0-3 x 10* e-volts, 
and is again smallest for nearly opposite pairs of particles. 
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In order to reduce these errors we selected from the 56 pairs of tracks 
corresponding to the main peak those for which the angle between the 
pair exceeded 150° and for which both particles made angles less than 
40° with the normal to the plane of the target. The error due to cause 
(d) should thus be reduced to less than ± 0-2 x 10" e-volts. Twenty- 
nine pairs selected in this manner gave a mean energy release — 8- 85 x 10* 
e-volts, the values now being spread over a total range of 0-6 x 10* 
e-volts, and the probable error being ± 0-2 + 10* e-volts. The effects 
of target thickness may also be eliminated by consideration of the dis¬ 
tribution of the 56 values of the energy release which are obtained when 
the target thickness is neglected. In this case it is necessary to use the 
maximum value of the observed energy, which will correspond to the 
case when the loss of energy of the particles in the target has its minimum 
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value of 01 x 10* e-volts. This distribution is shown in fig. 2. We 
thus obtain the value 9-0 x 10* e-volts. 

It is probable that the total energy released in the reaction, as calculated 
from two tracks in a plane perpendicular to the direction of the bombarding 
proton, has a value which is too great by about the energy of the bombard¬ 
ing particle. The maximum values obtained for the energy released in 
the reaction will then belong to those cases for which the loss of energy in 
the target was a minimum and for which the bombarding proton had its 
maximum energy of 0-3 x 10* e*volts. This leads to an energy release 
in the reaction of 8-7 x 10* e-volts. 

The values for the total energy released in the reaction obtained from 
the 29 selected pairs should show a spread of 0*4 x 10* e-volt due to 
errors in estimating the loss of energy in the target, and a further 0*3 x 10* 
e-volt due to the energy of the bombarding proton. Thus a total variation 
of the energy of 0*7 x 10* e-volt would be expected. The observed 
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variation of 0-6 x 10“ e-volt is in good agreement with our estimate. 
The mean value of the energy released in the reaction would be expected 
when the bombarding proton is assumed to have an energy of approxi¬ 
mately half its maximum. This again leads to an energy release in the 
reaction of 8-7 x 10“ e-volt. 

We thus obtain a final value for the energy released in the reaction of 
(8-7 ± 0-2) x 10® e-volt. 

From the measurements of these 59 disintegrations we have constructed 
a curve showing the distribution of the energies of the particles. While, 
with such small numbers, the curve could not be expected to be very 
accurate, it did however show a general resemblance to the curve obtained 
by Oliphant, Kempton, and Rutherford. Thus the disintegrations 
selected by our method was a fair sample. 

When we know the energy released in the reaction (1) we can obtain a 
value for the mass of the "Be nucleus formed in the reaction (2). Since 
the energy of the homogeneous group of a-particles of range 4-40 cm 
in reaction (2) is 5 -8 x 10 a e-volt, the "Be nucleus has an energy 2-9 x 10® 
e-volt, and hence the total energy release in the reaction is 8-7 x 10® 
e-volt.* This is the same value that our measurements gave for the 
reaction (1). It therefore follows that, within the limits of the accuracy 
of our measurements, the mass of the "Be nucleus of reaction (2) is the 
same as that of two a-particles. 

6—The Mechanism of the Disintegration into Three Particles 

It is interesting to discuss the mechanism by which a nucleus can 
disintegrate into three particles. The first obvious assumption is that 
the disintegration is controlled by no other laws except those of con¬ 
servation of energy and momentum. This is what is usually meant when 
the disintegration is said to be random. A calculation of the distribution 
of the energies of the particles of reaction (1) on this assumption has 
been made by Fokker, Belinfante, and Kloosterman.t An attempt by 
one of us (C. W. G.) led to a somewhat different result. Both showed, 
however, a maximum at an energy equal to half of the total energy 
released in the reaction. The maximum in the experimental curve 
occurs at a value of 0 45 of the total energy release. The peak of the 
energy distribution curve obtained by Oliphant, Kempton, and Ruther¬ 
ford, fig. 3, is not appreciably broader than would be expected for a 

* We use here the range given for this group in the paper by Oliphant, Kempton, 
and Rutherford. 

t ‘ Physica,’ vol. 1, p. 705 (1934). 
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homogeneous group. It is difficult to obtain the precise shape of this 
curve due to the presence of,a background of a-particles with a continuous 
distribution of energies, and also because the curve has to be obtained 
by differentiation. Oliphant, Kempton, and Rutherford express the 
opinion that the peak is probably too wide to be attributed to a homo¬ 
geneous group. An early attempt was made to explain the form of the 
curve on the assumption that the disintegration occurred in two stages; 
first the emission of an a-particle with a range of 2-4 cm and the formation 
of a jBe nucleus, and then the disintegration of this “Be nucleus into 
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Fig. 3—Energy distribution of a-particles from boron bombarded by protons. 

- calculated distribution; — distribution of Oliphant, Kempton, and 

Rutherford. 

two further a-particles. The ®Be nucleus in this reaction cannot be 
the same as that in the reaction (2). We assume that in this case the 
*Be nucleus is in an excited state of 3-0 x 10 s e-volts above the ground 
state, but that in reaction (2) it is emitted in its normal ground state. For 
a light nucleus, such as we have here, it might be expected that this 
energy of excitation would be liberated by the emission of a particle 
rather than by the emission of a y-quantum as normally occurs with 
heavier nuclei. If the total energy is to appear in the three final particles 
of the disintegration, the excited jBe nucleus must disintegrate before it 
can lose energy by ionization, and hence its life must be not greater than 
about 10~ 17 sec. 
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On these assumptions it is possible to calculate the form of the energy 
distribution function of the a-particles emitted. Let the energy of the 
particles of the homogeneous group having a range of 2-4 cm be the 
fraction p of the total energy released in the reaction. Then the excited 
®Be nucleus has a kinetic energy ip since momentum is conserved. Thus 
the energy of excitation of the jBe nucleus is (1 — £p) and this energy 
is liberated in the disintegration of this nucleus into two a-particles. The 
two a-particles are emitted in opposite directions relative to their mass 
centre with energy \ (1 — fp). Let t\ be the velocity of recoil of the 
excited jBe nucleus; this is also the velocity of the mass centre of the 
two a-particles subsequently emitted by the ®Be nucleus. Let v a be the 
velocities of the two a-particles relative to their mass centre and let 0 
be the angle between and v 2 . Then the energies of the two a-particles 
are given by 

p~=m ($t£ + ± i\v 2 cos 0), 

where m is the mass of the a-particle, and the + sign refers to one a- 
particle and the — sign refers to the other a-particle. Therefore 

dp — mvipi sin 0 . dti. 

If we make the natural assumption that the direction of disintegration of 
the excited ®Be nucleus is isotropic, then the number of disintegrations 
for which 0 lies between 0 and 0 + di) is proportional to sin 0 . dQ. It 
therefore follows from the equation above that the number of disintegra¬ 
tions for which E lies between E and E + dE is proportional to dE. 
Thus the energy distribution of the two a-particles emitted by the excited 
«Be nucleus is uniform. The maximum and minimum energies of 
these particles are (iy(p) ± \/(i ~ Ip) ) 2 - This mechanism, when the 
homogeneous group of particles has a range of 2-4 cm, leads to an energy 
distribution curve of all the particles, which has a peak at 3’9 x 10® 
e-volt and a uniform continuous distribution from the energy 0*61 x 10® 
to 4-95 x 10° e-volt. This, while not being exactly the curve obtained 
experimentally, shows many of the important features. It has the initial 
flat portion, and extends on the high energy side to about the same value 
as that observed. The lowest a-particle energy measured in the counting 
experiments was 0-8 x 10® e-volts. 

As mentioned in § 3, the hypothesis that a particle of range 2-4 cm is 
emitted in every disintegration cannot be maintained, although our 
experiments showed that in the majority of cases there was a particle of 
about this range. We assume, therefore, that the a-particle first emitted 
does not have a definite energy but has an energy which can vary by 
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about 1 x 10* e-volt. If the form of the distribution function of this 
a-particle is assumed the distribution in energy of all the a-particles 
emitted in the reaction can be calculated. The shape of the peak of the 
experimental curve at a range of 2-4 cm gives an indication of the form of 
the energy distribution function of the a-particle first emitted. To 
facilitate calculation we used the step curve, shown in fig. 4, as the form of 
this distribution. The final energy distribution function of all the a- 
particles obtained is shown in fig. 3 by the continuous line. The experi¬ 
mental curve of Oliphant, Kempton, and Rutherford is shown by the 
broken line. The scales are adjusted so that the product of the ordinate 
with any energy interval expressed in 10® e-volt 
gives the probability that the energy of any 
particle lies in this range. The chief features 
to note about the agreement of these two 
curves are {a) the general agreement, (b) the 
initial flat portion, and (c) the tail of the curve 
at the high energy end. The general agree¬ 
ment indicates that there are sufficient particles 
with a range of about 2-4 cm to justify the 
assumption that there is one of these particles 
in each disintegration. The agreement be¬ 
tween the heights of the initial flat portions is 
very satisfactory, as also is the shape and posi¬ 
tion of the tail at the high energy end. It is 
also important to notice that this view of the 2 3 4 5 

process of disintegration into three a-particles Energy in millions of volts 
disposes of the objection of Lauritsen and Fig. 4. 

Crane to the interpretation of the particles of 

maximum energy, and justifies the mode of calculation of the total energy 
release adopted by Oliphant and Rutherford. 

A further possible method of investigating this three particle reaction 
is to obtain the frequency distribution of the angles between any two 
particles of a disintegration. On the simpler assumption that the a- 
particles first emitted form a homogeneous group we have been able to 
calculate the form of the curve to be expected, this being shown by the 
smooth curve in fig. 5. In the figure is also shown the distribution we 
obtained from measurements on 51 disintegrations giving 153 angles. 
The agreement is satisfactory considering the smallness of the number 
of angles observed. 

As we have already shown, the half-life of the excited $Be nucleus 
formed after the emission of the first a-particle must not be longer than 
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10~ 17 sec. However the life must be long enough for the first a-particle 
to get away from the jBe nucleus. This gives a lower limit forthe half- 
life of about 10“ sec. Since the life of the excited jBe nucleus is short 
it follows from Heisenberg’s uncertainty principle that the excitation 
level must be somewhat undefined. This will show itself in a corre¬ 
sponding lack of definiteness in the energy of the a-particle which is first 
emitted. Using the relation AE . At — h/2n, and the observed value for 
AE of about 1 x 10* e-volt for the mean spread of the group of particles 
of range of about 2-4 cm we obtain a value of At of 10~ M sec. We can 
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Fic. 5—Angular distribution of a-particles from boron bombarded by protons. 
Smooth curve, calculated distribution; shaded curve, observed distribution. 


thus give a possible explanation of the lack of homogeneity of Xhe energy 
of the a-particles emitted initially if we suppose the half-life of the excited 
tBe nucleus which is formed to be about 10 _n sec. This value is within 
the limits obtained above. 

If the excited Be 8 nucleus is considered to consist of two a-particles 
an excitation level of 3-0 x 10® e-volt appears to be above the top of 
the potential barrier. It is however possible that the excited jBe nucleus 
does not consist of two a-particles. The interchange required to form the 
two a-particles would on this view require a mean time of about 10 _ “ 
sec. 
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A further check of the mechanism which we have proposed is given by 
considering the reaction 

,l ’B + ‘He + *He + ‘He. (3) 

This reaction has been studied by Cockcroft and Lewis* by the counter 
method. They derive a value for the total energy released in the reaction 
— 17-5 x 10® e-volt. The energy distribution curve obtained shows a 
peak at 10 5 x 10® e-volt and a continuous distribution of particles up 
to about 9 x 10® e-volt. Now the total aggregate of particles in this re¬ 
action is the same as in the one we have studied and we might reasonably 
suppose the mechanism of disintegration to be the same. This view is 
equivalent to the assumption that in both cases the aggregate forms a 
nucleus of short life, and hence that the subsequent disintegration is in¬ 
dependent of the mode of its formation. 

Without further assumptions and using the value 17 -5 x 10" e-volts for 
the energy release, we can calculate the form of the energy distribution 
curve of the particles emitted in the reaction (3). Thus if the jBe nucleus 
is excited to the same level of 3 0 x 10® e-volt, we have in reaction (3) 
14-5 x 10® e-volt available for the sum of the kinetic energy of the a - 
particle first emitted and that of the "Be nucleus. Thus we should expect 
a group at about 9-7 x 10® e-volt. It can be shown that the two a- 
particles resulting from the subsequent disintegration of the "Be nucleus 
would form a continuous distribution from 1 x 10® to 8 x 10® e-volt. 
This gives the main features of the experimental curve of Cockcroft and 
Lewis. 

We wish to thank Mr, Birtwhistle for much technical assistance. We 
are indebted to Dr. Oliphant and Mr. Kempton for many helpful dis¬ 
cussions. We also wish to express our appreciation to Lord Rutherford 
for his lively interest in the work and his constant encouragement. 

One of us (C. W. G.) wishes to acknowledge a Senior Research Award 
of the Department of Scientific and Industrial Research. 

Summary 

The disintegration of boron under bombardment by artificially 
accelerated protons has been studied by the cloud track method. Definite 
proof has been obtained that the disintegration takes place in the manner 
indicated by the equation 

“B + JH - jHe + jHe + 2 ‘He. 

* Previous paper. 
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The common mode of disintegration is into two particles which proceed 
at angles of 150° to 180° relatively to one another, the third particle 
receiving little energy. 

A theoretical picture of the process, involving the existence of an un¬ 
stable jBe nucleus, of very short life, is shown to explain the main features 
of the distribution of energy among the particles emitted in this process 
and also in the similar three body disintegration of boron under deuteron 
bombardment. The value 8*7 ± 0*2 x 10 fl e-volts was obtained for the 
total energy release in the first reaction. 

Description of the Plates 

At the centre of each photograph the boron target appears as a thin line surrounded 
by a white sphere due to protons scattered from the bombarding beam. 

Plate 5 

Fig. 6—This photograph shows the typical mode of disintegration of boron into 
three a-particles. The a-particles A, B are emitted in nearly opposite directions 
while the third a-particle C receives very little energy and barely emerges beyond 
the beam of scattered protons. 

Fig. 7—A rare mode of disintegration in which the three a-particles (A, B, C) proceed 
nearly symmetrically with respect to each other. 

The full details of these two photographs appear in the text. 

Plate 6 

These two photographs illustrate the method of the experiment. On fig. 8 the 
pairs of tracks A, A, and B, B were found to proceed from two separate points of the 
target. Calculation of the total energy release on the assumption that in each case 
a third (unobserved) a-particle was present to balance momentum gave the values 
8*9 and 8*7 x 10° e-volts respectively. 

On fig. 9 the pairs A, A and B, B gave values 9 0 and 15 *4 x 10 s c-volts, the pair 
B, B being probably due to chance coincidence of the points of origin of a-particles 
from different nuclear disintegrations. 
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Comparative Studies of the Slow Combustion of Methane, 
Methyl Alcohol, Formaldehyde, and Formic Acid 

By William A. Bone, D.Sc., F.R.S., and J. B. Gardner, B.Sc., A.R.C.S. 

(Received November 18, 1935) 

Although the occurrence of a well-defined “ induction period ” in the 
slow combustion of gaseous hydrocarbons is now well-established, and 
something is known about the variation of its duration with such factors 
as temperature, pressure, mixture-composition, and surface/volume ratio, 
we are still much in the dark as to its real significance in relation to the 
mechanism of hydrocarbon-combustion. 

It has been found that sometimes the induction period may be lengthened 
by increasing the surface/volume ratio of the reaction vessel,* that it 
may be shortened by raising the temperature or increasing the pressure 
of the reacting medium, and that for any particular hydrocarbon its 
duration at a given temperature and pressure depends on the hydrocarbon- 
oxygen ratio, being always shortest with a 2: 1, i.e., the alcohol-forming, 
ratio as was shown in Table III of the Bakerian Lecture of 1932 (q.v .).f 

Also it has been observed (1) that while no trace of any peroxide 
is detectable during the induction period, its duration may be shortened 
by previous small additions (1 to 2%) of certain third substances,}: 
notably of alcohol or aldehyde vapours or by nitrogen peroxide; and 
(2) that usually no perceptible pressure-change is involved. 

The existence of such an induction period in slow reactions, and the 
influence of surface upon its duration, are nowadays considered character¬ 
istic of so-called “ chain reactions And in his recent theoretical paper 
on the combustion of hydrocarbons,§ in which he essayed to combine 
the hydroxylation and “chain” theories on the basis of an atom-chain 
mechanism involving oxygen atoms and free radicals, Norrish maintained 
that the induction period of the methane oxidation “ may be interpreted 
as an interval during which an equilibrium quantity of formaldehyde is 
being built up at the surface ” and that an “ essential preliminary to the 

* This applies to silica vessels, such as are usually employed in laboratory researches 
but not to all surfaces. 

t ‘ Proc. Roy. Soc.,’ A, vol. 137, p. 267 (1932). 

t Bone and Allum, ibid, vol. 134, pp. 585-6 (1932). 

§ ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 36 (1935). 
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generation of reaction chains is the production of formaldehyde by the 
surface reaction 

CH 4 + 0,= H 2 CO + H 2 0” 

followed by 

H 2 CO - [H 2 C0 3 ] - H a CO a + O.* 

This implies that formaldehyde rather than methyl alcohol should be 
regarded as the initial product of the oxidation of methane, and that the 
alcohol formation is, as he has said, “ only a limiting condition at high 
pressures 

As conclusive evidence has now been obtained in our laboratories 
that the initial product in hydrocarbon combustion is the corresponding 
alcohol rather than the aldehyde, it was decided to submit the slow 
oxidation not only of methane itself, but also of both methyl alcohol 
formaldehyde and formic acid, to closer experimental investigation than 
heretofore on a comparable basis as regards temperature, pressure and 
“ surface ” conditions as well as the occurrence and duration of any 
induction period in each case. For although in 1930 H. Fort and C. N. 
Hinshelwood had published some comparative experiments,t we desired 
to explore the matter still further, especially as they had worked chiefly 
with mixtures containing more than an equimolecular proportion of 
oxygen, which for our purpose was excessive. Accordingly early in 
1934 the experiments described herein were undertaken, with results 
that will now be detailed in four sections, namely those on the oxidation of 
I methane, II methyl alcohol, III formaldehyde, and IV formic acid, 
respectively. 

I—Experiments on the Induction Period in the Slow 
Combustion of Methane 

The silica reaction vessel (length -- 275 cm internal diameter = 5 cm 
and capacity — 570 cc) used throughout these experiments had a surface/ 
volume ratio 0-8, and while 390 to 420° was selected as the most con¬ 
venient temperature-range for investigating the induction period, each 
series of experiments was carried out at one particular and accurately- 
controlled constant temperature within it. The methane and oxygen 
employed were both highly purified, the nitrogen content of the former 
being about 0-3 and of the latter no more than 0-1%. And, except in 

* Although Dr. Norrish did not publish this view until May, 1935, he described 
it to one of us (W. A. B.) in December, 1933, since when he has been inclose touch 
with the work in our laboratories. 

t; Proc. Roy. Soc.,’ A, vol. 129, p. 284 (1930). 



Studies on Slow Combustion 


299 


experiments specially designed to test the influence of moisture upon the 
induction period, the experimental mixtures were dried by passage 
through a metre-long column of highly purified phosphoric anhydride 
on their way to the reaction vessel. 

1 —Showing the Ineffectiveness of Separately Pre-heating the Reactants 

As it was desired first of all to settle whether or not a prolonged pre-heat-^ 
ing of the reactants separately to the reaction temperature would have any 
effect upon the ensuing induction period when brought together in the 
reaction-vessel at 400°, the apparatus shown in fig. 1 was set up. A was 
the cylindrical reaction-vessel of transparent quartz maintained at 400° 
in a deep electric resistance furnace; B and B' were similar silica pre¬ 
heating vessels, in which the P 2 O s -dried methane and oxygen, respectively, 
were separately maintained at 400° before being admitted to the evacuated 
vessel A; and C and C' were narrow-bore silica U-tubes, each maintained 
at 430° by a suitably disposed heating-coil, a device which was found to 
ensure each of the two pre-heated reactants actually entering the reaction- 
vessel at 400° precisely. Moreover, the experimental procedure was 
such as ensured the pre-heated reactants being mixed at atmospheric 
pressure in the proportion 2CH 4 + 0 2 .* The end of the induction 
period, during which no perceptible pressure change occurred, was always 
designated by an abrupt pressure-rise. 

For the complete success of the experiment it was found necessary to 
ensure the absolute freedom of the pre-heated methane from oxygen by 
slowly passing the P 2 0 5 -dried gas over sodium-potassium alloy before it 
entered the pre-heating vessel; for otherwise the presence of a mere trace 
of oxygen therein would have vitiated the final induction period observa¬ 
tions. 

(a) The first step was to determine, in a series of “ control ” experi¬ 
ments, the normal duration of the induction period for an unpre-heated 
P 2 O s -dried 2CH 4 -f 0 2 mixture in the reaction vessel at 400° and atmo¬ 
spheric pressure. And as the mean result of some 16 observations was 
found to be 30 minutes (individual runs varying from 29 to 33 minutes 
only) this was adopted as the “ standard duration ” for comparative 
purposes. 

* This particular mixture was selected for most of the comparative experiments 
throughout the investigation because of its being much the most reactive of all 
CH«-0, media at the temperatures concerned (vide Bone and Allum, * Proc. Roy. 
Soc.,’ A, vol. 134, p. 382) and, except in experiments to test the influence of water 
vapour, the medium was always P 2 Ordried. 

X 2 
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(b) In actual experiments with the pre-heated gases, in which the 
methane was always admitted first to the reaction vessel, the duration 
of the induction period was never materially different from that observed 



for the unpre-heated medium, as shown by the typical series of experi¬ 
ments given in Table I. 

Altogether as the result of 11 closely agreeing experiments the mean 



















Studies on Slow Combustion 


301 


observed duration of the induction period was 31 -3 minutes as compared 
with 30 minutes for the unpre-heated mixture, a difference well within 
the probable experimental error. 

{c) On the other hand, on reversing the order of admission of the two 
gases into the reaction vessel, i.e., admitting the oxygen first, somewhat 
greater divergences were observed, not only from the mean duration of 
the induction period with the pre-heated gases, but also from that with the 

Table I 

Duration of pre-heating 
both CH« and O, to 
400° C 
mins 

Momentary . 

10 . 

20 . 

30 . 


Control experiment with unpre-heated 
2CH 4 + Oj mixture . 33-0 

unpre-heated gases. Thus out of a series of 25 successive runs with the 
pre-heated gases:— 

10 resulted in observed induction periods of 25 to 27 minutes 


with a mean of . 26-0 

7 resulted in observed induction periods of 30 to 32 minutes 

with a mean of . 31-5 

8 resulted in observed induction periods of 37 to 40 minutes 

with a mean of . 38-7 


The mean result of the whole series was, however, 31-6 minutes, which 
again did not differ materially from the standard value established for the 
unpre-heated mixture. 

Taken as a whole, the experiments, while perhaps indicating some 
surface effect involving oxygen during the induction period, may be 
regarded as proving the ineffectiveness of any pre-heating of the individual 
reactants to the reaction temperature. 

2 —Showing the Ineffectiveness of Ultra-violet Radiation 

To ascertain whether or no exposure of the dry reacting 2CH« + O, 
medium to ultra-violet radiation would have any material effect upon its 
induction period at 390°, the transparent silica reaction-vessel was 


Observed induction 
period at 400° C for 
2CH 4 + O a mixtures 
mins 

32- 5 
31*5 
33*5 

33- 5 
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arranged as shown in fig. 4, with the addition of the source of ultra-violet 
radiation indicated in dotted lines. 

Radiation from a mercury-arc lamp (length == 11 cm, internal dia¬ 
meter — 1- 5 cm), consuming in normal running 2-5 amps at 220 volts 
D.C., was directed from below through a transparent silica window 
at the bottom of the furnace into the reaction vessel which was also 
maintained at 390° in the furnace. And in order to eliminate any heating 



Time (minutes) 

Fia. 2—Showing ineffectiveness of ultra-violet radiation on reaction of a dry 
2CH« + O, mixture at 390° C. 

effect of the lamp, control experiments were run in which the reaction 
vessel was screened from the ultra-violet radiation by interposing a thin 
sheet of asbestos between the lamp and the vessel.* In this way, by 
alternately interposing and removing the screen in a series of experiments 
(all other conditions being the same), any effect of the ultra-violet radia¬ 
tion upon the duration of the induction period would be manifested. 

From the result of two complete series of alternating “ control ” and 
“ irradiated ” experiments, as shown in fig. 2, in which the continuous 

* Actually the heating effect of the lamp caused an axial temperature gradient of 
402° to 375° from bottom to top of the reaction vessel; but as this gradient was pre¬ 
cisely identical in both the “ control ’’ and “ irradiated ” experiments, the heating effect 
of the lamp was the same in both. 
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lines are for the “ irradiated ” and the broken lines for the corresponding 
“ control ” experiments, it was established that ultra-violet radiation had 
no appreciable effect upon the duration of the induction period, thus. 

Duration of induction period in 
-~--—- 

“ Control ” experiment “ Irradiated ” experiment 


1st . 45 minutes 45 minutes 

2nd. 43 „ 44 „ 


Nor yet did the ultra-violet radiation affect the amount of formaldehyde 
which, as will be shown later, is produced during the induction period, 
this being precisely the same, namely 0 -16% in both the “ control ” and 
“irradiated” experiments.* 

3 — Showing the Inhibiting Influence of a Silica Surface 

(a) Throughout the investigation the sensitiveness of the induction 
period to “ surface condition ” was frequently manifested, and in com¬ 
parative experiments special care had to be taken to ensure practical 
constancy in the surface conditions. For while such constancy could 
usually be maintained for one and the same silica reaction vessel at a 
given temperature and pressure throughout a long series of comparative 
experiments, slight alterations in surface conditions between one series 
and another affected disproportionately the duration of the induction 
period for a dry 2CH 4 + 0* medium at a given temperature and pressure 
(e.g., 390° and 760 mm) as shown in the particular “ control ” experiment 
for each series. Thus, for example, whereas at different times during the 
whole research the duration in such a “ control ” experiment for one 
and the same reaction vessel might be from 27 to 62 minutes, it could be 
kept practically constant for considerable periods, and usually long 
enough for the purpose of any particular series of comparative experi¬ 
ments. 

( b ) The inhibiting influence of the silica surface was well shown , in a 
series of experiments with a dry 2CH* + O a medium at 420°, the results 
of which are shown in fig. 3. At the outset, (1) a “ control ” experiment 
with the reaction vessel (surface/volume ratio = 0 8) employed showed 
a “ standard ” induction period of 14-5 minutes. In the two following 
experiments (2) and (3) the surface/volume ratio was increased in stages 

* It will be shown later that the onl y detectable (though probably not the initial) 
slight change in the system during the induction period is CH, + O* = CH,0 + H*0. 
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to 1 -6 by introducing a number of cylindrical silica rods into the reaction 
chamber, the induction period being thereby similarly prolonged in 
stages up to 62-5 minutes. Finally, on diminishing the surface/volume 
ratio in experiments (4) and (5) by removing the rods in stages, the dura¬ 
tion of the induction period was shortened and ultimately restored to its 
original value. 

Other noteworthy facts which emerged were that both the percentage 
of formaldehyde present in the system at the end of the induction period, 
and the rate of its oxidation (as shown by the rate of pressure-rise) during 



Fig. 3—Showing effect of surface/volume ratio (S/V) on reaction of a dry 2CH, + O t 
mixture at 420° C. The numbers indicate the order of tests: 1, S/V ~ 0-8; 
2, S/V = 1*2; 3, S/V — 1 -6; 4, S/V — 1 -2; 5, S/V = 0-8. 

the subsequent “ reaction period ” varied inversely with the surface/ 
volume ratio (Table II). 

It is therefore clear that an increase in the surface/volume ratio not 
only prolonged the induction but also slowed down the subsequent 
reaction period at the temperature concerned. 

It is not, however, to be supposed that such restraining influence per¬ 
tains to all surfaces. Indeed we have found that the introduction of 
fragments of porous porcelain (20 gm) instead of silica rods into the 
reaction vessel had little or no effect upon the induction period of a 
2CH 4 4- 0 2 mixture at 420°; and in the succeeding paper (q.v.) it will be 
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shown that at 440° porous porcelain actually shortened the induction period 
considerably and the reaction period perceptibly. Indeed a hot surface 
may exert two opposite effects—positive and negative—simultaneously, 
of which only the resultant is ordinarily manifest. The matter is being 
further investigated. 

Table II 





% 

Slope of 



Surface/ 

Induction 

formaldehyde 

pressure¬ 

CO/COt 

Experiment 

volume 

period 

at end 

time curve 

at 

No. 

ratio 

mins 

of 

during 

end of 




induction 

reaction- 

reaction 




period 

period * 



0*8 

14*5 

0*25 

0*68 

1*86 


1-2 

48*5 

017 

0*35 

2-33 

3 

1*6 

62-5 

0*14 

0*28 

2*02 

4 

1*2 

32-5 

— 

0*31 

1*66 

5 

0*8 

14*5 

— 

0*75 

2*16 


* The pressure-rise during the reaction period, being solely due to the resultant 
2CH,0 4- O, [2CH,OJ = 2CO + 2H,0, reaction, may be taken as indicating the rate 
of CH«-oxidation because (i) as will be shown later, the CH,0-concentration in the 
system remained constant at circa 0-2% throughout the period, and (ii) any simul¬ 
taneous resultant CH.O + O, — CO, + H,0 reaction would be without any pressure 
change. 

4 —Showing the Influence of Temperature upon the Induction Period 
and the Formation of Formaldehyde Therein 

Having thus far proved that, whatever else might influence or character¬ 
ize the induction period in a dry 2CH 4 + O a medium it is in no way 
dependent upon any prior “ activation ” of the reactants by either heat 
or ultra-violet radiation, but is both affected by surface and associated 
with the production of a small percentage of formaldehyde vapour, we 
next essayed to ascertain the influence of temperature upon both the 
duration of the induction period and the formation of formaldehyde 
therein. 

Apparatus —With such purpose in view the apparatus was arranged as 
shown in fig. 4, which (unless otherwise stated) also holds good for all 
subsequent experiments; it comprised 

A = quartz reaction vessel, 

B = electric resistance furnace, with aluminium core to facilitate 
temperature control, 

C and D « thermojunction and thermometer respectively, 
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E — mercury manometer, * 

F == Pg0 8 drying-tubes, altogether 1 metre long, 

G =» large gas-holder (20 litres) containing the 2CH 4 + O, mixture. 

Procedure —In a series of strictly comparative experiments, during 
which the “ surface condition ” remained constant, measurements were 
made (i) of the duration of the induction period for a dry 2CH 4 -f O, 
medium at atmospheric pressure and for each 10° rise between 390° and 
420°, and (ii) of the amounts of formaldehyde present in the medium not 
only at the end of, but also one-third and two-thirds way through, the 
induction period at each selected temperature, the sensitiveness of the 



Fig. 4—General arrangement of apparatus. 


analytical method employed being such as enabled the presence of as 
little as 0*005% (i.e., a partial pressure of 0*0375 mm only) of formalde¬ 
hyde vapour in the medium being detected. 

The procedure adopted, after determining in the usual manner the 
length of the induction period at each particular temperature, was to 
make a series of special experiments in which at each temperature the 
course of events was interrupted either at some intermediate point during, 
or at the end of, the induction period—by suddenly plunging the reaction 
vessel into ice-water,—and straightway determining the amount of form¬ 
aldehyde present in the system, free by means of either Ripper’s bisulphite 
method, or if present in traces, by a colorimetric method involving die 
use of Schiff’s reagent. 
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Results —The experimental results are given in Table HI. 

Table III 

Mean 

duration Formaldehyde vapour in media 

Temperature of ^---- 


° c 

induction 

1/3 through 

2/3 through 

End of induction 


period 

mins 

% mm 

% 

mm 

% 

mm 

390 

43*5 

Nil 

0*03 

0*075 

0*18 

1*35 

400 

31 -5 

Nil 

002 

0*15 

0*24 

1*82 

410 

20*5 

Nil 

003 

0*225 

0*18 

1*35 

420 

10*5 

Nil 

0*05 

0*365 

0*25 

1*92 


It would thus appear (i) that although the duration of the induction period 
is markedly shortened by such a temperature-rise, the amount of form¬ 
aldehyde present in the medium at the end is practically independent 
thereof; and (ii) that the formation of formaldehyde, which could not be 
detected during the first third of the induction period , probably did not 
begin until after half-way through it, and occurred mainly during the last 
third of it. This last-named feature of the results is well shown by the 
curves in fig. 5. 

Subsequent experiments with a dry 2CH 4 + 0 2 medium at 390° 
showed that the amount of formaldehyde present at the end of the 
induction period remained unaltered during the subsequent long reaction 
period. Hence it follows that the amount present at the end of the induc¬ 
tion period represents an equilibrium proportion. 

Despite most diligent search, no peroxide formation could ever be 
detected during the induction period, although the test employed was 
quite as sensitive for “ peroxide ” as was the Schiff’s test in regard to the 
detection of aldehyde. 

There being no test sensitive enough for detecting correspondingly 
minute amounts of methyl alcohol in such a reacting medium, direct 
proof of its .formation in the experiments in question was scarcely to be 
expected. Yet the fact that perceptible formaldehyde formation did not 
begin until the second half of the induction period pointed unmistakably 
to some prior essential happening, which might well have been methyl 
alcohol formation. Such inference was not only strengthened by later 
observations that the induction period of a dry 2CH 4 + O a mixture is 
greatly shortened by previous addition of methyl alcohol vapour, but 
was clinched by the discovery made by one of us in conjunction with 
Newitt, as described in the succeeding paper (< q.v .), of the initial formation 
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of methyl alcohol in the reaction of a dry 2CH 4 + O a medium in contact 
with a hot surface at atmospheric pressure. 

In other words, while these results taken as a whole undoubtedly 
support Norrish’s view* of the induction period being “ an interval 
during which an equilibrium quantity of formaldehyde is being built up 
at the surface ”, they also show that such is not the initial essential forma¬ 
tion involved but rather that the latter is a methyl alcohol formation at 
the surface. Hence, any “ chain ” theory postulating formaldehyde 



Fraction of induction period 

Fig. 5—Showing formaldehyde concentration against time for a dry 2CH« + O, 

mixture at 390-410-420° C. 

instead of methyl alcohol as the initial oxidation product runs counter 
to facts which, however inconvenient, can no longer be ignored. 

5— Showing the Influence of Small Additions of Various Third Bodies 
upon the Induction and Reaction Periods of a Dry 2CH 4 + O a Medium 
at 390° 

Finally the effects of known small previous additions of various third 
bodies, and especially of reaction products, upon the induction and re- 
* ‘ Proc. Roy. Soc.,’ A, vol 150, p. 36 (1935). 
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action periods of a dry 2CH 4 + O a medium at 390° were studied. The 
duration of the induction period for the uncontaminated dry medium 
at that temperature was first of all established by a special “ control ” 
experiment (which was usually repeated either during or at the end of the 
series involved). Then the effects of known small additions of the 
particular third body concerned were determined, it being added to the 
medium on its way to the reaction vessel. 



Fig. 6—Showing the effect of methyl alcohol vapour on the reaction of a dry 
2CH t + O, mixture at 390° C. 

Water Vapour —Small additions, up to 2% of water vapour to a dry 
2CH 4 4- 0 8 medium always curtailed somewhat the induction period, 
though rather irregularly; the subsequent reaction period was sometimes 
(but not always) slightly accelerated. 

Oxides of Carbon —Previous additions of 0-25% of either of the two 
oxides of carbon had no effect upon either the induction or the reaction 
period. 

Methyl Alcohol—As shown in fig. 6 successive additions of methyl 
alcohol vapour effected a marked and progressive shortening of the 
induction period, as shown in Table IV. 
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Also, as is evidenced by the increasing slope of the pressure-time curves, 
the successive additions of methyl alcohol vapour progressively accelerated 
the reaction period. Another significant feature of the experiments 
was the absence of any detectable formaldehyde during the first third 
of the induction period, even when as much as 1% of methyl alcohol had 
been previously added. Indeed not until the second half of the induction 
period was the formaldehyde-accumulation at all accelerated by such 
prior additions of methyl alcohol, and at the end of it the percentage of 

Table IV 

Duration of 

% CH a OH added induction period 

mins 

Nil 63 

0-25 32 

050 31 

10 23 

20 15 


formaldehyde accumulated was unaffected thereby, as figures, which 
should be compared also with those previously recorded on p. 307, show 
in Table V. 

Table V 


% formaldehyde in medium during 


Medium 


the induction period 





1 /3-way 

2/3* way 

End 

(«) 

100 (2CH, 

+ O.). 

Nil 

0 028 

0-21 

( b ) 

99 (2CH« 

+ O.) + 1 CH,OH .... 

Nil 

0 041 

019 


Such results again suggest that in the induction period the formation of 
formaldehyde is preceded by that of methyl alcohol. 

Formaldehyde —As shown in fig. 7 an addition of only 0*2% of formalde¬ 
hyde shortened the induction period from 60 to 15 minutes, while 0*5%, 
or more, of the aldehyde practically obliterated it. Indeed 0-2% of 
formaldehyde was as effective as 2-0% of methyl alcohol in shortening 
the induction period. 

It should, however, be observed that after the first few minutes of the 
reaction period the upward slope of the pressure-time curves were all 
much the same, except perhaps in the “ control" experiment with the 
uncontaminated dry 2CH 4 + O t medium. Such results are, however, 
much as might be expected from the already established fact that the 
end of the induction period is marked by ( inter alia) the attainment of 
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a certain equilibrium proportion (about 0-2%) of formaldehyde vapour 
in the system. 

In this connexion it is perhaps significant that while the presence of 
0-2% of formaldehyde marked the end of the induction period, it did not 
suffice to obliterate it completely, but only to shorten it by three-quarters, 
in the experiments concerned. 

Ethyl Alcohol and Acetaldehyde —One or two special experiments in 
which 0 • 25% of either ethyl alcohol or acetaldehyde vapour, respectively, 



Fra. 7—Showing the effect of formaldehyde vapour on reaction of a dry 2CH 4 + O, 

mixture at 390° C. 

was previously added to the dry 2CH 4 + O a medium, indicated that 
these substances have much the same influence as methyl alcohol or 
formaldehyde upon the course of events, though (if anything) rather 
more so. 

Formic Acid— Previous additions of 0-25% of formic acid vapour to a 
dry 2CH| + O t medium at 390° shortened the induction period by rather 
more than half, and appreciably accelerated the subsequent reaction 
period. 
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Nitrogen Peroxide —Previous addition of 0-22% of nitrogen peroxide 
shortened the induction period of a 2CH 4 + O* medium at 390° from 
50 to 17 minutes, or by about two-thirds, and 0-32%, completely obliter¬ 
ated it without however affecting the reaction period. The results of a 
typical series of experiments are given in Table VI. 


% NO, added 

Nil 

0-22 

0-32 

0-55 


Table VI 

Duration of 
induction period 
mins 
50 
17 
0 
0 


Effect on 
reaction 
period 

Inappreciable 


0-92 
2 00 


0 

0 


Slight acceleration 


Such observations lend support to the view that oxygen atoms are con¬ 
cerned in the induction period. 

Iodine —Previous addition of 0-3% of iodine vapour to the dry 
2CH 4 + O s medium so retarded its induction period at 390° that scarcely 
any pressure-rise was observable after 135 minutes. This observation, 
it should be noted, differs from that previously recorded by Bone and 
Alfum* on the influence of 2% of iodine upon a 2CH 4 -f 0„ reaction 
at 447°. 

6 —The Final Products of Combustion 

As already shown by Bone and Allumf the final gaseous products of 
the reaction of a 2CH 4 + O a medium at 447° are the two oxides of carbon 
and steam, no hydrogen at all being liberated, the ratio CO/CO* being 
about 2 -65. And we have found that such result is not naturally affected 
by previous small additions of the third bodies referred to. 

Summary —The induction period in the slow combustion of methane 
at 390° to 420° is (i) uninfluenced either by separately pre-heating the 
reactants or by exposing the reacting medium to ultra-violet light; (ii> 
lengthened by increasing the surface/value ratio of a silica reaction 
vessel; (iii) shortest with a 2CH 4 •+• O a medium; (iv) characterized by the 
successive formation of small “ equilibrium ” amounts of methyl alcohol 

* ‘ Proc. Roy. Soc.,’ A, vol. 134, p. 536 (1932). 
t Ibid., p. 588. 
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and formaldehyde, and consequently may be greatly shortened by previous 
small additions of either of them; and (v) while similarly shortened by 
previous small additions of nitrogen-peroxide, it is greatly lengthened 
by similar additions of iodine. No peroxide could ever be detected 
during the induction period, the end of which synchronized with the 
accumulation of about 0-2% of formaldehyde in the medium. 


II—Experiments on the Slow Combustion of Methyl Alcohol 
Apparatus and Procedure 


The reaction vessel and mercury manometer employed were the same as 
used in the methane experiments. The way in which the methyl alcohol- 



Fig. 8—Showing method of introducing methyl alcohol-oxygen mixtures into the 

reaction vessel. 


oxygen mixtures were formed and introduced into the reaction vessel is 
shown in fig. 8. Pure oxygen from the gasholder A was first of all dried 
by passage through a metre-long column of purified and redistilled 
phosphoric anhydride in B, and then saturated with methyl alcohol 
vapour at a temperature requisite to give the desired experimental mixture 
2CH S . OH + O g or CH g OH + O s , as the case might be, by passage 
through the tube C packed with beads moistened with pure dry methyl 
alcohol and maintained in a thermostatically controlled water bath at 
such constant temperature as gave the desired mixture composition in 
the reaction vessel. No difficulty was experienced in thus obtaining 
either of the two experimental mixtures, or in keeping the temperature of 



314 


W. A. Bone and J. B. Gardner 


the reaction vessel constant at 390 ± 0-5° as in the corresponding methane* 
oxygen experiments, the procedure of which was closely followed. 


Results 

It soon became evident that at 390° not only is methyl alcohol oxidized 
much faster than methane, but also that the process is much less influenced 
by “ surface ” than with methane. Yet, conformably with methane, the 
2: 1 is much more reactive than the 1:1 alcohol-oxygen ratio, and in 
both the rate of oxidation may be appreciably speeded up by previous 
small additions of formaldehyde vapour. These general features will now 
be dealt with separately. 

(a) Showing the Influence of Silica Surface —That the reaction of a 
2CH 3 OH + 0 2 medium at 390° is somewhat retarded by an increase in 
the surface/volume ratio of a silica vessel is shown in fig. 9, though it will 
be observed that the effect is very much less pronounced than with the 
corresponding 2CH 4 + 0 2 experiment at that temperature. Also, it 
will be seen that, unlike with methane, there was no “ induction period ”, 
although there was always a certain short time interval required for the 
reaction to acquire its maximum velocity. The results of four successive 
experiments are summarized in Table VII. 


Table Vll —With a 2CH s OH + O a Medium at 390° 


Surface/volume Observed duration 

ratio of reaction 

mins 

1 
2 

3 

4 


0*8 

26 

1*2 

32 

1*6 

30 

1*2 

30 


{b) Showing the Influence of Temperature —The influence of tempera¬ 
ture upon the course of events in a 2CH s OH + 0 2 medium is well 
brought out in fig. 10, from which it will be seen that although there was 
evidence of a short induction period (8 minutes) at 360°, it was much 
less noticeable at 370° and not at all at 390°. 

(c) Showing the Influence of Mixture Composition —How much more 
reactive was a 2CH,OH + 0 2 than a CH„OH + O a mixture at 390° will 
be seen from fig. 11, which also shows how much faster is the alcohol 
oxidized than the corresponding hydrocarbon in like circumstances. 
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Special attention is directed to the latter feature of our results, because 
the contrary has been wrongly asserted, or assumed, by upholders of the 
“ peroxide ” theory. 

In our experiments, steps were taken to interrupt the course of events 
at three points—namely, near the beginning of reaction, half-way through. 



0 10 20 30 40 


Time (minutes) 

Fio. 9—Showing effect of surface/volume ratio on reaction of a dry 2CH,OH + O t 
mixture at 390° C. Numbers indicate order of experiment: 1, S/V = 0 8; 
2, S/V = 12; 3, S/V = 1-6; 4, S/V = 12. 

and at the end of it, respectively, so that the exact state of affairs at each 
point might be explored. The most noticeable features thus brought to 
light (as summarized in Table VIII) were: (i) the presence of formaldehyde 
in the medium throughout the reaction, its concentration reaching a 
maximum of 3 -0% with a 2CH,OH + O, and 1 *3% with a CH a OH -(- O t 


y 2 





Pressure (mm) 3 Pressure (mm) 
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». 10—Showing the effect of temperature on the reaction of a dry 2CH,OH + O, 

mixture. 



Fio 11—Curves comparing the rates of reaction of (a) 2CH,OH + O* (b) 
CH|OH + O,. (c) 2CH 4 + O, mixtures at 390° C. 
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medium, respectively, about the middle thereof; (ii) while “ peroxide ” 
could be detected neither at the beginning nor at the end of the reaction, 
traces of it were present half-way through it, just when the formaldehyde 
concentration reached its maximum, proving that “ peroxide ” formation 
in hydrocarbon-oxidation is associated with that of an aldehyde; (iii) 


Table VIII— Products of Methyl Alcohol Oxidation at 390° C 
(Exclusive of Unchanged Methyl Alcohol) 


Mixture composition. 

2CH„OH + 0* 

CH 8 OH + o, 

Total duration of reaction, minutes 


24 


60 

(i) After 6 minutes 

% 


mm 

% mm 

( 4< Peroxide ” . 

Nil 


Nil 

Nil Nil 

At 390° cl Formaldehyde. 

0*65 


5*0 

0*55 4*2 

\ Formic acid. 

0-02 


0*16 

Nil Nil 

% composition of f COg . 


— 


— 

cold gaseous - CO. 


0-7 


1*3 

products [ 0 2 . 


99-3 


98*7 

(ii) Half-way through* 

% 


mm 

% mm 

(• “ Peroxide ” . 

Detectable 

Detectable 

At 390° cl Formaldehyde. 

3*0 


23*0 

1*3 9*5 

[ Formic acid . 

01 


0*79 

Trace 

% composition of ( CO g . 


3-8 


4*6 

cold gaseous CO. 


33*8 


48*4 

products [ O a . 


62*4 


47*0 


(iii) Near the end of reaction 

/' “ Peroxide ” . 

At 390 ° C-j Formaldehyde. 

I Formic acid. 


°/ 

/o 

mm 

% 

mm 

Nil 

Nil 

Nil 

Nil 

2*9 

21*8 

0*4 

3*0 

008 

0*63 

0*02 

0* 16 


% composition of 
cold gaseous 
products 


\ 

\ 


CO, . 8-3 16-9 

CO. 84-9 78-4 

O,. 36 3-6 

H,. 3-2 M 


* I.e., after half the original oxygen had been used up. 


small amounts of formic acid vapour were detectable at nearly all stages 
throughout the reaction; and (iv) the end products consisted almost 
entirely of the two oxides of carbon and steam, with a very high CO/CO, 
ratio. Only small amounts of hydrogen were liberated, practically all of it 
during the second half of the reaction. 
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Another point to which attention should be directed is that the amount 
of formaldehyde present was inconstant, and always considerably 
exceeded the constant amount (about 0-2%) present in the corresponding 
methane-oxidation. 

(d) Showing the Effect of Previous Small Additions of Formaldehyde 
Vapour —The observed effects of previous small additions of formalde¬ 
hyde upon the reactions of 2CH„OH + 0 2 and CH s OH -f O a media, 
respectively, at 390°, and upon the former at 360° are shown in fig. 12. 



Fio. 12—Effect of formaldehyde on methyl alcohol-oxygen reaction, (a), 2CH»OH + 
O, at 390° C; ( b ) CH,OH + O, at 390° C; (c) 2CH.OH + O, at 360° C. 

In all three cases the reaction was appreciably speeded up, though not 
nearly so much as in the corresponding methane oxidation, a circum¬ 
stance which again points to the alcohol-oxidation being much less 
dependent upon formaldehyde than the hydrocarbon-oxidation. 

(e) Showing the Effect of Previous Small Additions to Nitrogen Per¬ 
oxide — Previous small additions of nitrogen peroxide to a dry 
2CH,OH + 0, medium greatly accelerated its reaction at 390°. Thus, for 
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example, the previous addition of only 0 ‘45% of nitrogen peroxide sufficed 
to shorten the “ reaction period ” of such a medium from 25 or 30 to 
only 4 minutes, while the addition of only 1 -5% caused the medium to 
ignite after 1 minute. 

Summary 

Under like conditions, the slow oxidation of methyl alcohol is both 
much faster and less influenced by silica surface than that of methane at 
390°. Also, unlike that of methane, it exhibits no appreciable induc¬ 
tion period at that temperature, although it may be speeded up con¬ 
siderably by previous small additions of either formaldehyde or nitrogen 
peroxide. A 2CH s OH + 0 2 is the most reactive medium. The oxida¬ 
tion is marked by the intermediate successive formations of formalde¬ 
hyde and formic acid, the former being always present in much greater 
quantities than at any stage of a corresponding methane-oxidation. 
Traces of peroxide may be transiently formed, as and when the inter¬ 
mediate formation of formaldehyde reaches its maximum, as though 
dependent thereon. The end products are principally oxides of carbon 
and steam, with a high C0/C0 2 ratio, any slight liberation of hydrogen 
that may occur being confined to the second half of the “ reaction 
period ” throughout which intermediate products (/>., formaldehyde and 
formic acid) were present. 

Ill —Experiments on the Slow Oxidation of Formaldehyde 

Apparatus 

At the outset considerable difficulty was experienced in obtaining 
gaseous formaldehyde CH 2 0 in a reasonably stable state; eventually, 
however, it was overcome by employing Spence and Wild’s method of 
preparing a liquid monomeric formaldehyde from which stable gaseous 
CH s O can readily be obtained.* The apparatus set up for making the 
mixtures is shown in fig. 13 in which 

A — flask containing pure paraformaldehyde; 

B — U-tube separator, top of which was kept at 120° and the bottom 
cooled by CO,-ether mixture; 

C = receiving vessel for liquid CH 2 0, cooled in liquid air; 

D = 3-way tap for admitting either (i) CH s O-vapour, or (ii) pure dry 
oxygen to E; 

E = mercury burette as mixing vessel. 

* * J. Chem. Soc.,’ p. 338 (1935). 
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The reaction vessel employed (not shown in diagram) was the same as 
in all other experiments, and no difficulty was experienced in studying 
the reactions of 2CH a O + 0 2 and CH 2 4- 0 2 mixtures respectively. 

Results 

The oxidation of formaldehyde is so much faster than that of either 
methane or methyl alcohol in like circumstances that at any temperature 
above 330° a 2CH 2 0 + 0 2 mixture ignited immediately on entering the 
reaction vessel, the temperature of which had to be lowered to 290° 

Pure dry oxygen 

I 



before rates of oxidation comparable with those obtained with the 
hydrocarbon or alcohol could be observed. Ultimately observations 
were carried out at selected different temperatures between 250° and 
290 c . None of them, however, showed any induction period, vigorous 
oxidation, accompanied by a continuous pressure-rise, always com¬ 
mencing as soon as the experimental mixture entered the reaction vessel. 
After the first few minutes, however, the rate of reaction, as indicated 
by the pressure-time curves, gradually shortened and became very slow 
towards the end. 

(a) Showing the Influence of Silica Surface —Although there was no 
observable “ induction period ” an increase in the surface/volume ratio 
of the silica reaction-vessel from 0 • 8 to 1 • 8 decidedly retarded the reaction 
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of a 2CH s O + 0 2 mixture at 275°, as shown by the pressure-time curves 
in fig. 14. 

Such “ surface ” effect was very much less than that observed in the 
corresponding experiments with methane, although greater than those 
observed with methyl alcohol, at 390°. As, however, it was found 
impossible to institute any direct comparisons at one and the same 



Fig. 14—Effect of surface/volume ratio on reaction of a 2CH,0 + O s mixture at 
275° C. Numbers indicate order of experiments. 1, S/V — 0-8; 2, S/V — 1 -2; 
3, S/V- 1 '6; 4, S/V = 1-2; and 5, S/V =0-8. 

temperature, the question whether or not a silica surface plays a greater 
or less part in the slow oxidation of formaldehyde than in that of methyl 
alcohol remained unanswered, although on general grounds we would be 
inclined to say “ less 

From fig. 14 it will be seen that by doubling the surface/volume ratio 
of the silica reaction vessel the length of the reaction period of a 
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2CH a O + O a medium at 275° was increased from 34 to 70 minutes, 
without causing any observable induction period. Hence it would 
appear that such surface-retardation of a reaction does not necessarily 
imply any induction period, as some have supposed. 

(b) Influence of Temperature and Mixture Composition —As shown by 
the pressure-time curves in fig. 15, not only did the rate of reaction of a 
given formaldehyde-oxygen mixture rapidly increase between 250° and 



Fra. 15—Effect of temperature and composition of the mixture on the rate of reaction 

of 2:1 and 1:1 formaldehyde-oxygen mixtures. - 2CH»0 + 0*;- 

CH,0 + O,. 

290°, but also at all temperatures within this range a 2CH a O 4- O a was 
rather more reactive than a CH a O -f O a medium. 

(c) Reaction Products and Course —Although the main reaction pro¬ 
ducts were always carbonic oxide and steam, in accordance with the 
empirical equation:— 

2CH a O + O a « 2[H . COOH] = 2CO + 2H a O, 

there were always present smaller proportions of carbonic anhydride, 
hydrogen, formic acid, and peroxides. And as regards the last named. 
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there was evidence of two being intermedially formed, namely one which 
behaved as though it were the performic acid H 2 CO a , and the other like 
the “ dimethylenediol peroxide ” (sometimes also called “ formaldehyde 
peroxide”) described by Fenton" 1 as obtainable by the interaction of 
formaldehyde and hydrogen peroxide, and for which Nef had suggested 
the constitutional formula CHjOH — O — O — CH 2 OH; and we have 
interpreted the analytical results accordingly.! 

Tn order better to follow the course of the reaction, three special experi¬ 
ments were made with a 2CH a 0 + O a mixture at 275° in which it was 
abruptly stopped by sudden cooling at the end of 4£, 14, and 30 minutes 
respectively, and the contents of the reaction vessel submitted to exhaus¬ 
tive analyses. 

The results, which are summarized in Table IX, show how rapidly the 
oxygen had disappeared within the first few minutes and, except as 
regards the final disappearance of peracid and peroxide, what little 
change occurred after 14 minutes. The partial pressures of the various 
constituents were those at 275°, each being deduced from the percentage 
formed by analysis, except that of steam which was calculated ” by 
difference ”. 

Seeing that we have found that a mixture of formaldehyde vapour and 
nitrogen of the composition 2CH a O + N 2 could be maintained in our 
reaction vessel at 275° for as long as 45 minutes without any material 
increase in pressure or the formation of more than about 1% of carbonic 
oxide and hydrogen by thermal decomposition of the aldehyde 

CH a O = CO + H„ 

we cannot attribute more than a small fraction of the hydrogen formed in 
one oxidation experiment to such cause. In all probability the majority 
of it arose from the thermal decomposition of the much more unstable 
“ formaldehyde peroxide 

Summary 

The most significant features of the slow oxidation of formaldehyde, as 
revealed by the foregoing experiments, are (i) its relatively much greater 
speed than that of either methyl alcohol or methane; and (ii) the absence 
of any observable induction period even at as low a temperature as 

* ‘ Proc. Roy. Soc., 1 A, vol. 90, p. 492 (1914). 

t Whereas aqueous solutions of the so-called “ formaldehyde peroxide ” are de¬ 
composed with caustic alkali with evolution of hydrogen, and liberate iodine from 
potassium iodide very slowly and incompletely, in contradistinction those of per¬ 
formic add are not so decomposed and liberate iodine rapidly. 
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275°. Also that the resultant O a /CH a O reacting-ratio was somewhat less 
than 0-5 in all the three experiments recorded in Table IX; that formic 
acid was always intermediately formed as well as, incidentally, both 
performic acid and “ formaldehyde peroxide ”, and that the last named 
was evidently consequential upon the prior formation of performic acid. 
The end products were again principally oxides of carbon and'steam. 


Table IX— Reaction Products of 2CH a O + O a AT275°C 


Duration of reaction, minutes. 

4} 

14 

30 

[P< . 

747*3 

747*8 

740*0 

At 275° C P/ . 

806-0 

890*0 

891 0 

i p//p. . 

1 *08 

1 19 

1-20 

Initial pressure f CH t O . 

508-4 

515 8 

502*2 

mm at 275° C \ O a . 

238*9 

232*0 

237*8 

Final pressures at 275° C. 

mm 

mm 

mm 

C 

X 

u 

55-7 

12*8 

5-9 

Unchanged reactants j n 

20*1 

7-9 

9*0 

CO a . 

16*5 

55-2 

47*5 

CO ... 

305*5 

365-5 

365*8 

H.O . 

261*3 

305-2 

314*8 

H, . 

39*4 

63*5* 

65 0* 

ch 4 ... 

Nil 

2*3 

1*5 

H.COOH . 

35*0 

61 -5 

81*5 

H.COOOH v. 

49-3 

13*7 

Nil 

[CH,0H],0, . 

23*2 

2*4 

Nil 

Ratio 0,/CH t 0 reacted . 

0-48 

0*45 

0*46 

Ratio CO/COa formed. 

18*5 

6*6 

7*7 


* Probably some hydrogen was absorbed by the quartz walls of the reaction vessel. 


with a high CO/CO a ratio although free hydrogen was also prominent 
among them. The following successive reactions may, we think, be 
envisaged :— 


(i) 2^)>C:0 + 0 1 =2 H °/C:0-2C0 + 2H i 0. 


(ii) 2 H °>C:0 + 0 a = 


(«) 2 ||q/C : O = 2CO* + 2H a O 
{b) 2 HOO> C ' ° ~ 2C ° H *°*’ 


H 
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IV —Experiments on the Slow Oxidation of Formic Acid 

Experiments made in the reactions of both 2: 1 and 1: 1 formic acid- 
oxygen mixtures at various temperatures between 340° and 470° always 
showed a very much slower disappearance of oxygen than thermal 
decomposition of formic acid. A much less rapid and continuous 
pressure rise set in as soon as either of the two media was introduced into 
the reaction vessel, but even at 470° the actual oxidation was very much 
slower than that observed in any of the preceding experiments with 
methane, methyl alcohol, or formaldehyde. 

The gaseous products consisted chiefly of oxides of carbon, steam, and 
free hydrogen. There was never any sign of the intermediate formation 
of either a peracid or any peroxide. 

V —Discussion 

According to the hydroxylation theory, which merely comprises in a 
simple composite scheme all the outstanding analytical facts relating to 
its course, the successive stages in the slow oxidation of methane at atmo¬ 
spheric pressure and temperatures around 400°, together with the successive 
molecular heat evolutions in K.C.Us., would be:— 

( 1 ) 

CH 4 - CH 3 OH - CH a (OH)g + 53 

+ 30 H s O + H 2 :C:0-* H °>C:0-+ 

-+- 59 CO + H 2 0 CO* + H a O 

+ 55 +68 

Unlike other theories that have been propounded on the subject, all its 
postulated stable intermediate products have actually been isolated in 
substantial quantities from the reacting medium so that it rests securely 
upon a firm basis of unimpeachable analytical facts. 

If at each successive stage of the methane oxidation oxygen molecules 
are actually involved, the most reactive mixture should always be that con¬ 
taining combustible {i.e., methane, methyl alcohol, formic-aldehyde) and 
oxygen in a 2: 1 molecular ratio which is precisely what we have found. 

Another outstanding fact emerging from our present investigation is 
that While the rate of oxidation increases in passing through each stage 
up to that of formaldehyde—methyl alcohol being oxidized much faster 
than methane and formic aldehyde than methyl alcohol, under like 
conditions—it slows down so considerably in the ultimate stage that 
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formic acid decomposes faster than it oxidizes at 400°. Hence die find 
products of the normal slow oxidation of methane at 400° always consist 
chiefly of carbonic oxide and steam, with a high CO/CO* ratio, and 
substantially no hydrogen, a result which again naturally follows from 
the hydroxylation theory. 

Undoubtedly methyl alcohol is the initial oxidation product; but it is 
further oxidized so rapidly, via di-hydroxymethane, to formaldehyde and 
steam, that its presence in the oxidation products is usually completely 
masked by that of the aldehyde and can only be detected and demon¬ 
strated by such special methods as that described in the succeeding paper 
by Dr. D. M. Newitt and one of us ( q.v .). 

We do not dissent from Norrish’s supposition that both :CH 2 radicals 
and oxygen atoms may be concerned in the initial stage of the methane- 
oxidation, although our view of their origination would differ somewhat 
from his. We would suggest that the initial stage in the oxidation of 
methane at 400° is probably best represented as a comparatively slow 
reaction, initiated during the “ induction period ” at the surface of the 
reaction vessel, but afterwards becoming homogeneous, involving the 
formation of a meta-stable methyl alcohol, which in part is rapidly 
oxidized and in part decomposed into H 2 C: and H 2 0, thus*:— 

2CH 4 + 0 2 + 2CH 3 OH 

2 : CH 2 + 2H a O 

The evidence for such a low temperature decomposition is experimental 
rather than theoretical, and it would be favourably affected by such low 
CH a OH pressures as occur in slow methane-oxidations. Any free :CH, 
radicals so produced might react instantly with O a and set up the follow¬ 
ing sequence:— 

H 2 C: + 0 2 = H 2 .C:0 +O 
CH 4 + O = CH 3 OH 
CH 3 OH « :CH 2 + H s O. 

The marked “ induction period" observed in the slow oxidation of 
methane at 400° would then be envisaged as requisite for the accumulation 
of small equilibrium ratios of both methyl alcohol and formaldehyde in 
the system. And its considerable shortening by previous small additions 
of methyl alcohol or formaldehyde would be explained. Hence while the 
initial oxidation stage can be regarded as possibly involving a simple 
reaction-chain, all that need now be stipulated is that, if eventually a 

* Bone and Davies, ‘ J. Chem. Soc.\ vol. 105, p 1691 (1914). 
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chain-mechanism has to be invoked, it should be one involving the primary 
formation of methyl alcohol. 

The second stage, which at 400° showed no “ induction period ” and 
is much faster than the first, may be represented as:— 

2CH 3 OH + 0 2 * 2CH s (OH) s 

'2H 2 oT2H a :C:0‘ 

It is not usually so much influenced by “ surface ” as the first stage and it 
may well be that the small influence of surface is now more a thermal 
than a chemical effect. 

The third stage, which again shows no “ induction period ”, and is in¬ 
comparably the fastest of all, involves the oxidation of formaldehyde, 
via formic acid, thus:— 

2 h> c: °+ 2 H 2> c: ° 

2CO + 2H7o 


While much of the nascent formic acid rapidly decomposes into 
CO + H 2 0, part of it slowly undergoes further oxidation; and it is 
during such final stage that “ peroxidations ”, which hitherto have been 
wanting, may occur, especially when the concentration of formic acid 
exceeds a certain limit. This final stage, much the slowest of all, may 
be represented as:— 


2 H °>C:0 + 



”£)>C:0==2C0 2 + 2H 2 0 
H0 2>C: O = 2CO + 2H 2 0 2 


Although any H 2 0 2 produced in ( b ) might react with formaldehyde 
producing the peroxide (CH 2 OH) 2 O a , which would then decompose 
yielding hydrogen:— 

(CH 2 0H) 2 0 2 =-- 2CO + 2H a O + H t , 
in a methane-oxidation at 400°, where the equilibrium concentration 
of formaldehyde never exceeds 0*2 to 0-25%, there is never sufficient 
of it present to allow of such “ peroxidation ” to any appreciable extent, 
as shown by the absence of hydrogen from the final products. In a 
methyl alcohol-oxidation at 400°, where the formaldehyde concentration 
may sometimes exceed 1%, such peroxidation just becomes perceptible. 
And in a formaldehyde-oxidation at 275° it becomes prominent, though 
never predominating over the normal oxidation 

2CH t O + O. - 2CH t 0 1 « 2CO + 2H,0. 
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Hence while hydrogen is absent from the end products of a 2CH 4 + O g 
or CH 4 + 0 2 reaction at 400°, we have found a small percentage of it in 
the end products of a 2CH 3 OH 4 - O a or CH s OH + O a reaction at the 
same temperature (Table VIII), and a considerable percentage of it in that 
of a 2CHjO reaction at 275° (Table IX). 

Although, hitherto, we have been inclined to attribute the marked 
accelerating influence of small additions of nitrogen peroxide upon the 
slow oxidation of both methane and methyl alcohol to the well-known 
action of nitric oxide as an oxygen carrier to any molecule capable of 
accepting an O atom as in such a sequence as, 

N0 2 = NO + O 
M + O = MO 
2NO + O a = NO a . 

Norrish’s recent paper on the influence of nitric oxide upon the 
hydrogen-oxygen reaction"' purports to show that something else is 
involved, and therefore we would suspend judgement. It seems pretty 
certain that O atoms, however produced, would be more efficient than 
O a molecules in oxidizing methane, etc. 

On the lines as the foregoing the hydroxylation theory affords not only 
the most probable explanation of the analytical facts now established by 
researches from our laboratories on the slow oxidations of methane, 
ethane, ethylene, benzene, toluene, etc., over a wide range of pressure— 
and in such regard the work of Newitt and his collaborators in their 
pressure-oxidations is of outstanding significance—but also satisfies 
kinetic and other requirements. The theoretical objection that it involves 
either a series of ternary collisions or the intervention of oxygen atoms at 
each step cannot, we think, be maintained in face of the facts as a whole; 
and perhaps the new observations presented in this paper will make dear 
why the slow oxidation of methane is autocatalytic. 

Finally, we would again stress the fact that, although diligently sought 
for throughout our experiments, no sign of any initial “ peroxidation ” 
of the methane molecule was ever detected. 

In conclusion we would thank Radiation Limited for their Research 
Fellowship which has enabled one of us (J. B. G.) to devote his whole time 
to the investigation. 

* * Proc. Roy. Soc.,’ A, vol. 152, pp. 196-220 (1935). 
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The Initial Formation of Alcohols During the Slow 
Combustion of Methane and Ethane at Atmospheric 

Pressure 

By D. M. Newitt, D.Sc., and J. B. Gardner, B.Sc., A.R.C.S., D.I.C 

(Communicated by W. A. Bone, F.R.S.—Received November 18, 1935) 

It has been shown in recent papers* that during the slow combustion 
of the paraffin hydrocarbons at high pressures hydroxylation of the 
hydrocarbon molecule takes place with the formation of the corre¬ 
sponding alcohols in considerable quantities. Thus, for example, when 
a 9: 1 methane-air mixture at 50 atms undergoes reaction at 430° C as 
much as 51% of the methane burnt appears in the products as methyl 
alcohol. 

At atmospheric pressure, however, although strong indirect evidence 
points to a similar initial formation of alcohols the absence of a sufficiently 
sensitive test has hitherto prevented their detection by chemical means; 
and this circumstance has led to the suggestion that a secondary mechan¬ 
ism, operative chiefly at high pressures, may be responsible for their 
formation. Thus in a recent paper Norrish has stated,! in reference to 
the oxidation of methane (p. 41), that “ methyl alcohol arising of necessity 
according to a tertiary process—O + CH 4 + X = CH s OH + X' + 88 
k. cals—will only appear in quantity at high pressures or in the presence 
of a high concentration of inert gas as is actually found to occur in the 
work of Newitt and Haflfner ” and again (p. 42) that “ the formation of 
methyl alcohol as a stable product of the oxidation of methane is thus, 
according to the atomic chain hypothesis, only a limiting condition at 
high pressures ”, 

The high pressure experiments cited afford little support for such view; 
for whilst undoubtedly they show that the survival of alcohol is favour¬ 
ably influenced by pressure, they do not point to any separate mechanism 
being involved even during a 15-fold increase of pressure. Moreover, the 
magnitude of the pressure effect is such as to leave little doubt but that 
at atmospheric pressure alcohol is present in the products in quantities 
comparable with those of the corresponding aldehydes. 

By a suitable adjustment of experimental conditions, therefore, it 
should be possible to estimate the relative amounts of the two substances 

* ‘Proc. Roy. Soc.,’ A, vol. 134, p. 591 (1931); vol. 140, p. 426 (1932). 
f 4 Proc. Roy. SOc.,’ A, vol. 150, p. 36 (1935). 

VOL. CUV.—A. 2 



330 


D. M. Newitt and J. B. Gardner 


formed during the initial stages of the combustion, and so to ascertain 
whether the aldehyde is formed by an independent reaction, as postulated 
by the atomic chain hypothesis, or results from the primary hydroxylation 
of the hydrocarbon molecule. The experiments described below were 
carried out to obtain information on this point. 


Experimental 

When a hydrocarbon-oxygen mixture is introduced into an enclosure 
maintained at a suitably low temperature there is an “ induction ” period 
followed by a “ reaction ” period during which the greater part of the 
hydrocarbon or oxygen, whichever is in defect, is used up. In the pre¬ 
ceding paper ( q.v .) it has been shown that during the induction period 
the concentration of some product or products (alcohol and/or aldehydes) 
formed by a surface reaction is increasing to a critical value. In order 
to isolate these products in quantity we have employed a method by 
which the reacting medium could be maintained in a heated zone for a 
time approximately equal to its induction period and the products formed, 
as the result of surface action could be continuously removed and 
immediately cooled and condensed. By increasing the time of contact 
the products of the subsequent reaction period could also be isolated. 
In this way we have succeeded in identifying methyl and ethyl alcohols in 
the product arising from the oxidation of methane and ethane respec¬ 
tively, and have isolated both in sufficient quantity to permit of a quanti¬ 
tative estimate being made of the amounts surviving under various 
conditions of temperature and mixture composition. 

The apparatus employed is illustrated in fig. 1. The initial hydro¬ 
carbon-oxygen mixture from a gas holder enters the system at A and passes 
by way of an orifice meter B and a calcium chloride drying tube C to the 
heated silica reaction vessel D. The exit to D is by way of a closed tube 
of unglazed porcelain of such texture that a pressure difference of about 
half an atmosphere is required to force gas through at the requisite rate 
for our experiments. The products of combustion and uncombined 
gases pass from the porcelain tube through (a) one or more cooling and 
scrubbing coils E immersed in ice, and ( b ) two U tubes F and G containing 
calcium chloride and sofnolite to remove moisture and carbon dioxide 
respectively, to a second gas holder in which the residual gases are 
measured and analysed. The condensate and scrubbing liquors were 
mixed and analysed. Aldehydes were detected by Schiff's reagent and 
were estimated by Ripper’s bisulphite method and Romijn’s potassium 
cyanide method. Methyl alcohol was identified by preparing its methyl- 



331 


Slow Combustion of Methane 

p-nitrobenzoate derivative and ethyl alcohol by oxidizing to acetic acid 
and preparing the corresponding anilide. The methods employed for the 
identification and estimation of the products have been described in 
previous papers. 

The procedure in carrying out a series of observations with any particular 
mixture was first to determine its induction period at some suitable 
temperature and to calculate therefrom the rate of flow necessary to give 
in subsequent experiments the required time of contact in the heated 
zone. In the flow experiments about 20 litres of gas were passed through 
the tube and the products collected and analysed as already indicated; 
the rate of flow was regulated by adjusting the pressure on the outlet side 
of the porcelain tube, the pressure of the reactants in the silica vessel 
being maintained constant at about 780 mm of mercury. 

Experiments with Methane-Oxygen Media 

Before proceeding with the main investigation preliminary experiments 
were carried out to find the effect of the porcelain surface on the induction 
and reaction periods of various methane-oxygen mixtures at 440° C. 
The introduction of the porcelain tube always considerably shortened 
both the induction period and the subsequent reaction period Thus 
for a 2CH 4 + 0 2 mixture the following figures were obtained:— 


Duration of 



Induction 

Reaction 


min 

min 

Silica vessel . 

5 

25 

Silica vessel with porcelain tube 

1-75 

15 


Table I—The Induction Periods of Various Methane-Oxygen 


Mixtures Reacting at 440° C 

Mixture 

Induction period 
min 

6CH, + Oi 

2 

3CH, + O, 

1*75 

2CH 4 + O, 

1*75 

CHt + O, 

1*75 

CH* + 30, 

5 


With the porcelain tube in position measurements were next made of the 
induction periods for various methane-oxygen mixtures at 440° C with 
results recorded in Table 1. 

z 2 
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Of these mixtures the most reactive was that containing the combustible 
and oxygen in the ratio 2:1; and since this gives the stochiometric 
proportions for alcohol formation it was selected as being the most 
suitable for our purposes. 

Several runs were carried out at 440°-450" with rates of flow adjusted 
to give times of contact in the heated zone of 1-5, 1-75, 2-1, and 4-3 
minutes respectively. The products consisted of methyl alcohol, formalde¬ 
hyde, steam, and the oxides of carbon. No carbon was liberated and 
neither peroxides nor free hydrogen were detected. 

The quantity of alcohol formed was sufficient to enable it to be identified 
by means of its methyl-p-nitrobenzoate derivative and to be estimated 
quantitatively. The results for the four experiments are summarized in 
Table 11. 


Table II— Liquid Products from the Reaction of a 2CH 4 + O a 
Medium at 780 mm and Temperatures between 440° and 

450° C 


Reaction 

Time of 

Percentages of methane burnt 

Ratio 

temperature 

contact in 

appearing as 

ch,oh/ch 2 o 


heated zone 




6 C 

min 

ch 8 oh 

CH a O 


440 

4*3 

0*87 

4*6 

019 

440 

21 

1*8 

8*5 

0 21 

450 

!-75 

2*2 

8*9 

0*24 

450 

1 *5 

4*1 

12*4 

0*33 


Attention may be drawn to two important features of these results, 
namely (1) that both during the induction and subsequent reaction 
periods methyl alcohol was always found in the products, and (2) the 
ratio alcohol/aldehyde increased progressively as the time of contact in 
the heated zone was reduced. The latter observation points to alcohol 
being the initial product formed during the induction period. 

In a further series of experiments the results of which are given in 
Table III the effect of variations in mixture composition on the relative 
amounts of alcohol and aldehyde surviving was determined. 

In comparing these results it should be noted that, with one exception, 
the times of contact were all longer than the corresponding induction 
periods and conditions were therefore not particularly favourable to the 
survival of products formed during the initial surface reaction. The 
ratio alcohol/aldehyde, however, always increased with the reactivity 
of the initial mixture. 
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Table III 


Initial 

Reaction 

Time or 

Percentages of methane 


mixture 

temperature 

contact in 

burnt appearing as 

Ratio 



heated zone 

* .... -4 - ... . 

CH # OH/CHjO 


°C 

min 

CH,OH 

CH s O 


CH, f 30, 

440 

3*7 

0*27 

3*0 

0*09 

CH, + O, 

440 

2-5 

0*32 

1-5 

0*2! 

3CH, 4- O, 

440 

2*6 

0*71 

4-6 

0*15 

6CH, + O, 

440 

3*9 

0*37 

4-6 

0*08 

6CH 4 + O, 

440 

2-1 

0*61 

6-3 

0-09 



Experiments with Ethane-Oxygen Media 

The products from the slow oxidation of a 2:1 ethane-oxygen mixture 
reacting at 345° C and 780 mm contained ethyl and methyl alcohols, 
acetaldehyde and formaldehyde, and acetic acid. Four experiments 
were carried out at temperatures between 315 and 345° C with results 
given in Table IV. 

Excluding the first experiment in which the reaction temperature was 
about 20° higher than in the remainder it will be observed that the 
quantities of ethyl alcohol and acetaldehyde surviving reached a maximum 
when the time of contact in the heated zone was approximately one-half 
the induction period. The ratio alcohol/aldehyde on the other hand 
diminished with increasing times of contact throughout 
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Summary 

The foregoing experiments show conclusively that during the slow 
combustion of methane and ethane at atmospheric pressure methyl and 
ethyl alcohols, respectively, are formed in quantities comparable with 
those of the corresponding aldehydes. Both alcohols and aldehydes are 
found during the “ induction period ” as well as during the subsequent 
reaction, but the ratio alcohol/aldehyde diminishes as the “induction” 
approaches completion. These observations, in conjunction with the 
fact that during the slow combustion of methane formaldehyde can only 
be detected during the later stages of the “ induction period ” (see the 
preceding paper by Bone and Gardner), prove that the formation of 
alcohol precedes that of the corresponding aldehyde. 


Catalysis and Inhibition of a Homogeneous Gas Reaction 
The Influence of Nitric Oxide on the Decomposition of 

Diethyl Ether 

By L. A. K. Staveley, B.A., and C. N. Hinshelwood, F.R.S. 

(Received December 3, 1935) 

A fair number of examples of homogeneous catalysis of gaseous 
reactions are now known, but no comprehensive generalizations about 
them are yet possible, except perhaps that the catalyst always permits a 
reaction with a lower activation energy and a simpler activation mechanism 
to replace the normal reaction.'* 

Nitric oxide is known to catalyse the decomposition of nitrous oxide,t 
of acetaldehyde and of chloral,! and the experiments to be described 
were begun with the object of investigating systematically which types of 
reaction are subject to die influence of this catalyst. Certain regularities 
have been observed in the types of organic decomposition reaction which 
are catalysed by iodine.§ Diethyl ether, || for example, reacts as follows : 

C 4 Hj . O . C,H, -* C.H, + CH a CHO - C 8 H 6 + CH 4 + CO, (1) 

* Hinshelwood, “ Kinetics,” Oxford, 1933, chap. 6. 
t Musgrave and Hinshelwood, * Proc. Roy. Soc.,’ A, vol. 135, p. 23 (1932). 
t Verhoek,' Trans. Faraday Soc.,’ vol. 31, pp. 1521,1533 (1935). 

§ Bairs tow and Hinshelwood, 4 Proc. Roy. Soc.,’ A, vol. 142, p. 77 (1933). 

|| Gusius and Hinshelwood, ibid., vol. 128, p. 82. 
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and the first experiments were made to see whether nitric oxide would 
provoke an analogous reaction. 

The addition to ether vapour at 500 to 600° C of considerable amounts 
of nitric oxide gave in fact the expected catalysis, but small amounts, so 
far from accelerating the reaction, retarded it in a marked way. As far 
as we were aware, no examples had hitherto been found of homogeneous 
reactions subject to inhibition by minute amounts of a foreign gas, 
except those showing in a marked degree the peculiarities of chain re¬ 
actions. There was no evidence of chains in the ether decomposition: 
the unexpected result, therefore, led to the detailed investigation which 
is the subject of this paper. 



Mm NO 

Fig. 1 —Inhibition of ether decomposition by small amounts of nitric oxide and 
acceleration by large amounts, 549'’ C. 

The reaction vessel used was of silica. The temperature was measured 
with a platinum-platinum rhodium thermocouple, and was constant 
to 1°. For studying the kinetics of the reaction in presence of small 
amounts of nitric oxide a capillary pipette was attached which enabled 
amounts as small as 0 • 1 mm to be delivered accurately. The ether was 
specially purified and dried over sodium: the supply bulb, sealed in close 
proximity to the reaction vessel was cooled to about —50° and pumped 
out daily. The nitric oxide was prepared by the nitrometer reaction, 
which gives a pure dry gas free from nitrogen peroxide. 

Fig. 1 gives a general view of the initial inhibition and subsequent 
acceleration of the reaction as the amount of nitric oxide is increased. 
The corresponding numbers are contained in Table I. 
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The Catalytic Reaction 

In the catalytic reaction acetaldehyde appears as an intermediate 
product in accordance with equation (1), and can be detected in samples 
withdrawn during the early stages. Although its rapid decomposition 
prevents it from accumulating to any marked extent, the existence of 
the two consecutive changes accounts for the shape of the reaction-time 
curves shown in fig. 2. 

Table I— Variation of t i00 with Nitric Oxide Pressure at 549°. 
Ether Pressure 100 mm Throughout 


Initial pressure 
of nitric oxide 

^100 

mm 

sec 

0 

580 

15 

1930 

51 

1305 

101 

767 

158 

660 

216 

450 

25 J 

392 

305 

351 

399 

263 

491 

223 


Analyses of the reaction products are given in Table II. They represent 
essentially the decomposition of ether, although a portion of the nitric 
oxide itself disappears in oxidation reactions yielding nitrogen. The 
saturated hydrocarbons consist mainly of methane, the ethane of equation 
(1) being unstable. The whole reaction must be regarded as principally 
catalytic, since the complete oxidation of ether would require many 
molecules of nitric oxide. The removal of nitric oxide is nothing like 
complete, as may be shown by adding fresh ether when the catalysed 
reaction is over. Nevertheless, in studying the kinetics it is obvious that 
the initial rate of reaction is the only quantity to which precise significance 
can be attached, since the later stages must be influenced by the loss of 
nitric oxide in the oxidation processes. The initial rate could be measured 
by drawing tangents to reaction-time curves, but in the present case 
there is a more accurate method depending upon the empirical result 
that the shape of the curves of pressure increase against time is practically 
the same under all conditions, as shown in fig. 2. 
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From this it follows that the relative values of the reciprocals of ho 
or t 100 (time for pressure increase of 50% or 100% of the initial) may be 
taken as proportional to the respective initial rates. 

From fig. 1 and Table 1, therefore, we may conclude that the initial 
rate is directly proportional nearly to the first power of the nitric oxide 
concentration. A series of experiments at 523° C gave similar results. 

Table III gives the variation of the initial rate with the initial ether 
concentration. As can be seen from fig. 3, the reaction is more nearly 
of the first order than of any other with respect to the ether concentration. 

Table II— Analysis of Reaction Products from the Catalysed 

Reaction 

Percentage 

Initial % ^-s. 


Temp 

°C 

ether 

pressure 

mm 

Initial 

NO 

pressure 

pressure 
increase 
at end 

Sat. 

hydro¬ 

carbons 

Unsat. 

hydro¬ 

carbons 

CO* 

CO 

NO 

N, 

(0 550 

152 

0 

point 

189 

and 

H, 

54 

10 

0 

36 

0 

0 

(2) 545 

150 

150 

193 

32 

6 

4 

30 

14 

14 

(3) 550 

159 

125 

(a) 181 

34 

6 

5 

29 

14 

12 

(4). 550 

171 

189 

(/>) 197* 
t 

12 

6 

4 

15 

20 

43 


* In (3) the nitric oxide was added after the ether had completely decomposed 
(end-point (a)), and the mixture analysed after a further 90 minutes, i.e., much longer 
than I, no- 

t In (4) 150 mm nitrogen were added initially as a reference substance, the sample 
was taken when the pressure had increased by 100% of the initial value: undecomposed 
ether was absorbed in alcohol. 

The rate increases by about 50% for an eightfold increase in ether pres¬ 
sure. This corresponds to an order of about 1 -2, which is reduced to 
about 1-1 if a correction is made for the non-catalytic reaction pro¬ 
ceeding concurrently. 

A comparison of the rates in three different bulbs, the surface volume 
ratios of which were approximately 1:7:16 showed that certainly less 
than 5% of the reaction was heterogeneous. The same applies to the 
inhibited reaction discussed in the next section. 

The temperature coefficient (Table IV) gives an activation energy of 
45,000 calories, the rates being corrected for variation of concentration 
with temperature, and E corrected for variation of collision number 
with temperature. If we assume that the reaction depends essentially 
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Time (/ M ■* unity) 


Fig. 2—Diagram showing the similarity of pressure-increase time curves for different 
temperatures and concentrations. The scales are so chosen that the time for a 
50% pressure increase is unity throughout. The points are from seven experi¬ 
ments in which the nitric oxide varied from 101 to 491 mm, the ether from 54 to 
149 mm, and the temperature from 523 to 607° C. 

Table III—Catalysed Reaction. Variation of *50 with Initial 
Ether Concentration 


523° C, NO » 

199 mm 

549° C, NO - 

ISO mm 

Ether pressure 

*»» 

Ether pressure 


mm 

sec 

mm 

sec 

53 

688 

53*5 

355 

110 

567 

91 

335 

153 

519 

117 

312 

201 

496 

153 

280 

245 

480 

204 

258 

313 

459 

254 

252 

342 

462 

302 

244 

414 

418 

349 

233 
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upon collisions between nitric oxide and ether molecules, we may calcu¬ 
late as follows: at 800° abs the number of collisions per cc per second 
between ether at 150 mm and nitric oxide at 200 mm is 2 x 10* 7 , assum¬ 
ing the mean of the diameters to be 4 x 10 8 . This multiplied by 
g-iMoo/RT gj ves 9 x iQ« The number of molecules of ether reacting 
per cc per second is 13 x 10 14 . Unless this rather close similarity is 
accidental, it means that all the collisions in which nitric oxide conveys 



Initial ether pressure (in mm) 


Fio. 3—Dependence of the rate of the catalysed reaction upon the ether concentra¬ 
tion at 523° and 549° C. O 199 mm of NO at 523° C; • 150 mm of NO at 
549° C. 

Table IV— Temperature Coefficient of the Catalysed Reaction 
200 mm NO; 150 mm ether 


Temperature 0 C . 498 523 549 565 587 607 

*„ sec* . 1383 505 216 122 58 29 


* /,o corrected for variation of concentration (at fixed pressure) with temperature. 

energy greater than E, in two square terms, to the ether lead to reaction. 
45,000 calories is much smaller than the value for the uncatalysed reaction. 
Nitric oxide thus seems to resemble iodine in being able to place activa¬ 
tion energy effectively into the vital part of the molecule. In the normal 
decomposition many square terms are involved; rearrangement of the 
energy is necessary and hence the original E received in collision is 
uneconomically used. Since the nitric oxide appears to facilitate the 
necessary redistribution, it ought also to be able to provoke the trans¬ 
formation of ether molecules already activated by collisions among 
themselves to a degree less than that needed for the normal reaction. 
This would explain the increase of the order of the reaction above unity 
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with respect to ether. For, if n be the concentration of ether molecules, 
c that of nitric oxide, and a that of the active molecules formed in ether- 
ether collisions, we have in the stationary state, 

kiri* — ktfi a — k 3 a c -- 0, 

where k z a c is the rate of transformation induced by the approach of the 
nitric oxide molecules. For the rate of reaction we obtain 


ki [ether] 2 [NO] 
(kM [ether] + [NO] ’ 



Fio. 4—Inhibition of ether decomposition by small amounts of nitric oxide. Ether 
concentration 100 mm; temperature O 550°, and • 560° C; initial rate for zero 
nitric oxide taken as 100 in each case. 


which when [NO] is large indicates a reaction of the second order with 
respect to ether. If this occurs as a subsidiary to the main change 
expressed by k [ether] [NO], the observed dependence on ether pressure 
is readily understood. 


Inhibition by Small Amounts of Nitric Oxide 

About 0-5 mm of nitric oxide reduces the reaction rate to one-half. 
The course of the inhibition is shown in fig. 4. The initial rate was 





342 


L. A. K. Staveley and C. N. Hinshelwood 

inferred as before from t B0 or r 100 , a procedure which is justified by fig. 5. 
The latter figure represents six experiments in which [NO] varied from 
0 to 8 mm, [ether] from 51 to 354 mm, and T from 538° to 580°. 

The most striking thing about the curves in fig. 4 is the long flat minimum 
which shows a definite fraction of the reaction to be exempt from 
inhibition. 



0 12 3 


Time (t K =• unity) 

Fig. 3 —Similarity of reaction-time curves for different temperatures and concentra¬ 
tions in the inhibited reaction. t i0 made equal to unity throughout. 

The minimum rate varies with the ether concentration in the same way 
as in the normal ether decomposition, as is clearly shown in fig. 6. The 
data are given in Table V and in an earlier paper.* 

The energy of activation, measured with 200 mm ether and 7 mm nitric 
oxide, has the large value of 67,000 calories, Table VI. The observed 
value for ether alone is about 53,000 calories: thus it appears that the 
inhibition must diminish with temperature. This is illustrated by the 


* ‘ Proc. Roy. Soc.,* A, vol. 114, p. 84 (1927). 
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Initial pressure of ether (mm) 


Fig. 6 —Variation of the rate of the inhibted reaction with initial ether pressure: 
comparison with normal reaction. O normal ether decomposition (1927); • in¬ 
hibited reaction* 5 mm NO. 

Table V—Variation of the Rate of the Inhibited Reaction 
with Initial Ether Pressure 

Temperature 580° C; 5 mm nitric oxide throughout 


Initial ether 


pressure 


mm 

sec 

45 

192 

51 

179 

90 

152 

154 

130 

183 

111 

223 

309 

24$ 

103 

287 

94 

354 

85 

422 

85 

451 

89 
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following two direct determinations of the ratio of the normal rate to 
the minimum rate: at 590°, 2-6; at 540°, 3-55. (The high temperature 
coefficient of the inhibited reaction should, with increasing temperature, 
cause it to compete more and more seriously with the catalysed reaction. 
Thus in the determination of the activation energy of the latter only the 
results for the lower part of the temperature range should be used. Actually 
it is rather remarkable that the Arrhenius equation is obeyed over the 

Table VI—Temperature Coefficient of the Catalysed 

Reaction 


7 mm NO; 200 mm ether 


Temperature 

0 

°C 

sec 

538 

1035 

556 

397 

574 

167 

589 

86 

607 

39 


whole range by the catalytic reaction, as shown in fig. 7. We are unable 
to say whether this is due to some undetected extra complication of the 
catalytic reaction at the highest temperatures, or whether the residual 
reaction represented by the minimum in fig. 4 is further repressed by some 
different action of very much larger quantities of nitric oxide.) 

Discussion of the Inhibited Reaction 

* 

The only possible causes of inhibition in a homogeneous reaction seem 
to be (a) the removal of adventitious catalysts by the inhibitor, (b) the 
specific deactivation by the inhibitor of activated molecules, (c) the 
breaking of chains by the inhibitor, (a) is very unlikely: the powerful 
action of traces of oxygen on acetaldehyde might suggest that normally 
the decomposition of ether depends upon the presence of minute amounts 
of oxygen, which the nitric oxide somehow causes to be rapidly removed. 
But direct tests showed that small additions of oxygen had no effect on 
the ether under the conditions of these experiments. Further, the 
experiments are too reproducible for the hypothesis of the accidental 
catalyst to be helpful. For example, in fig. 7 the agreement of the present 
results for the normal ether decomposition with those found in this 
laboratory in 1927* is shown. 

* Hinshelwood, * Proc. Roy. Soc..’ A, vol. 114, p. 84 (1927). 
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With regard to ( b ), the assumption that small amounts of the inhibitor 
can deactivate activated molecules effectively seems to lead to the result 
that in the absence of chemical change the inhibitor could displace the 
normal energy distribution, and this appears to violate the principle of 
detailed balancing. On the other hand, no thermodynamic difficulties 
can arise from the assumption that the inhibitor deactivates or destroys 



Fig. 7—Temperature coefficients of normal and inhibited reactions, and of catalysed 
reaction.* O ether (1927); • ether (1935); + NO catalysed reaction; ■ in¬ 
hibited reaction. 

a reaction product. For this to cause inhibition the reaction must involve 
at least short chains. 

At first sight it might appear obvious that the ratio of the normal to the 
mi nim um rate would give the chain length, which would in the present 
case be about three or four units. But the matter is rather more com¬ 
plicated than this. The ratio in question diminishes with rise in tempera* 
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ture, which means that the chains apparently become shorter. This 
could not be due merely to a decreasing chain breaking efficiency of the 
nitric oxide, since decreased efficiency could be compensated by increased 
concentration, whereas the inhibition reaches a well-defined limit at all 
temperatures. An average chain length of three or , four units might 
mean many quite short chains, or a few long ones. Since the reaction 
does not show any of the well-known surface retardation effects,* the 
hypothesis of very short chains is to be preferred. But if the chains are 
short, ether must evidently be able to break them: this being so, there 
is no obvious objection to the assumption that its chain breaking efficiency 
increases rather more rapidly with the temperature than its capacity for 
starting or continuing them. 

The idea of a primary process which may or may not be followed, by 
quite short chains would certainly not be inconsistent with the result 
shown in fig. 6, where the dependence of the velocity on the ether con¬ 
centration is seen to be rather strikingly the same for the normal and for 
the inhibited reaction. 

If diminution of chain length with temperature is not admitted, then 
the reaction must be assumed to be kinetically composite, with parts 
exempt from inhibition by nitric oxide. The inhibited reaction has the 
higher activation energy: thus those molecules which escape the action 
of the nitric oxide are the more energetic ones. They would be left 
unaffected either because they give no chains at all, or because they give 
chains too energetic to be broken. The latter is unlikely: according to 
modern ideas any chains would probably be radical chains,t and the radicals 
would presumably not escape the attentions of the nitric oxide, assuming 
them capable of reacting with it at all, merely on account of great kinetic 
energy. The other possibility that molecules containing much activation 
energy do not yield free radicals as readily as those with less is not really 
paradoxical. Calculation shows that to account for the rate of the 
inhibited reaction E must be distributed in about 18 square terms, and 
so is not mobilized for the rupture of specific bonds, though it may be 
available for facilitating rearrangements. 

The view that the inhibition depends upon the suppression of a single 
kind of short chain is of course the simpler, and seems to be fairly 
satisfactory. If to the Christiansen and Kramers! equations for a uni- 

* C/. Williamson and Hinshelwood, “ The Reaction between Hydrogen and 
Oxygen,” Oxford, 1934, p. 35; also Fort and Hinshelwood, ‘Proc. Roy. Soc.,' A, 
vol. 129, p. 284 (1930). 

t Rice and Herzfeld, ‘ J. Amer. Chem. Soc.,' vol. 56, p. 284 (1934). 

t ‘ Z. phys. Chem.,' vol. 104, p. 451 (1923). 
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molecular chain reaction, we add a term representing the removal of 
activated products by nitric oxide molecules, we obtain: 

dajdt — k^n* — kjia — k^a + <xk\na' = 0 
da'Idt — kffi — k'tfia' — k K a' [NO] = 0, 

where n is the concentration of ether molecules, a that of activated ether 
molecules, a' that of activated product, and a the number of times an 
ether molecule is activated when a product molecule is deactivated or 
destroyed. These equations lead to the result 

(>o - y)l(y — y*) — c [no], 

where y — rate of reaction, y 0 — rate in the absence of nitric oxide, and 
y* — limiting rate reached at large concentrations of nitric oxide, and 
c is a constant. In fig. 4 the continuous curves are plotted from this 
expression, which is seen to reproduce the results fairly well, except that 
the experimental limiting rate seems to be reached rather sooner than 
predicted. The upper curve is (100 — y)/(y — 29) = 2-73 [NO], and 
the lower curve (100 — y)j(y — 25) — 4-4 [NO]. 

The great deactivating efficiency of the nitric oxide may well be con¬ 
nected with the fact that its molecule has an odd number of electrons. 
At 550° the amount needed to reduce the normal rate for 100 mm ether 
half-way towards the limit is about 0-3 mm only. At this stage about 
half the active products are destroyed and half continue chains. Over 
300 meet ether for each one which meets nitric oxide. If each collision 
with nitric oxide deactivates a chain propagating particle, then about one 
in 300 of the collisions of active products with ether will continue a chain. 
This would correspond to the need for an activation energy of the order 
of 10,000 calories. 

The chains, which we have been discussing, are so short that their 
existence could hardly have been detected by any method other than the 
use of an inhibitor. Nevertheless we must enquire how far these new 
observations necessitate revision of our present ideas about unimolecular 
reactions. The two essential facts upon which the existing theory is 
based are (1) the falling off of the velocity constant at low pressures; and 
(2) the necessity for introducing a large number of square terms to account 
for the observed activation rate. The existence of long chains would 
provide an alternative explanation of (2), but the short chains we have 
postulated cannot make any serious difference. Moreover, to account 
for the observed reaction rate in the region of maximum inhibition calcu¬ 
lation in the usual way shows that about 18 square terms, or 9 degrees of 
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freedom, are necessary. Thus, when the chains are completely sup-, 
pressed, the reaction shows just as clearly as before the typical character-, 
istic demanded by the existing theory. 

With regard to (1) the complete similarity of the inhibited and the 
uninhibited reaction in respect of the dependence of rate on initial pressure 
has already been pointed out, fig. 6. 

This new phenomenon of inhibition, therefore, although interesting 
in itself, does not justify any change in our views about the kinetics of 
unimolecular reactions. 

We have pleasure in acknowledging our indebtedness to Imperial 
Chemical Industries Limited for a grant with which apparatus was 
obtained. 

Summary 

The decomposition of diethyl ether is catalysed by nitric oxide in larger 
amounts. The catalysis resembles that caused by iodine in that the 
activation energy is much lower than that of the normal reaction, and 
appears to be distributed in two square terms only. Some of the nitric 
oxide is removed in simultaneous oxidation reactions. 

Small quantities of nitric oxide exert a striking inhibiting effect on the 
normal decomposition, reducing the rate to a steady minimum which is 
reached with about 1 or 2 mm of the inhibitor. 

The hypothesis that small amounts of nitric oxide deactivate ether 
molecules appears to lead to thermodynamic difficulties. If the decom¬ 
position of ether is assumed to involve short chains, which are broken by 
the nitric oxide, their length must be of the order of three or four units, 
and they must be assumed to shorten slightly with increasing temperature. 
The diminution of reaction rate as a function of the inhibitor concentra¬ 
tion can be fairly well represented by adding to the equations of Christian¬ 
sen and Kramers an extra term to express removal of active products by 
nitric oxide. 

The residual reaction occurring in presence of the inhibitor has an 
activation energy of 67,000 calories, which must be distributed in about 
18 square terms (9 degrees of freedom) to account for the observed rate. 
The dependence of rate on ether concentration is almost identical with 
that found for the uninhibited reaction. 

These last two facts show that the possible existence of short chains in 
this reaction does not justify any modification of our present views about 
the mechanism of activation in unimolecular reactions. 
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Heterochromatic Photometry of the Ultra-Violet Region 
By E. J. Bowen, F.R.S., University College, Oxford 
(Received December 9, 1935) 

The advantage of greater sensitivity which the photoelectric cell 
possesses over the thermopile or bolometer is nullified by its selectivity 
when radiations of different wave-lengths are to be compared. The 
experiments described show that by the use of fluorescent substances in 
conjunction with such a cell it can be made non-selective while retaining 
a great advantage of sensitivity. 

It has been shown by Wawilow* that the ratio of quanta of fluorescent 
light emitted to quanta of light absorbed in strong solutions of uranin and 
aesculin in water is independent of wave-length beyond certain thresholds. 
The accuracy of his measurements, however, while sufficient for the approxi¬ 
mate demonstration of the foregoing relationship, was not enough for 
their use in quantitative work. Experiments were therefore made to 
discover the conditions under which the best results could be obtained 
from fluorescent substances. 

When a quantum of light of wave-length shorter than a certain threshold 
is absorbed by a fluorescent substance it is converted with an efficiency 
of unity or less into a band of fluorescent light mainly of longer wave¬ 
lengths. In very dilute solutions the efficiency in some cases is almost 
unity; in stronger solutions it falls off through deactivation by collision. 
For the work described, solutions of a strength sufficient to absorb in a thin 
layer the light which is to be measured are necessary, yet not so strong as to 
diminish too much the efficiency of the fluorescence. As the fluorescence 
band in general overlaps the absorption band, different wave-lengths of 
exciting light penetrate to different thicknesses of the solution, and the 
fluorescent light observable is diminished in variable amounts by its 
partial absorption before it leaves the solution. It is necessary therefore 
to make observations on the fluorescent light which has passed through a 
layer of solution large compared with the thickness in which the exciting 
light is absorbed if true comparisons are to be made. Under these 
conditions the band of fluorescent light observed may have an energy 
distribution within the band independent of the wave-length of the exciting 
light, and may have a uniform efficiency in its production. A photo¬ 
electric cell arranged to measure such fluorescent light will act as a 

* ‘ Z. Physik.,’ vol. 42, p. 311 (1927). 
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relative quantum counter for the light absorbed, whatever its wave¬ 
length, between certain limits. 

The apparatus used is shown diagrammatically in fig. 1. 

Light from the mercury lamp M, condensed by the silica bulb B con¬ 
taining water, passed the filters F and fell on the Moll large surface 
thermopile T (covered with a quartz plate), and on a quartz cell C, 1 cm 
in thickness with plane faces, containing the fluorescent substance. 



FlCi. 1. 


Immediately behind C was placed the photocell P, connected as shown to 
a xylene-alcohol high resistance R and Lindemann electrometer L; the 
needle of the latter being brought to zero with the potentiometer E 
and readings taken on the voltmeter V. The photocells used were gas- 
filled, as those of the vacuum type were not available, but they were 
operated at very low voltages and at light intensities sufficiently low and 
limited in range to ensure that the voltmeter readings were proportional 
to the latter. The filters used for isolating approximately monochromatic 
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light were similar to those already described.* A small proportion of 
yellow light was transmitted by the ultra-violet filters, which could be 
allowed for by taking readings with and without the interposition of a 
glass plate. 

Some preliminary experiments were made upon solid uranyl ammonium 
sulphate, (NH 4 ) 2 S0 4 . U0,S0 4 .2H 8 0, which has the advantages of 
stability, high fluorescing power, and little overlapping of fluorescent and 
absorption spectra. A compressed block of crystals of this substance, 

Table I—Uranyl Ammonium Sulphate + Paraffin Wax, 1 mm 

Caesium Photocell 

Mean Relative number of quanta 

Filter wave-length ----„ 

By photocell By thermopile 
4-6 4-7 

56 55-5 

7-56 7-6 


100 100 

147-8 156-7 

69 68-3 

119 129 

however, was found to lose much light by reflexion, and unsatisfactory 
results were obtained on measurement with a caesium photocell of the 
fluorescent light excited by radiations of wave-length 4360-3665 A, even 
When the fluorescent light was filtered through yellow glass cutting off 
light below 4700 A. Better results were obtained by measuring with a 
caesium cell (and yellow glass filter) the fluorescence transmitted through 
a translucent layer 1 mm thick of the substance held together with a little 
purified paraffin wax. The measurements, shown in Table I, are reduced 

* Bowen, * J. Chem. Soc.,’ p. 76 (1935). 


/0-108 gm I„ 0155 gm K.I 
in 1 litre water, I cm 
Gaseous Cl a at I atmosphere, 
3 cm 

Gaseous Clg at 1 atmosphere, 
3 cm. 45 gm HgCl* in 1 
litre water, 1 cm 
5 gm potassium hydrogen 
phthalate in 1 litre water, 
v 1 cm 


A 

2520 

2600 

2670 

3150 




Chance’s black glass, 5 mm 3665 

7-5 gm I a in 1 litre CC1 4 » 1 4050 

cm. 10 gm quinine hydro¬ 
chloride in 1 litre of water, 

2 cm 

750 gm NaNO s in 1 litre 4360 
water, 1 cm 
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to relative numbers of quanta assuming a fluorescence efficiency in¬ 
dependent of wave-length. 

The lack of correspondence at the wave-lengths 4360 and 3665 A is 
due to incomplete absorption of the incident light. Thicker layers 
would reduce the error at the cost of seriously diminishing through 
scattering the fluorescent light measurable. 

Other experiments made on solutions of uranyl sulphate in sulphuric 
acid-water mixtures showed deviations at the same wave-lengths, due to 
incomplete light absorption, unless the solutions were of so high a uranyl 
content (and low in sulphuric acid content) that the fluorescence was 
feeble. Uranyl salts are therefore useful for the shorter ultra-violet 
region only, and an investigation of their properties beyond 2500 A might 
be profitable. 

Solutions of uranin (“ fluorescein sodium ”) in water were also found 
to be unsuitable for use in the whole wave-length range 4360-2500 A, 
since the extinction coefficient passes through a minimum in the neigh¬ 
bourhood of 3665 A. To secure complete light absorption in thin 
layers (~ 1 mm) solutions stronger than 2 gm per litre must be used, 
and at these concentrations the fluorescence intensity is greatly reduced 
by collisional deactivation. 

The most satisfactory solution for the wave-length range 3665-2500 A 
was found to be aesculin in water, 1 gm per litre, contained in a cell of 
thickness 1 cm behind which is placed a potassium photoelectric cell. 
Table II shows the results obtained. 


Table II —Aesculin (C u H 18 0 # ) in Water, 1 gm/litre, 1 cm 
Potassium Photocell 


Mean wave-length 
of light 
absorbed, A 
2520 
2600 
2670 
3150 
3665 


Relative numbers of quanta 


By photocell 
5-22 
71*3 
7*0 
100 
151*4 


By thermopile 
5*18 
71*0 
7*15 
100 
154*5 


Quinine “ acid M sulphate solutions in water were found to be less 
suitable than aesculin solutions. Though aesculin is easily photo- 
chemically oxidized, no detectable changes occurred in solutions of the 
above strength during measurements lasting several minutes with light 
intensities as high as 10“ 3 cal/sec/cm 2 . Removal of the dissolved air in 
the solutions would make them still more stable* 
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With the aid of the thermopile placed in the position occupied by the 
photocell the overall efficiency of the experimental arrangement was 
measured. Using light of wave-length 3665 A it was found that the 
ratio of incident energy to fluorescent energy collected was as 60:1. A 
good thermopile and galvanometer will measure 5 erg/sec/cm®, while a 
good vacuum photocell with single valve amplification will just measure 
10 -8 lumen, or say 2 x 10 4 erg/sec/cm 2 . The combination of a suitable 
fluorescent solution with a vacuum photocell therefore may be 250 times 
as sensitive as a thermopile, and by the use of a gas-filled cell and further 
amplification the ratio may be made much greater. For certain applica¬ 
tions it might be possible to use a suitable fluorescent substance to remove 
the selectivity from cells of the Geiger type. 


Summary 

A quartz cell, 1 cm in thickness, containing aesculin solution, 1 gm per 
litre in water, placed before a potassium photoelectric cell, can be used 
as a relative quantum counter for the wave-length region 3665-2500 A 
with a sensitivity many times that of a thermopile-galvanometer com¬ 
bination. The use of some other fluorescent substances has been 
investigated. 
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Gauss’s Theorem in General Relativity 

, By G. Temple 

(i Communicated by Sir Arthur Eddington, F.R.S.—Received November 4, 

1935) 


1—Introduction 


In a recent paperf Whittaker has given a generalization of Gauss’s 
Theorem on the Newtonian potential which is valid in Einstein’s General 
Theory of Relativity, and a further extension of this result has been 
obtained by Ruse.J Both of these extended forms of Gauss’s theorem 
depend upon the fact that, under the special conditions postulated by the 
authors, one of the components, G 44 , of the Einstein tensor G M „, can be 
expressed as a divergence in the 3-way, x* — constant. This can be seen 
at once if the line-element is expressed in the form 

ds 2 — V* (dx*f — a jk dx‘ dx k , (j, k — 1, 2, 3), 

—as can always be done without any loss of generality. Then 

G 44 - — V A 2 V + V {aH 1 «) + Va'«A.) , § 

where 

= tojdx*, 


and A a V is Beltrami’s second differential parameter for the 3-way x* — 
constant. Whittaker’s investigations refer to the static field in which x* 
is the temporal coordinate and da ik jdx* = 0. In the work of Ruse the 
system of 3-ways, x* — constant, is chosen so that 


In both cases 
where 


3 ( aHl jk )ldx* = ~ Va"a* 
G 44 == — V (F% 
F = a lk dVjdx k ; 


and an extension of Gauss’s theorem is obtained by integrating the field 
equation, 

G 4 « - *G - - flY, 
over a portion of the 3-way, x* — constant. 


t * Proc. Roy. Soc.,’ A, vol. 149, p. 384 (1935). 
t ‘ Proc. Edin. Math. Soc.,’ vol. 4, p. 144 (1935). 

§ Cf. Campbell, ” Differential Geometry ” (Oxford, 1926), equation (148*4), p. 210. 
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The results so obtained have clearly only a limited degree of generality, 
and it is a matter of interest to examine the widest possible extension of 
Gauss’s theorem valid in General Relativity. Such an extension will 
necessarily express an integral (the “ source integral ”) involving the 
stress tensor, T M „, and taken over a 3-way, S a , as an integral (the “ flux 
integral ”) involving the first derivations of the potentials, g M ,, of the 
gravitational field and taken over the closed 2-way, S 2 , which bounds the 
S 3 . Whittaker and Ruse express the flux integral in terms of the “ gravita¬ 
tional force ” experienced by a particle which describes an orthogonal 
trajectory of the system of 3-ways, x* ~ constant, the gravitational force 
being defined as the reversed geodesic curvature of the trajectory. In 
general this implies that if the source integral is taken over the 3-way, 
x* = constant, then the flux integral will involve only the derivatives of 
the single potential g 4i . This restriction is unnecessary and, in this paper, 
no such limitation is placed on the flux integral. 

In constructing the widest possible generalization of Gauss’s theorem 
three difficulties arise in succession. In the first place, if such a theorem 
is to be completely general, it must be valid for any S 3 bounded by a 
prescribed closed S a . It is shown in § 2 that this internal condition of 
consistency can be satisfied in virtue of the vanishing of the divergence of 
the tensor, G^, — — — yT M „ provided that an appropriate 

system of teleparallelism is introduced into the Riemannian geometry. 
The second and third difficulties are the explicit determination of the 
congruences defining this teleparallelism and the explicit determination 
of the flux integral. It is shown in §§ 3 and 4 that both difficulties can be 
removed by expanding all the gravitational tensors as power series in the 
constant of gravitation, y, and by retaining only the leading terms. 
There then results a modified version of Gauss’s theorem which is simple, 
exact, and completely general. 

The usual notation is employed—covariant derivatives are denoted by 
( ) H and the summation convention is used. 

2—The Condition of Consistency 

The internal condition of consistency is obtained by considering the 
geometric relation between the regions of integration of the flux integral 
and of the source integral. In this connexion the terms “ open region ” 
and “ closed region ” will be used in their topological sense to describe 
finite regions which do or do not possess a boundary. 

In the classical form of Gauss’s theorem and in Whittaker’s extension 
of this theorem to a static Einstein field the flux integral is taken over a 
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closed S a which lies in the 3-way, x* = constant. The source integral is 
then taken over the open S 3 which is bounded by the closed S a and which 
also lies in the purely spatial 3-way, x 4 = constant. Thus the domain of 
the source integral is uniquely specified by the domain of the flux integral. 

In the general reativistic form of Gauss’s theorem the situation is 
quite different. The space-time manifold is no longer naturally stratified 
into purely spatial manifolds, and the domain of the flux integral can be 
any closed S 2 in the complete space-time manifold, while the domain of 
the source integral can be any open S 3 bounded by the prescribed S a . 
Thus there will be infinitely many open S 3 ’s satisfying this condition, 
and Gauss’s theorem must be valid for them all. 

The geometry can be more easily visualized for the analogous problem 
of the classical form of Stokes’s theorem. In Stokes’s theorem the 
analogue of the flux integral is the integral of the tangential component of 
the electromagnetic vector potential taken over a closed S x , (i.e., around a 
closed curve), and the analogue of the source integral is the integral of 
the normal component of the magnetic intensity taken over any open S a 
bounded by the prescribed S,, (i.e., over any open surface bounded by the 
closed curve). There are infinitely many open S a ’s satisfying this con¬ 
dition and Stokes’s theorem must be valid for them all. The condition of 
consistency is obtained by considering two open 2-ways, S a ' and S a ", 
each bounded by the prescribed S x . S a ' and S 2 " together form a single 
closed 2-way S 2 , and the value of the source integral taken over this 
closed S 2 must be zero. Since this must be true for any closed S a it 
follows that the divergence of the magnetic intensity must vanish every¬ 
where. This is the condition of consistency for Stokes’s theorem. 

In Gauss’s theorem the condition of consistency is obtained by con¬ 
sidering any two open 3-ways, S 3 ' and S 3 ", each bounded by the pre¬ 
scribed S a . S 3 ' and S 3 " together form a single closed 3-way S 3 , and the 
value of the source integral taken over this S 3 must be zero. Since this 
must be true for any closed S 3 it follows that the divergence of the inte¬ 
grand of the source integral must vanish everywhere. This condition of 
consistency is expressed analytically as follows. 

If the parametric equations of the S 3 are 

X" = ^ (t 1 , t 3 ), 

the source integral will have the form 

j * W M* d* d* d*, (2.1) 

where = ± (— g) 1 is the fundamental antisymmetric tensor of the 



Gauss’s Theorem in General Relativity 357 

complete Riemannian 4-way. This triple integral taken over any closed 
S 8 can be expressed as the quadruple integral, 

|[|j (M*) m (— g) 1 * dx 1 dx 2 dx 3 dx*, 

taken over the 4-way S 4 , bounded by the closed S 3 . Since the triple 
integral vanishes for any closed S 3 , the integral of the quadruple integral 
must vanish at every point in the S 4 . Hence the tensor M" which occurs 
in the source integral must satisfy the condition 

(M*)„ = 0. (2.2) 

When this condition is satisfied, the source integral (2.1) taken over 
any open S 3 can be expressed as a double integral taken over the closed 
S a which bounds the open S 3 . If the parametric equations of the S 2 
are 

X* =•- X* ( CO 1 , CD 2 ), 

then the double integral, i.e., the flux integral, will have the form 



S (x», jc“) 

^(CD 1 , CD 2 ) 


c/cD 1 C/CD 2 , 


(2.3) 


where F„„ is an antisymmetric tensor. Hence, by the generalized form 
of Stokes’s theorem,! 




= (fv)* + (F<r») ? + (F V p)„. 


It will be more convenient to express M* 1 in terms of *F'“', the tensor 
which is reciprocal to F„„ Since 


and 

it follows that 


*F„„ - F,„ I 

F„„ = iw j 


: _L iL { (_») 

(-g)i dx* X K 8) 
(*F“% 


(2.4) 


(2.5) 


The application of the condition of consistency is sufficient to determine 
implicitly the forms of the source and flux integrals. Since the source 


f WeitzenbOck, “ Invariantentheoric " (Groningen, 1923), p. 398. 



358 G. Temple 

integral mast be a linear function of the stress tensor, T„„ it follows that 
the tensor which occurs in the source integral (2.1) must have the form 

M" = P A T A 

where the tensor P A is chosen to satisfy the condition (2.2), viz., 

(P A T/)„ « 0. 


In virtue of the divergence equations, 

(T/% = 0, 

this condition satisfied by P A becomes 


(P a ) m T a m = 0. (2.6) 

The flux integral (2.3) is specified by the tensor F„„ or its reciprocal *F M „ 
which must satisfy the condition (2.5), viz., 

P A T* M - (*F'‘% 

The introduction of the field equations, 

G/-ig/G = - yiv* (2.7)f 

now yields the differential equations for *F“'' regarded as a tensor function 
of the potentials, g„„, and their derivatives. These equations are 

P A G/ — •J-P'* G — — y (*F"% (2.8) 

The construction of Gauss’s theorem for the gravitational field therefore 
depends upon the solution of equations (2.6) and (2.8) for the tensors P* 
and *F W \ and it is accordingly a problem much more difficult than the 
construction of Gauss’s theorem for the electromagnetic field. In the 
latter case the condition (2.2) is satisfied by the electric charge and current 
tensor J\ and the equation for *F'“', (2.5), is satisfied by the tensor 
specifying the electric and magnetic intensities. In the gravitational 
field there are no simple tensor solutions of these equations immediately 
suggested by the theory. 

3—The System of Teleparalleusm 

The auxiliary vector P introduced in the last section can be regarded 
as determining a system of teleparallelism. It might be thought that in 

t The value of the cosmical constant has been taken to be zero. 
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General Relativity the source integral should be replaced by the four 
integrals 

j| f *W TV* d+d^d*, (X = 1, 2, 3, 4) (3.1) 

but it is easily seen that this set of quantities does not form the com¬ 
ponents of a tensor, precisely because no invariant meaning has been 
attached to the addition of tensors situated at different points. To give 
a meaning of this “ addition at a distance ” requires the introduction of 
some system of teleparallelism. Such a system is provided by the tensor 
P. The directions of P A at two distant points, can be described as 
“parallel ”, and the actual source integral (2-1), with M m = P A T/, can 
be regarded as obtained from the four integrals (3-1) by resolving the 
integral at each point in the direction of P\ 

The explicit determination of P A as a solution of the equations (2-6) 
is clearly a matter of some difficulty which will involve a knowledge of 
the components of the stress tensor. A still further difficulty is presented 
by the solution of the equations (2-8). It is obviously desirable to express 
the flux integral, and therefore the tensors F„„ and *F'“ as explicit functions, 
free from quadratures, of the potentials, g and of their first derivatives. 
In these circumstances the divergence, (*F'“')„, will not involve any terms 
of the form 

Jgi* 2 
dx» ' r)x» ’ 

(since *F MV is antisymmetric, and therefore, in the expression for the 
divergence, the dummy suffix v will not take the value (i). But such 
terms do occur on the left-hand side of equation (2.8). Hence it seems 
impossible to express the flux integral in a finite form. 

Both of these difficulties can be removed by expanding all the gravita¬ 
tional tensors in powers of the constant of gravitation, y, and by retaining 
only the leading terms in these expansions. This device reveals a system 
of teleparallelism which is intrinsic in the geometry of the gravitational 
field, and it leads to a simple, explicit solution of the equations (2.8). 
Let the leading terms in the expansions of and G„„ be 

g»r = + T + O (y*) 

and 

G*, = K„, -(- yR„„ + O (y*). 

Then K„, must be the Einstein tensor for the “ a-space ” with the line- 
element . 

ds* dx* dx*, 
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and it follows from the field equation (2.7), by equating the terms inde¬ 
pendent of y, that 


where 

Hence 


K — 0, 

K = a- K m ,. 

K = 0 and = 0. 


(3.2) 


The equations (3.2) must be taken in the strict sense that K„„ vanishes 
everywhere and is entirely free from singularities. In these circumstances 
the a-space is necessarily Euclidean, i.e., the Riemann-Christoffel 4-index 
symbols are all zero. It follows that, by a suitable transformation of 
coordinates, the coefficients a M1 , can all be made constants, independent 
of the new coordinates. Henceforward it will be assumed that this 
transformation has been performed, and that all tensors are referred to 
the new system of coordinates. 

The new system of coordinates is uniquely defined apart from arbitrary 
linear transformations with constant coefficients, and it determines a 
definite system of teleparallelism in which two vectors at distant points 
are parallel and equal if they have the same set of components. More¬ 
over this system of teleparallelism is clearly intrinsic to the Riemannian 
geometry of the gravitational field. This property is all the more notable 
inasmuch as the absence of any teleparallelism is the most characteristic 
feature of an abstract Riemann space. The apparent contradiction 
arises from the fact that a Riemann space which represents a gravitational 
field involves a parameter yf such that, as y 0, the Riemann space 
tends to the associated Euclidean a-space which determines the tele¬ 
parallelism. 

Henceforward it will be convenient to make a„ v the fundamental 
tensor and to raise and lower suffixes with respect to a according to the 
formulae 

a^a*,, = 0 if {x v, or 1 if (a = v, 

A,,* 1 a ff *App, A m „ a av A^ , etc. 

Then, neglecting terms of order y®, 

G/ === yR/ and G = yR/ = yR, say, 

t This is true not only for continuous distributions of matter but also for discrete 
particles. In the latter case the field equations are K M „ = 0, except along the world 
lines of the particles. Along these lines the potentials become infinite and to deter¬ 
mine the nature of the corresponding singularities in K„, it is necessary to treat the 
world lines as limiting cases of world-tubes filled with a continuous distribution of 
matter. The specification of the singularities will then involve the parameter y. 



Gauss's Theorem in General Relativity 


361 


so that the field equations (2.7) become 


Hence, if 


Ra" - K M R = -- Tx». 

P A -» Q A and *F» V *E'“’ as 


0, 


equations (2.8) and (2.6) become 

Q A Rf - }Q"R - - a *E 'rldxr, (3.3) 

and 

Tf dQ^/dx" « 0, (3.4) 

the covariant derivatives being replaced by ordinary derivatives, as all 
the 3-index symbols are of order y. 

It follows from (3.3) that Q\ the leading term in the expansion of P\ 
is sufficient to determine *E M1 ', the leading term in the expansion of 
*F m ". Moreover from (3.4) Q A can be taken to be any vector with 
constant components so that the system of teleparallelism determined by 
Q* is the same system as that determined by the a-space. 


' 4—The Modified Form of Gauss’s Theorem 

To construct the modified form of Gauss’s Theorem it only remains to 
solve equation (3.3) for *E MI '. Covariant derivatives will not occur in 
the following analysis so that the symbols 

(A., (/)*,. (Hr and (/)/ 

can be used to denote 

df/dx*, Wfjdx* dx", a" 1 (/),, and «“'(/)„.. 

The explicit expansion for R v is 

Ra m = {(Pam),, + (P„)am “ (Pa,),m “ (P,m)a,}> 

whence 

Ra" = i {(Pa")/ + (P)a* - (PaO/ - (P/)a p ), 

where 

P = P/- 

By suitably grouping the terms in (4.1) it is comparatively simple to 
express Q A R/ — iQ"R in the required form as the divergence of an 
antisymmetric tensor. Let 

A/ p = (p/) p - (fV) M - 

Hence Ra" = ± {(Aa“ p ) p - (A/'M 

and R = i {(A/-), - (A/ p ) m } 

= i {(A/*), + (A/*U 

since A* w is antisymmetric in p and p. 

VOL. CUV.—A. 2 B 
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Hence 




and equation (3.3) becomes 

- 2 (*E U ')„ - Q A (Ar) P - Q A (A")* - Q* (A/>), 

= Q* (A/ 1 ), - Q“ (Aa**), + Q* (Aj rt )„ 

on changing the dummy suffixes and using the antisymmetry of Af. It 
is now seen that this equation possesses an explicit solution in the form 


*E M 


i {Q A A,- - Q A/ A + Q'vV*}. 


(4.2) 


The structure of the tensor •E'"’ is seen more clearly ( if the coordinate 
system is chosen so that 

Q A — 0 if X 5 *- k, 

— 1 if X = k. 

Then 

♦E"” = — |A/' = — i (P/) K + i (P«T, if (*?*«■, and v ^ 

while ' • (A3) 

*E"« = 0, (aU (x) j 

Gauss’s Theorem can now be written in its modified form as 

= f< 4 - 4 > 

where i Mr(W is the fundamental antisymmetric tensor of the a-space. 

This equation (4.4) is equivalent to four equations of which the first, 
given below, is obtained by writing 

Q 1 = 1, Q a = Q s — Q 4 = 0, 

viz., 

fff It i **> **> ti 8 W **. **) , T , 9 (x 4 , x\ x 8 ) 

J J J I. 1 0 (t\ T*, T 8 ) 1 S ('T 1 , T*, t 3 ) 1 d(t\ t 8 . T 8 ) 

T 4 ^ (*\ X*. **)) . /- j , 

T » v ~ xd d d * 

- - iff (k?,t - (M-i + kw - <f>.ri 

(4.5) 

where * is the determinant of the a„ v ’s. 


+ I(M‘ -(MW l 
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The theorem in this form is valid for any gravitational field, the flux 
integral may be taken over any closed S a and the source integral may be 
taken over any open S s bounded by the chosen S a . The four equations 
(4.5) which constitute the theorem form a single tensor equation in the 
a-space. By a suitable choice of the S g the integral of the source integral 
can be made to be any chosen component of the stress-tensor in the a- 
space. Thus, if S 3 lies completely in the 3-way, x 2 — constant, the theorem 
becomes 


f f f T a d (£*. x 4 , -V 1 ) 

JJJ 1 8(t\ t 2 , t 3 ) 


V— a dr 1 c/t 3 


(m 


8 (xK x 3 ) 
8 (to 1 , o> 2 ) 


+ W - (M>) d*>. 


5 — Summary 

A complete solution is given of the problem of constructing the widest 
extension of Gauss’s Theorem on the Newtonian potential which is valid 
in General Relativity. The theorem is expressed in the form—“ source 
integral ” equals “ flux integral ”—where the flux integral involves the 
potentials, g M „, and their first derivatives, and is taken over a closed 
2-way, S a ; and the source integral involves the stress tensor, T M „ and 
is taken over any 3-way, S s , bounded by the prescribed S a . 

The gravitational tensors are expanded as power series in the constant 
gravitation, y, and attention is concentrated on the leading terms. This 
device reveals a system of teleparallelism which is intrinsic in the Rie- 
mannian geometry of the gravitational field and enables Gauss’s theorem 
to be constructed in an explicit form. 


2b 2 
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On the Calculation of the Velocity and Temperature 
Distributions for Flow along a Flat Plate 

By L. Howarth, B.A., B.Sc., Gonville and Caius College, 
Cambridge 

(Communicated by G. I. Taylor , F.R.S.—Received November 5, 1935) 


Introduction 


K&rman and Prandtl were the first investigators to publish theoretical 
results for problems of turbulent flow involving plane boundaries. Before 
considering any particular problem the general considerations of these 
writers will be outlined. 

Prandtl’s is, perhaps, the easier method to follow. He considered a 
turbulent motion in which the mean velocity u remains parallel to a 
certain direction—Ox, say,—and is a function of v only, O y being per¬ 
pendicular to Ox, and he arrived at the result 


T = p / 2 


du 

dy 



( 1 ) 


for the shearing stress, where p is the density of the fluid and / is a length, 
called the mixing length; it is the analogue of the mean free path in the 
kinetic theory of gases. The conception of the mixing length of the 
present problem is physically much less surely grounded than the mean 
free path of the kinetic theory. J 

In the solution of particular problems, it is necessary, using Prandtl’s 
method, to make some assumption about the form of /. In problems 
involving plane boundaries it is usually assumed that, at any point, this 
length is proportional to the perpendicular distance from the boundary. 

Next we turn to K&rm4n’s§ method. By considering the same velocity 
field as Prandtl did, by assuming that the disturbances are of small extent 
in the y direction and by introducing the hypothesis of dynamical 
similarity, K&rm&n obtained 

(i) that the velocity fluctuations are proportional to a certain length 
l and to du/dy, 


t ‘ Z. angew. Math. Mech.,’ vol. 5, p. 136, (1925). 

t Taylor, ‘Proc. Roy. Soc.,' A, vol. 151, p. 421, (1935), has pointed this difficulty 
out and introduced statistical considerations to overcome it. 

$ ‘ Nachr. Ges. Wiss. G6tt..’ p. 58, (1930). 
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(ii) that / is proportional to (dujdy)/(dhtjdf), i.e., 

I = K (duldy)!((Puld)?) (2) 

where K is a constant, 

(iii) that the shearing stress t is equal to p/ a {dujdyf a constant factor 
being supposed absorbed in K in (2). 

This method, therefore, gives an expression for / involving an arbitrary 
constant only. 

We now consider the application of these two methods to specific 
problems. 

Consider, first of all, the flow along an infinitely long wall under no 
pressure gradient. The absence of pressure gradient implies the con¬ 
stancy of the shearing force throughout the fluid. (For laminar flow, 
an example of such a motion would be the flow caused by moving another 
plane boundary parallel to the one considered.) Since t is constant and 
equal to its value at the wall, KarmSn’s solution is obtained by combining 
(1) and (2), integrating, and using the boundary conditions du/dy = oo at 
y — O.f This gives 

M - ~ Y' “ ( lo & y + const). (3) 

Prandtl obtained precisely the same solution by assuming 

/ = Kj y. (4) 

It will be noticed, indeed, by substituting (3) in (2) that Karm&n’s / 
reduces to (4) in this particular problem. 

In passing it may be remarked that if the two-dimensional vorticity 
theory is applied to this problem it yields the result 

u = Ay 4 - B, 

where A and B are constants. 

This expression does not satisfy the boundary condition du/dy — oo 
at y = 0. 

Next we consider the problem of flow along an infinitely long plane 
wall under any pressure gradient parallel to the wall. To obtain a first 
approximation we may suppose t and / expanded in Taylor series in y 
and the first terms only retained. The first term in the series for t is 
t 0 (the value at the wall) since t does not vanish at the wall; presumably 


t For the discussion of this boundary condition see p. 372. 
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/ does vanish at the wall and so we put Kyf as the first term in the series 
for /. Equation (3) may be taken therefore as a first approximation to 
the flow in the neighbourhood of a plane wall in the presence of any 
pressure gradient parallel to the wall. 

If we write u* = u/(-r 0 /p)*, y = (x 0 /p)* yjy <3), may be written 

u* — A + B log y*. (5) 

The values A = 5-5 and B — 5-75 give the best agreement with experi¬ 
ment. Obviously (5) cannot be expected to hold as far as the wall on 
account of the laminar sub-layer. Experiment shows that for values of 
y* less than 30 it ceases to be valid. 

As the third problem we consider the flow through a channel due to a 
constant pressure gradient. If, now, y x is distance measured from the 
centre of the channel, h is the half width of the channel and t 0 is the shear¬ 
ing force at the wall, then 



K&rm&n’s method can be applied immediately and yields 



whilst Prandtl's method, based on the assumption that l = K (h — j^), 
yields 



These results are slightly different and the former is in slightly better 
agreement with experiment than the latter. 

Also, as would be expected, on writing y — h — y x in either of these 
results it appears that the first approximation for small values of y yields 
(3). 

Experimentally the form (5), of the result (3), is found to give a valuable 
approximation to the velocity distribution throughout the entire channel 
and also throughout a large part of the turbulent boundary layer along 
a flat plate placed edgewise to a steady stream. That this result should 
agree with experiment over such wide ranges is more a matter of good 

t It is possible that the first term in the Taylor series is of the form y n where n & 1 
It is very improbable, however, that the presence of the pressure gradient alters this 
index and it h&s already been seen that n ~ 1 when there is no pressure gradient. 

t This result is given by Taylor. 
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fortune than sound reasoning, since t is not constant in either case. For 
use over such ranges the result must, therefore, be regarded as empirical. 

K&rm&n used (5) as an empirical result for the velocity distribution^ 
for flow along a flat plate together with the boundary layer momentum 

integral to obtain the skin friction coefficient c f (~ for flow along 

a flat plate. He found that 

l-7 + 4-151og 10 (R x c V ), (6) 

c t“ 

approximately, where R* — U.v/v, U is the undisturbed velocity of the 
stream, x is the distance from the leading edge of the plate and v is 
the kinematic viscosity. 

Any slight errors in (5) would be expected to have but small effect on 
(6) since the velocity appears in the momentum integral only. Indeed 
(6) is in excellent agreement with experiment. 

As already pointed out, (5) can be regarded as empirical only for flow 
along a flat plate. It does seem desirable, therefore, to have a more 
satisfactory theoretical expression for the velocity distribution through the 
turbulent boundary layer along a flat plate. Calculations are carried 
out below on the basis of the momentum and vorticity transport theories 
in order to obtain this velocity distribution. Even though neither of 
these forms of the general vorticity theory is satisfactory in all the problems 
to which it has been applied, yet the results obtained are preferable 
to (5) in that .they take into consideration the change of t and also the 
presence of the leading edge. Indeed, throughout a large part of the 
boundary layer the results obtained in the present paper are in good 
agreement with experiment. The mixing length / causes some difficulty 
in the calculations of this paper. Whilst calculations in which either 
Prandtl’s or K&rm&n’s form for / are definitely to be desired in the present 
problem, there are great difficulties in the way of their application. These 

t Kkrmtn made an allowance for the variation of t by replacing the constant in 
(3) by an unknown function h 0/3), 8 being the boundary layer thickness. This 
function appears in the result for the skin friction in the form of an integral between 
the limits 0 and 8 only, and appears therefore as a multiple of 5. This multiple is 
determined by experiment and does not, of course, throw light on the form of h. 
If the constant in (3) were not replaced by this function then the constants in the 
expression for the skin friction would be expressed in terms of the constants in (3). 
Evidently the agreement with experiment obtained in this way is poor and is made 
better by changing one of the constants; this effectively implies introducing the func¬ 
tion h(yl 8). 
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difficulties and the subsequent form for / actually assumed in this work 
are given below (see pp. 369-71). 

The calculations serve a further purpose which will be outlined here. 
In turbulent motion heat may be considered to be converted in the follow¬ 
ing way. A small element of the fluid having the temperature of its 
surroundings may be supposed to retain its heat content as it moves a 
small distance (the mixing length) in a direction perpendicular to the 
main stream, before it merges once more into its surroundings. 

If, following Prandtl, fluctuating pressure gradients parallel to the 
main flow are neglected, then the momentum parallel to the main flow, 
of the fluid element considered, will also be retained until mixing takes 
place. Thus, if this assumption is true, heat and momentum are trans¬ 
ferred in precisely the same way. Assuming also that the mixing length 
is the same for both processes the temperature and velocity distributions 
will be of the same form. 

Frequently the fluctuating pressure gradients will be of importance— 
for example, Fage and Falknerf have shown that the temperature and 
velocity distributions in the wake behind a heated circular cylinder are 
quite different—but for flow in a turbulent region near a plane boundary 
(called Wall Turbulence by Prandtl) it has been thought that the average 
effects of the fluctuating pressure gradients parallel to the direction of the 
main flow are negligible. This assumption seems to be confirmed by 
some measurements of filiasj who found, experimentally, that the 
temperature and velocity distributions near a heated plate were of the 
same form. 

If the fluctuating pressure gradients are neglected, and the momentum 
of a fluid element assumed to be conserved, we find the “ momentum- 
transport theory ” equations of motion, put forward by Prandtl. 

The momentum transport theory may also be considered as a special 
case of Taylor’s§ general vorticity theory; it is arrived at by assuming 
that the space derivatives of the velocity fluctuations vanish in the direction 
parallel to the main flow. Another simplified form of the general theory, 
suggested by Taylor, is obtained by assuming that the vorticity of the 
fluid element is conserved until mixing takes place. Further, when the 
mean flow is two-dimensional, Taylor has also made the assumption that 
the disturbances as well as the mean flow are two-dimensional. Since 
vorticity is necessarily conserved in two-dimensional motion (assuming 
viscosity effects negligible) this assumption gives rise to the same equation 

t 4 Proc. Roy. Soc.. 4 A, vol. 135, p. 702 (1932). 

t 4 Z. angew. Math. Mech.,’ vol. 10, p. 1 (1930). 

| 4 Proc. Roy. Soc.,’ A, vol. 135, p. 685 (1932). 



369 


Flow Along a Flat Plate 

of motion as the previous one. We shall refer to this as the equation 
of motion on the two-dimensional vorticity theory. This equation of 
motion leads to a form for the temperature distribution different from 
that of the velocity distribution. It has, therefore, usually been held 
that the vorticity theory is of little value for Wall Turbulence. It is 
interesting to determine whether, in fact, the temperature and velocity 
distributions found from the two-dimensional vorticity theory are very 
different. This is the object of this paper. 

At first sight, it would appear that the best way of performing the com¬ 
parison of velocity and temperature distributions would be to eliminate 
the Mischungsweg between the equations of velocity and temperature 
and, treating the velocity as known, solve the resulting equation for the 
temperature. The expression for the temperature obtained in this 
way contains the second derivative of the velocity. Now there is always 
some scatter of experimental points in determining the velocity distri¬ 
bution at high speeds, and the difficulty of obtaining the second derivative 
of a curve drawn through experimental points is well known. Further, 
the expressions in common use for this velocity distribution—namely the 
1 /7th power law and K&rm&n’s logarithmic form—certainly give wrong 
values for the first and higher derivatives at the edge of the boundary 
layer. For this reason we have not pursued this method of attack, but, 
making certain assumptions about the mixing length, we have calculated 
the velocity and temperature distributions on both theories and compared 
the results with experiment. 


Results 

The results obtained for the velocity and temperature distributions on 
both theories when the mixing length l is assumed proportional to the 
distance from the wall are shown in figs. 1 and 2 and compared with the 
experimental results of £lias. Some experimental data has to be used 
to obtain a result ; figs. 1 and 2 arise from introducing different data (see 
below). It will be seen that except in the immediate neighbourhood of 
the wall the vorticity theory gives a velocity distribution in better agree¬ 
ment with experiment than the momentum theory, whilst there is little 
to choose between the temperature distributions given by the two theories. 
Owing to the use of experimental data in obtaining the curves the results 
are not as conclusive as they appear at first sight. 
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Details 

Velocity Distribution —Denote by x distance measured parallel to the 
plate from the leading edge,f by y distance measured normal to the plate, 
by u and v the velocities in the directions x and y increasing, and by U the 
velocity of flow in the main stream. The equations of motion on the 
momentum and vorticity theories are 


du 

dy 


du . 

ai + 

cx dy 


dy 



(7> 

du d*u 
dy dy* ’ 

(8) 


respectively. 

The difficulty in the present problem arises from the fact that neither 
(7) nor (8) can be applied as far as the plate. The fully developed 
turbulent region is separated from the plate by a region in which tur¬ 
bulence and viscosity are important and by a further layer in which 
viscosity is predominant. Ideally the calculations would be carried out 
using K&rm&n’s or Prandtl’s forms for / in (7) or (8) and the solutions 
joined on to the corresponding solutions in the other two layers. Alter¬ 
natively, the solution of (7) or (8) could be joined on to the universal 
velocity distribution near a smooth wall (see equation (5) above) in 
order to carry the solution nearer to the wall. Provided the solutions of 
(7) and (8) could be obtained in a convenient form for accomplishing 
the join the’relation between skin friction and Reynolds number would 
appear as a consequence of the join. 

So far, I have been unable to obtain such a solution. 

In order to obtain a solution, the assumption has been made that the 
mean velocity distribution at any section is similar to that at any other, 
i.e., it is supposed that 



6 



jjj = <f> (*) jV (*)) d-r\ *= <t> (x) F (*)), 

(9) 

where 

(10) 

and 


is the stream function and 4> and F are functions to be determined. 

t If the flow in the boundary layer is not turbulent right from the leading edge x will 
be measured from some point in the neighbourhood of the point of transition to 
turbulence. 
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The assumption of similarity implies that the equation of motion 
reduces to an ordinary differential equation for F with •») as independent 
variable. With Prandtl’s assumption that l is a constant multiple of y 
or K&rm&n’s form, this assumption gives <j> (.x ) — x. The form for u 
obtained from this value of <f> yields a constant value for the skin friction 
and obviously a boundary layer thickness increasing linearly with the 
distance from the leading edge. Neither of these results is in agreement 
with experiment and, presumably, the correct conclusion is that there is 
no similarity of the velocity profiles. 

On the other hand, the similarity argument is probably not far from 
the truth—the experimental points can, by suitable alternation of the 
scales, be made to lie very nearly on a single curve. It was therefore 
decided to obtain a result using the similarity argument and replacing 
Prandtl’s form for / by 

/ 2 = ay\ (x). (11) 

The similarity argument yields 

fW 02) 

(the constant multiplier being supposed absorbed in a in (11)) on sub¬ 
stituting this form for / in either of the equations of motion. In the present 
calculations <f> is then determined either from Hansen’s empirical form 
for the skin friction or the boundary layer thickness (see equations (19) 
and (20) below). These results are true for a range of values of the 
Reynolds number only; it has been shown experimentally that the index 
which occurs in them is not constant except for a limited range. For the 
range of the Reynolds number over which (19) and (20) hold it is also 
known experimentally that the velocity distributions at two sections are, 
at any rate, very nearly similar so that we should obtain results in good 
agreement with experiment for this range of values of the Reynolds 
number by combining the form for <f> found in this way with the similarity 
assumption. 

Clearly K&rmfin’s form for / cannot be used in a solution on these 
lines. 

We have, therefore, two different equations for F obtained by putting 
(11) in (7) or (8) and making the similarity assumption. These equations 
are 


F" (F + 2aijF" + 2fltfF") = 0, 

(13) 

F" (F + ar?F"') « 0, 

04) 
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respectively where dashes denote differentiations with regard to >j. 
putting 

these reduce to 

F" (F + 2CF" + X* F'") = 0, 


F" (F + C F"') = 0, 


On 

(15) 

(16) 
(17) 


where dashes now denote differentiations with regard to 

We neglect the solution F" -- 0, which corresponds to the velocity 
distribution u — constant. Each equation has therefore three inde¬ 
pendent solutions, the general solution being given by a linear com¬ 
bination of multiples of them. 

Boundary Conditions —The solution will not be expected to be valid 
in the immediate neighbourhood of the wall since viscosity predominates 
in this region. In this layer the shear is great and the velocity rises very 
quickly from zero, so that Bui By is very large. Next to this layer there 
exists a layer in which both viscosity and turbulence are of importance 
but in order to obtain a result we shall neglect the finite width of both these 
layers, and assume that Bu/dy = °o , together with v — 0, are the boundary 
conditions to be satisfied at the wall. We require also a solution for 
which u -+ U as y -* °°, or alternatively a solution for which u — U and 
Bu/By — 0 for a finite value of y. 

Solution —Equations (16) and (17) each have one solution which does 
not satisfy the condition v — 0 at the wall, and these solutions need not 
be considered further. Thus in each case the solution we require is 
given by 

$ * AF,' + BF S \ (18) 

where A and B are constants and Fi and F, are the remaining solutions. 
On the vorticity theory the two solutions F x and F a give Bu/By~y* and 
log y respectively for small ,v, whilst on the momentum theory Bu/By ~y 
and 1 /y respectively for the corresponding solutions. As we should 
expect the solutions given by the two theories do not give a zero value 
for u at the wall. The vorticity theory gives a finite value for m/U, whilst 
the momentum theory gives a negatively infinite value. 

We find that neither equation has a solution which gives « -*> U as 
K -* o® • We look, therefore, for a finite boundary layer thickness 
defined by u — U, Bu/dy — 0. This does not determine A and B but 
gives a relation between them. (Adding a further condition Shi/By* — 0 
at the edge of the boundary layer gives no solution at all.) Alternatively, 
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if a and the value y) 0 of v) for which u = U and du/dy =s= 0, were known 
from experiment, then A and B would be entirely determined. Thus it 
appears that the two constants a and ») 0 together with the function <f> (x) 
are not determined by this investigation. 

Two different courses are now open to us. (i) We may take from 
experiment the finite width of the boundary layer and another point on 
the experimental velocity curve. The form of the variation of (the 
width of the boundary layer) with x determines the function <f> (x), whilst 
7] 0 and the value of r ; where w/U = 0-25, say, are sufficient to determine 
a. A, and B. Hansenf gives 

>’o = 0-37 x, (19) 

and therefore we put <f> (x) ~ ( — ) x. The curves of u/U plotted 

against y/y 0 determined in this way are shown in fig. 1 for both theories. 
These curves are compared with the experimental points of filias.J 
(ii) In addition to the experimentally determined width of the boundary 
layer we may use the experimental value of the skin friction coefficient. 
Thus Hansen (loc. cit.) gives 

0-0288 (^f. t 20 * 

Now 

W- T X f (> -6)6 * - f <■ - F > F * <2I) 

(The constant determined from the integral in (21) would be expected to 
be slightly wrong because the viscous layer is neglected entirely in 
deriving the expression. But, the integral converges at C = 0, and this 
error is probably small.) 

As above this gives <f> (x) = j x and the experimental constants 

in (19) and (20) enable a, A, and B to be determined. The results obtained 
in this way are shown in fig. 2. There is very little difference between the 
results of (i) and (ii) for the vorticity theory. For the momentum theory 
(i) gives better agreement with experiment. 

Temperature Distribution —On the momentum theory the temperature 
and velocity curves are of the same form. We consider now the vorticity 

f ‘ Z. angew. Math. Mech.,’ vol. 8, p. 185 (1928). 

t The experimental value of vj at u/U — 0-26 is given by one of Alias’s measure¬ 
ments. This point was, therefore, used in preference to an interpolated value at 
u/U - 0*25, 
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theory. The equation for the temperature difference, 0, between the 
plate and the fluid is 


u 


30 

8x 


■f” v 


30 = 3 
8y Tiy 



( 22 ) 



0 02 04 06 08 10 

uJU and 0/0 o 


Fig. 1. 

G) velocity j jSy^j.j measurements. 

• temperature j 

_ x _ x _temperature ) calcu l ate d from the vorticity transport theory. 

-velocity and temperature calculated from the momentum transport theory. 

where / is assumed to be the same as in the velocity distribution (see 
equation (11)). 

If we put 0 = g (r ( ), we find that (22) becomes 

ov)F" (2*'+ v£") = 0, 
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where F is given by (14) and dashes denote differentiations with regard 
to •»]— i.e., the temperature distribution is given by 


Integration gives 


2 g' + fig" = 0. 
°0 £o 


(23) 

(24) 



oa velocity 
• temperature 
— velocity 


Ro. 2. 

Alias's measurements. 


\ 


- x - temperature J ca,culaWd from vorticit y trans P° rt theor y- 
-velocity and temperature calculated from the momentum transport theory. 


where C and D are constants and 8 0 = g 0 is the temperature difference 
between the fluid at infinity and the plate. The constant C is not equal 
to zero, since if it vanished the temperature would be constant throughout 
the fluid. 

We obtain one relation between C and D by assuming that g = g 0 when 
v) = t) 0 . This gives 

D = — + 1. 

Vo 


(25) 
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Neither of the conditions, 

(1) that the fluid in contact with the plate should have the same tempera¬ 
ture as the plate, 

(2) that the temperature difference between the fluid at infinity and the 

fluid in the boundary layer should pass smoothly to zero, 

can be satisfied. The reason for (1) is precisely analogous to the reason 
why the solution found above for the velocity does not give zero velocity 
at the wall—namely, the presence of a layer in which molecular con¬ 
ductivity is of importance. 

To determine C and D entirely we require another relation. The one 
chosen was such as to make the theoretical value of 0/0 o equal to the 
experimental one for y/y 0 — 0-25. The resulting curve for the tempera¬ 
ture distribution is shown in figs. 1 and 2, and compared with the two 
curves from the momentum theory and from experiment. 


The Calculation of the Temperature Distribution from the 
Experimental Velocity Distribution 

By eliminating l between equations (8) and (22) we obtain the result 


r u 2“ + v ?“ 

00, 00 = _ _0 dx 0y 06 

U dx By 0y 0*M dy 

By* 


(26) 


Assuming that w/U = F' (■»)) and 0 — g (tj), where tj = yj<f> (x), we find 


»'f — 8 (m 

8 07) \ F" / 

(27) 

Equation (27) integrates to give 


r p'" 

(28) 


where K is a constant. 


The difficulties of applying this result to an experimentally obtained 
curve or to the velocity distribution given by the 1 /7th power Jaw or by 
Klrm&n’s logarithmic form have been discussed earlier, and for the 
reasons given the results have not been included in figs. 1 or 2. 

My thanks are due to Professor Taylor and Dr. Goldstein for suggesting 
this paper, to Dr. Goldstein for the help he has given me during its prepara¬ 
tion, and to Professor Taylor for criticism of the draft copy. 
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Summary 

K&rm&n’s logarithmic formula for the universal velocity distribution 
for the turbulent flow near a plane boundary cannot, on any theoretical 
grounds, be expected to hold throughout the turbulent boundary layer 
along a flat plate. Agreement is, in fact, obtained between this formula 
and experiment over a large part of the boundary layer, but this is merely 
good fortune; the logarithmic formula can be regarded as empirical 
only, over most of this range. 

Calculations have been made in order to obtain an expression for this 
velocity distribution on a theoretical basis. The two-dimensional 
vorticity and momentum transport theories are used. The mixing 
length / causes some difficulty. Calculations in which either the form 
arrived at by K&rmhn from the hypothesis of dynamical similarity or that 
used by Prandtl (/ a constant multiple of the distance from the wall) are 
definitely to be desired. The difficulties in the way are entirely mathe¬ 
matical in that a solution of the partial differential equations of motion 
has not, so far, been obtained in an appropriate form for joining on to the 
universal velocity distribution near a plane wall. In order to obtain a 
solution it was assumed that, at any two sections, the velocity distributions 
are similar. It was then found necessary to include a factor in / dependent 
on the distance from the leading edge. The form of this factor was 
determined from an empirical result for either the skin friction or the 
boundary layer thickness. 

The temperature distribution in the boundary layer of a heated plate 
is also calculated. On the momentum theory this is identical with the 
velocity distribution; it is shown that, on the vorticity theory, the two 
distributions may be in as close agreement as the somewhat scattered 
experimental points. 
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Magnetic Properties of Supraconductors 
By T. C. Keeley and K. Mendelssohn 
(Communicated by F. A. Lindemann, F.R.S.—Received November 11, 1935) 

Introduction 

Mendelssohn and Babbitt* observed that the induction in solid and 
hollow tin spheres which became supraconductive in an external magnetic 
field did not fall quite to zero, but that part of the magnetic flux was 
“ frozen in ” at the threshold value. This behaviour could be explained 
by considerations based on the shape of the specimen, although it was 
not certain if this was the only reason for the effect. It seemed therefore 
that it would be of interest to investigate specimens of a shape which 
assured simpler conditions, such as long rods in a longitudinal field, in 
addition to extending the experiments to a greater number of supra- 
conducting substances. 

Method 

The same two helium liquefiers with which the previous experiments 
were carried out were used again. The specimens employed were in the 
foim of long rods attached by a short thick wire of electrolytic copper to 
the helium container. The wire was autogenously welded to one end of 
the specimen, the other end of the copper wire being soldered to the 
helium container. In the case of mercury the metal was contained in a 
test tube held independently, into which a copper wire dipped and made, 
thermal contact. A coil one layer thick of 47 s.w.g. copper wire was 
wound round the middle of each specimen, the ends being connected to 
a ballastic galvanometer. 

The temperature was measured both by a helium gas thermometer and 
vapour pressure thermometer as described in previous experiments. To 
make sure that the specimen actually reached the measured temperature, 
a blank experiment was carried out in which the specimen was replaced 
by a phosphor-bronze resistance thermometer, previously calibrated, 
and it was found that the temperature indicated by this agreed with that 
shown by the other thermometers. 

The magnetic field was produced by a solenoid outside the outer 
Dewar flask (containing liquid hydrogen); this solenoid was calibrated 

• ‘ Proc. Roy. Soc.,’ A, vol. 151, p. 316 (1935). 
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in a separate experiment and the field in the space occupied by the 
specimen found to be homogeneous within the limits of accuracy of our 
experiments (about 2%). As the experiments on tin spheres have shown, 
after supraconductivity has been destroyed in the specimen for the first 
time, it never again shows zero induction, even if the external field be 
switched off entirely. Reproducible values, however, were obtained 
when the supraconductivity was destroyed for the second, third time, 
etc. We therefore decided always to measure the total change of flux in 
the specimens by switching off the external field. 

The experiments were carried out in the following way. At a constant 
temperature a small field was established and the ballistic throw in the 
galvanometer was recorded when the field was switched off. After this 
the field was raised for a second time to a value which slightly exceeded 
the first one, and again the galvanometer deflexion observed when 
switching off. This procedure was continued at the same temperature 
up to field values which considerably exceeded the threshold value at this 
temperature. Such series of readings were taken at a number of 
temperatures for each specimen. In order to calibrate each individual 
test-coil against the field a similar series of readings was taken at a 
temperature above the normal transition point of the specimen. 

Pure Metals 

A typical curve showing actual experimental readings at one constant 
temperature, 3 1° K, is given in fig. 1 (for polycrystalline tin). 

The broken line shows the calibration curve obtained by switching off 
the current in the outer solenoid when the temperature of the specimen 
is above the transition point, T 0 . The continuous line at 3 1° K is 
typical of the curves obtained with the specimen at temperatures below 
T 0 , The first part of this curve almost coincides with the H-axis, 
indicating that in this region where H is below the threshold value, no 
magnetic flux enters the specimen. The small departure from the H-axis 
here is due to the space and insulating material between the coil windings 
and the specimen. At a certain field strength H„ the curve rises rapidly 
and then becomes parallel to, but not quite coincident with the calibration 
curve. This means that the total change of flux through the specimen, 
when the field is switched off above H„ is less than it was above the 
transition point in the normal state; in other words, part of the flux still 
remains in the specimen when it returns to the supraconducting state. 

The “frozen in” amount (a) can be determined as the difference 
between the change of flux taken from the calibration curve (b) and the 


2 c 2 
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change of flux observed in the experiment (c) both at the field strength 

H„. The percentage of flux “ frozen in ” at H„ is accordingly - *199 . 

b 

Polycrystalline lead (“ Kahlbaum ”), mercury, and tin single crystals 
(prepared out of tin “ Kahlbaum ”) were investigated, in addition to 
several specimens of polycrystalline tin (“ Kahlbaum ”). The percentage 



of flux that was “ frozen in ” 
Table I. 

Substance 

Hg. 

Sn (single crystal) . 

Sn (polycrystalline) . 

Pb . 


in the different substances is given 


Table I 


% “ frozen in 
0 

3-10 

8-12 

15 


in 

« 
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Where data of the magnetic threshold value of supraconductivity in 
these substances were available they were found to coincide with our 
values for H c . 

From these results it is evident that for pure metals a small proportion 
of the lines of magnetic force are “ frozen in ” when the metal becomes 
supraconductive, the proportion varying from zero in mercury to 15% 
in lead. This means that the magnetic flux due to the external field 
through the specimen entirely disappears when the metal becomes supra¬ 
conductive.* Thus here the necessary condition for Gorter’s thermo¬ 
dynamical treatment seems to be satisfied. As the mercury was cooled 
slowly with a temperature gradient due to its attachment to the helium 
container, it is possible that it formed a single crystal on solidification. 
But since the difference in the amount of flux “ frozen in ” for poly¬ 
crystalline and unicrystalline specimens of the same sample of tin was 
small, it seems unlikely that the difference in behaviour between mercury 
and tin can be attributed solely to crystal size. The most probable 
cause for this difference would appear to be traces of impurities which 
are more likely to be present in tin and lead than in mercury, which can 
easily be prepared in a state of extreme purity. 

From the curves it can also be seen that the change from supra¬ 
conductivity to the normal state takes place in a small but finite tempera¬ 
ture interval, which apparently increases as the temperature falls. (This 
is in agreement with the experiments by Mendelssohn and Babbitt.) It 
has been suggested! that the width of the transition region also may be 
due to impurities or other crystal deformations in the specimen. We 
• observed in the present investigation that the steepness of the transition 
was considerably greater in tin single crystals than in polycrystalline tin. 
Experiments which were carried out since this research was concluded have 
shown that it is possible to reduce the transition region further by employ¬ 
ing a very pure substance. 

Alloys 

To investigate the effect of impurity on the proportions of flux “ frozen 
in ”, similar experiments were carried out with supraconducting metals 
containing varying percentages of a second component. In fig. 2 we 
give the results obtained on an alloy containing Sn 42%, Bi 58% at four 
different temperatures, the broken line again indicating the calibration 
curve. 

* It remains to be investigated, however, whether a reversible change to zero 
induction takes place at the transition (penetration) curve. Experiments on this 
question on mercury and tin will be communicated shortly to the Society. 

t Mendelssohn, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 34 (1935). 
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A feature of these curves is the absence of the sudden rise in the induc¬ 
tion at the threshold value, such as occurs with pure metals. The curve 
first follows the H-axis to a point (H f ) which depends on the temperature, 
and then follows a line parallel to the calibration curve. This means that 
on removing the external field above (H„), the change of flux through the 
specimen is always less than the total flux by a constant amount, which 
can be regarded as being “ frozen in ” in the specimen. This amount 
represents the total flux threading the specimen at the point (H e ). It 
was found that (H c ) does not necessarily coincide with the threshold field 
determined in conductivity experiments but may be very much lower. 



0 --100 200 300 400 500 

ft t t 

H Cj H, a Gauss 


Fig. 2—x - 3-5°, A =•• 3-3“, • « 2-7°, O - 1 8°. 

The value H 0 is different at different temperatures as can be seen from 
fig. 2; plotted against temperature H, gives a curve similar to the threshold 
curve of pure metals. It represents the field strengths at which the alloy 
is first penetrated by magnetic flux when the external field is increased 
and at which the “ freezing in ” occurs when the external field is lowered. 
In order to distinguish this curve from the threshold curve at which supra- 
conductivity ceases we will call it penetration curve. Similar behaviour 
to that of the Sn-Bi alloy was found in Sn 72%-Cd28%, Pb 30%-Bi 70% and 
Pb lit alloys, where also the entire flux was “ frozen in ”. Both annealed 
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and unannealed specimens were employed. Intermediate stages between 
pure metals and alloys could be observed in lead containing 1% and 4% of 
bismuth, which showed a “ freezing in ” of 40%-80% and 80%-100% 
reminiscent of the pure metal, but with bismuth content as low as 10% 
complete “ freezing in ” was observed. 

In a previous paper* it was shown that the magnetic field inside a 
hollow sphere becomes inhomogeneous when the body becomes supra- 
conductive, a fact which would explain the “ freezing in ” of lines of 
force in a supraconductor of this shape. This cause of inhomogeneity 
was avoided in the present experiments by using long shaped specimens, 
so that there was no discontinuity in the tangential component of the 
magnetic field when supraconductivity set in. It seems reasonable to 
suppose therefore that the cause for this effect lies in inhomogeneity in 
the composition of the specimen. This is corroborated by the fact that 
growing contamination of the supraconductor with a second constituent 
increases the “ freezing in ” until no Meissner-Ochsenfeld effect occurs 
at all. 

It is known that for an alloy the field at which supraconductivity sets 
in for a given temperature is a function of the composition, and therefore 
if the specimen is not absolutely homogeneous there must be regions 
which become supraconductive earlier than the rest of the substance as 
the field decreases. These will enclose other portions of the material 
through which a finite magnetic field passes; once the outer parts are 
supraconducting they shield these inner portions which cannot be 
affected by external changes. The regions of threshold value higher than 
the bulk of the material are probably distributed at random throughout 
the body, which thus becomes a sort of supraconducting “sponge” 
retaining within its meshes all the flux which is passing through the speci¬ 
men. 

Gorter and Casimirf have developed a thermodynamic treatment of 
supraconductivity, which postulates that the induction must show a 
reversible change to zero when the specimen passes into the supra¬ 
conductive state. It has been shown by calorimetric experiments by 
Mendelssohn and MooreJ on tin and an investigation of the specific 
heat of thallium by Keesom and Kok§ that the caloric effects which 
should be expected according to Gorter’s treatment actually occur, and 
our above-mentioned experiment on mercury shows the possibility of 

* 4 Proc. Roy. Soc., 4 A, vol. 151, p. 316 (1935). 

t * Physica,’ vol. 1, p. 305 (1934). 

} 4 Nature, 4 vol. 133, p. 413 (1934). 

§ 4 Comm. Phys. Lab. Leiden,’ Nos. 230e and 232a. 
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such completely reversible change in induction.* The different magnetic 
behaviour of supraconductive alloys should therefore produce caloric 
phenomena which are different from those in pure metals. 

When, for instance, at a temperature below the transition point the 
field is increased from zero for the first time, the induction through the 
specimen remains zero up to the penetration curve. When the field is 
decreased, only the sponge becomes supraconductive, and therefore the 
process cannot be treated as a reversible change of state. It follows that 
the heat change from the supraconducting to the non-supraconducting 
state should be different from the reverse process, and hence calorimetric 
measurements might be used to test our hypothesis for the behaviour of 
a supraconducting alloy.f 

The penetration field at which the induction in the specimen ceases to be 
zero is frequently lower than that at which supraconductivity disappears for 
the same alloys. This seems to confirm our suggestion that there are small 
regions which, as the field is decreased, become supraconducting before 
the bulk of the material. This assumption is supported by the fact that 
in the specific heat of an alloy no discontinuity could be observed of the 
order to be expected from Rutgers’s formula. Further direct support to 
our sponge model of a supraconductive alloy is given by recent magnetic 
experiments by Mendelssohn and Moore.t 

A brief report on the experiments described in this paper was published 
a year ago.§ Experiments on similar lines have since then been described 
by Tarr and Wilhelm.|| Except for mercury, however, in which also a 
complete disappearance of induction was observed, a quanffctlifive com¬ 
parison of these results with our experiments is not pq|j$ble, as the 
influence of the geometrical shape was not eliminated j$§he specimens 
employed by these authors. All the experiments, however, were in very 
good qualitative agreement with our observations. The magnetic 
behaviour of alloys has also been investigated by de Haas and Casimir,1[ 
using a different method, and more recently by Rjabinin and Shubnikow.** 
The experiments entirely confirmed our results. 

* Mendelssohn and Moore, ‘ Nature,' vol. 134, p. 773 (1934); ‘Proc. Roy. Soc.,’ 
A, vol. 151, p. 334 (1935). 

t Subsequent experiments on the specific heat and the magneto-caloric effect of an 
alloy have confirmed our assumption. (See also Mendelssohn, * Proc. Roy. Soc.,’ A, 
vol. 152, p. 34 (1935), A detailed account will be published later.) 

t ‘ Nature,’ vol. 135, p. 826 (1935). 

8 Keeley and Mendelssohn, ‘ Nature,’ vol. 134, p. 773 (1934). 

II ‘ Canad. J. Res.,’ vol. 12, p. 265 (1935). 

H * Comm. Phys. Lab. Leiden,’ No. 233c. 

** 4 Phys. Z. Sowjet,’ vol. 7, p. 122 (1935). 
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A theoretical treatment of the phenomena in supraconductive alloys 
has been attempted recently by Gorter* and by H. Londonf and an 
interpretation of the phenomena in pure metals and alloys on the basis of 
the assumption of a supraconductive and a normal “ phase ” has been 
given by one of us4 

Our thanks are due to Professor F. A. Lindemann, F.R.S., for putting at 
our disposal the facilities of the laboratory and for the interest he has taken 
in the research; to Miss J. R. Moore and Dr. J. D. Babbitt for assistance 
in some of the experiments; to Dr. W. Berg of Manchester for preparing 
single crystals of tin, and finally to the Imperial Chemical Industries 
who have made research possible for one of us. 


Helium-Ratios of Rocks and Minerals from the Diamond 
Pipes of South Africa 

By Arthur Holmes (Durham§) and F. A. Paneth (London||) 

(Communicated by Lord Rayleigh , F.R.S. — Received November 13, 1935) 

PART I—INTRODUCTION 
By Arthur Holmes 
1—The Naturb of the Problem 

It is well known that the diamond pipes of South Africa are occupied 
by kimberlite in varying states of brecciation and decomposition, together 
with inclusions of widely different sizes, shapes, and petrographic types. 
Indeed, so many of the “ phenocrysts ” of kimberlite are xenocrysts 
transported from below that it is difficult to determine the composition of 
the essential kimberlite magma which was responsible for the perforation 
of the crust and the formation of the pipes. The larger inclusions— 

* ‘ Physica,’ vol. 2, p. 449 (1935). 

t * Proc. Roy. Soc.,’ vol. 152, p. 650 (1935). 

t Mendelssohn, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 34 (1935). 

$ Geological Department of the Durham Colleges, The University, Durham. 

|| Chemistry Department, Imperial College of Science and Technology, London, 
S.W.7. 
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commonly referred to as “ nodules ”—can be conveniently divided into 
three groups, according to whether they represent: 

1— strata now removed by denudation which were penetrated by the 

uppermost parts of the pipes; 

2— formations now exposed in the walls of the pipes opened up by 

mining, including granites, gneisses, and amphibolites belonging 
to the Pre-Cambrian basal complex; and 

3— metamorphic and igneous rocks brought up from below. 

Rocks of the third category may theoretically be subdivided into: 

i— Accidental inclusions, older than kimberlite in the sense that they 

represent pre-existing crustal rocks otherwise beyond the reach 
of direct observation; and 

ii— Cognate inclusions, older than kimberlite, but of essentially the same 

geological age, in the sense that they represent rocks that are 
considered to have crystallized in depth during an early phase of 
the history of the kimberlite magma. 

In practice, however, it is by no means easy to decide which of the 
inclusions of group 3 are cognate , and it is mainly over this problem, 
connected as it is with the origin of diamond and even of kimberlite 
itself, that controversy has been active since the early years of diamond 
mining. 

Apart from rocks which can be matched in the exposed Pre-Cambrian 
formations of South Africa, and so present no difficulty,'the actual 
inclusions of group 3 include: 

(a) A series of pyroxene-granulites, often cyanite- and garnet-bearing, 
with transitional varieties which pass into eclogites. These 
occur particularly in the pipes of the north-western part of the 
Cape Province. There is general agreement with du Toit* that 
the granulites are akin to those of the Kheis System, but of a 
higher metamorphic grade. 

(b) A series of peridotites, pyroxenites, and phlogopite-glimmerites, 
made up in various combinations and proportions of the minerals 
olivine, enstatite, chrome-diopside, and other pyroxenes, garnet, 
phlogopite, and ilmenite, with accessories such as cyanite, per- 
ovskite, zircon, graphite, and, very rarely, diamond. Examples of 
these rocks are invariably present in every known occurrence of 
kimberlite from the Cape to Lake Victoria. Most petrologists 

* ‘ 13th Ann. Rep. (1908) Geol. Comm. Cape of Good Hope,’ p. Ill (1909). 
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would regard them as cognate inclusions, genetically connected 
with the parental magma (or proto-magma) of kimberlite. 

(c) A series of eclogites, some of which are related to the granulite 
series (a) by the occurrence in some of them of cyanite, sillimanite 
or corundum, while others appear to be linked to the peridotite 
series (b) by the occurrence in them of olivine or enstatite. More¬ 
over, diamonds have been found in a few of the eclogites and also, 
though very rarely, in the peridotites. 

It is therefore not surprising that widely differing views have been 
held as to the origin of the eclogite nodules. Bonney regarded them as 
water-worn boulders derived from a conglomerate which was cut through 
by the pipes.* No evidence for this suggestion has been found and no 
one else has entertained it, but as Bonney considered that the “ boulders ” 
were themselves derived from eclogite formations belonging to the basal 
complex, his hypothesis takes a place among those in which eclogite is 
interpreted as a constituent rock of the earth’s crust. In 1905 Hargerf 
proposed the more acceptable suggestion that the eclogites were derived 
directly from a deep-seated zone which was shattered to pieces during the 
bursting through of the magma of the pipes. This view received strong 
support from du Toit, who, since 1906, has maintained the view that the 
eclogites are not genetically related to the peridotites.* In later years 
this type of hypothesis was developed by Wagner,§ who regarded kimber¬ 
lite magma as originating from the differential fusion of a deep-seated 
peridotite layer. He interpreted the peridotite inclusions as actual 
specimens of parts of this layer which had escaped fusion, but became 
rounded by magmatic reaction and mechanical attrition during their 
transport towards the surface. The eclogite nodules he divided into two 
groups: igneous, related to the peridotite and thought to represent schlieren 
in the original peridotite zone; and metamorphic, related to the granulites, 
and thought to represent a crustal layer lying between the peridotite 
zone and a “ basaltic layer ” of granulites and amphibolites which he 
supposed to exist beneath the sial. 

As early as 1894, Stelzner, supported by Beck in 1899, proposed the 
hypothesis that the eclogite nodules had formed in the parent magma of 
kimberlite by segregation. In South Africa this hypothesis was adopted 
by Corstorphine|| in 1907, the evidence on which he relied being the 

* ’ Proc. Roy. Soc.,’ vol. 64, p. 223 (1899). 

t ‘ Trans. Geol. Soc. S. Afr.,’ vol. 8, p. 307 (190S). 

$ 4 llth Ann. Rep. (1906) Geol. Comm. Cape of Good Hope,* p. 148 (1907). 

§ * S. Afr. J. Sd.,’ vol. 25, p. 127 (1928). 

|| ‘ Trans. Geol. Soc. S. Afr.,’ vol. 10, p. 65 (1907). 
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occasional occurrence of diamond in eclogite, and the presence of the 
eclogite minerals, garnet and pyroxene, in kimberlite. Since then many 
geologists have regarded the eclogites as cognate inclusions. Most 
recently, Williams* has reached the same conclusion. He admits that 
the eclogites of the pipes and fissures in the north-western part of the 
Cape Province are old metamorphic rocks not genetically related to 
kimberlite, but he considers that those of the Kimberley mines crystal¬ 
lized from the parent magma of kimberlite. 

The above review indicates that, so far, there has been no general 
agreement as to the origin of either the eclogite or the peridotite inclusions. 
The eclogites may represent pre-existing crustal rocks or early crystal¬ 
lization products from the parent magma of kimberlite. The peridotites 
may also have crystallized from this proto-magma, or they may represent 
pre-existing crustal rocks; in the latter case they may be shattered frag¬ 
ments that were carried up by a magma that ascended from beneath 
them, or they may be relics that escaped differential fusion at the time 
when the parental magma was being generated from the peridotite layer 
which, on this hypothesis, they are supposed to represent. 

In the hope of gaining direct evidence that might help to settle some of 
these problems, Dr. A. L. du Toit asked the writer some years ago if it 
would be practicable to measure the ages of some of the eplogite and 
peridotite inclusions. This paper is the record of the investigation then 
initiated. 

The method of age determination based on lead-ratios was clearly not 
applicablef {see p. 409 for specific reasons), but there seemed tb be a good 
chance that helium-ratios might provide at least some positive evidence. 
Experience with basic igneous rocks had already shown that certain fine¬ 
grained types retained a high proportion of the helium accumulated in 
them since consolidation, but that coarse-grained rocks were much more 
liable to lose helium by leakage, partly because fractures easily develop 
between the crystals and partly because of the concentration of the 
radioactive elements near the crystal boundaries.! 

It was therefore to be anticipated that the helium ratios of kimberlite 
and of the closely related olivine-melilitite (i.e., melilite-basalt) might 
correspond with the geological age of these rocks—generally thought to 
be late Cretaceous—and so provide a standard of reference for the 

* “ The Genesis of the Diamond," London, p. 333 (1932). 

t Hevesy, Hobbie, and Holmes, * Nature,’ vol. 128, p. 1040 (1931). 

t For a general discussion and summary of the data up to 1931, see Holmes, * Bull. 
Nat. Res. Coun. Wash.,’ vol. 80, p. 409. Since then Urry has been the chief worker 
in this field. See ‘ Chem. Rev.,’ vol. 13, p. 305 (1933). 
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inclusions. Inclusions of Pre-Cambrian rocks, such as amphibolites 
could not be expected to give ratios even approximately corresponding 
to their true ages, since a considerable amount of their accumulated 
helium would inevitably have been driven off during immersion in the 
ascending magma. Nevertheless, if sufficient helium had then been 
retained, they might still give helium-ratios higher than that of kimberlite 
and thereby reveal their superior age. In most igneous rocks there 
could be no reasonable hope of such retention of helium by included 
xenoliths. It happens, however, most fortunately for this investigation, 
that the temperature of the kimberlite of many of the diamond pipes was 
at the time of eruption, quite exceptionally low. Ample evidence of this 
from the Wesselton Mine is recorded by Williams, who gives illustrations 
(op. cit.. Plates 71-73) of fossilized wood, fish, and reptile remains of 
Karroo age which, together with fragments of coal, were found at con¬ 
siderable depths in the kimberlite. Moreover, unbaked fragments of 
Karroo shale are of almost universal occurrence in the kimberlite pipes 
of the Kimberley region. On the other hand, the kimberlite of the 
Victoria West district in the north of the Cape Province appears to have 
had a normal magmatic temperature. Karroo shales and limestones are 
metamorphosed and the granulite and other inclusions are so riddled 
with alteration products that they readily crumble to pieces on exposure 
to weathering. Such inclusions would be expected to have lost the whole 
of the helium they contained before their disruption by kimberlite magma, 
as well as much of the helium since generated in them. The resulting 
“ low ” helium ratio would not be inconsistent with the “ high ” geo¬ 
logical age. Clearly all “ low ” helium ratios would be ambiguous in the 
absence of geological evidence, since such ratios would be given both by 
cognate inclusions formed about the same time as kimberlite and by 
accidental inclusions which had .been intensely heated or altered during 
their immersion in the kimberlite magma. 

In 1930 the writer invited Professor Paneth to collaborate with him in 
the proposed investigation. Professor Paneth willingly agreed to carry 
out the helium determinations. A few results had been obtained by the 
end of 1932, but most of them were not completed till 1935. The writer 
undertook to determine uranium and thorium and to make a petro¬ 
graphic study of the specimens. The radioactive work was begun in 
1931 and completed in 1932. The results of the petrological part of the 
investigation, accompanied by a series of chemical analyses by Mr. L. S. 
Theobald, will be published elsewhere. 
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2—Notes on the Specimens 

Most of the specimens were specially selected for the investigation 
by Dr. A. L. du Toit and Mr. A. F. Williams from the extensive collections 
available to them. The source of the others is indicated in the notes 
that follow. 

1— Kimberlite from a radial dyke exposed on the 1350-foot level of 
Dutoitspan. The specimen was selected for its unusual freshness and its 
freedom from contamination by granite, sedimentary, or other xenoliths. 
The rock is briefly described and figured by Williams {op. cit ., p. 116, and 
Plate 93). 

2— Eclogite nodule, Roberts Victor. A typical eclogite composed of 
garnet and jadeite-diopside, closely resembling an example figured by 
Williams, Plate 89. 

3— Lherzoliie inclusion, Wesselton. The chief minerals are olivine 
and rhombic pyroxene, with smaller amounts of chrome-diopside and 
garnet, and rare flecks of phlogopite. 

4— Harzburgite inclusion, Wesselton. The chief minerals are olivine, 
partly serpentinized; bronzite flecked with phlogopite, which also occurs 
as idiomorphic crystals; and a little chrome-diopside. At least some of 
the phlogopite is a metasomatic replacement of rhombic pyroxene. 

5 — Saxonite (enstatite-peridotite) inclusion, Bultfontein. This rock 
resembles dunite, but under the microscope it is found to consist of 
olivine and enstatite in proportions of roughly 2:1. 

6— Phlogopite-glimmerite inclusion, Wesselton. The rock is almost 
wholly composed of phlogopite. A little chrome-diopside is also present. 
A similar rock is figured by Williams, Plate 116. A comparative study 
of a series of specimens ranging from harzburgite to glimmerite indicates 
that the phlogopite of the latter originated by metasomatic replacement 
due to the action on peridotite of emanations rich in potash and alumina, 
but poor in silica. 

7— Chrome-diopside inclusion, Jagersfontein. The specimen is part of a 
large single composite crystal consisting of a lamellar intergrowth of 
chrome-diopside (broad strips) and another pyroxene which seems to be 
clino-enstatite (narrow strips). The inclusion belongs to the peridotite 
suite, as similar nodules occur in which olivine and enstatite are present. 
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8— Garnet inclusion, Secretaris. The specimen is part of a single 
corroded xenocryst. For photographs of similar large garnets from 
other pipes, see Williams, Plates 103-105. There is no chemical or 
optical means yet known for distinguishing between the eclogite and 
peridotite garnets of the diamond pipes. However, the large size and 
the nature of the alteration products suggest that No. 8 belongs to the 
peridotite suite. 

9— Olivine-melilitite (melilite-basalt of the older nomenclature), Spiegel 
River farm, Heidelberg, Cape Province. A very fresh example of the rock 
occurring in a pipe which cuts conglomerates and sandstones of the 
Uitenhage Series. The chief minerals present are olivine, melilite, 
augite, perovskite, black ores, apatite and zeolites. 

10— 12— Zircon xenocrysts. Three separate samples of zircons were 
specially concentrated at the pulsator for this investigation. No. 10 being 
from the kimberlite of Bultfontein, No. 11 from that of Dutoitspan and 
No. 12 from that of Wesselton. Some of the crystals have a skin of 
kimberlite-matrix and sections of such crystals show that the zircons have 
locally been deeply embayed and veined by the kimberlite-matrix. A 
section of a zircon from sample No. 11 shows the presence of an inclusion 
of chrome-diopside. Williams has figured a zircon-rich inclusion from 
Bultfontein containing chrome-diopside and ilmenite (Plate 127). He 
gives other examples of the same association, making it clear that the 
zircons belong to the peridotite suite, as suspected by du Toit* as far 
back as 1906. 

13-1 1—Amphibolite xenoliths, Wesselton. Although they are generally 
referred to as amphibolites, these rocks would be better described as 
members of the hornblendite—appinite suite. 

Similar rocks, occurring in the “ old ” granite-gneiss underlying the 
Ventersdorp Series, are found in the walls of some of the more deeply 
exposed pipes, making it clear that the appinites are of Pre-Cambrian 
age. No. 13 is composed of hastingsitic hornblende and shreds of biotite 
with a little interstitial white mica, epidote, and quartz. The rock is 
figured by Williams, Plate 76. No. 14 is generally similar, but has more 
biotite. Both rocks are basic appinites. Nos 15-17 have not been 
analysed. 

18— Basic Granulite xenolith, Cordaats Kuil, near Victoria West, Cape 
Province. Supplied by Dr. S. H. Haughton. Xenoliths of this type are 

* ‘ 11th Ann. Rep. (1906) Geol. Comm. Cape of Good Hope ’ (1907). 
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not known around Kimberley, but occur in the pipes about Prieska and 
Carnarvon; they are thought by du Toit to be related to granulites 
representing highly metamorphosed volcanic rocks of the Kheis Series. 
The rock contains bands and aggregates rich in pyroxenes and horn¬ 
blende (locally associated with muscovite). These are rimmed with small 
garnets and embedded in a plexus of andesine. The minerals are severely 
altered to such products as epidote, chlorite, zeolites, and kaolin, as a 
result of intimate penetration by hydrous emanations from kimberlite 
magma. The alteration is ascribed to kimberlite and not to some earlier 
episode of igneous activity because xenoliths of all ages up to and including 
Karroo dolerite are similarly altered. 

19— Amphibolite xenolith, Wesselton. This variety is a hornblende- 
gneiss with alternating hornblendic and felsic bands. The latter consist 
mainly of andesine, together with a little orthoclase and quartz. 

20— Amphibolite xenolith, Wesselton. This is a member of the appinite 
suite, differing from Nos. 13 and 14 in containing much more felsic 
material. The latter is andesine, partly altered to epidote, with some 
orthoclase. 

21— Eclogite nodule, Jagersfontein. Presented to the Geological 
Department at Durham by the late Dr. P. A. Wagner. The rock is of 
the same type as No. 2, but contains much less phlogopite. 

22— Eclogite nodule, Wesselton. Presented by the late Dr. P. A. 
Wagner. A very fresh aggregate of garnet and jadeite-diopside, con¬ 
taining only slight traces of pjilogopite. 

23— Diamond-bearing eclogite , Crown (Lace) Mine. This was a small 
fragment from a nodule containing several small diamonds. There was 
insufficient material for uranium and thorium determinations, and after 
cutting a section, the balance was used for a helium determination. The 
rock appears to have been originally of the same type as the other three 
eclogites, but it has since been severely altered, mainly by serpentinization, 
partly by phlogopitization. 
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PART n—THE DETERMINATION OF HELIUM 
By F. A. Paneth 

(With Analyses by H. Loleit and K. W. Petersen) 

1—The Apparatus 

The apparatus for the detection and determination of very small 
quantities of helium has been described in previous papers.* The 
method is, of course, based on the well-known work carried out by 
Strutt (the present Lord Rayleigh), Soddy, and others, but as they dealt 
chiefly with radioactive minerals in the proper sense, while the object of 
the above investigations was the determination of helium in small samples 
of ordinary rocks, the procedure had to be much refined. The method 
described allows of the detection of 10 9 to 10~ 10 cc of helium; the 
quantitative measurement was made possible in the range of 10~ 5 to 
10 8 cc. As all experimental details can be found in the papers quoted 
only a general description of the arrangement used in the present work is 
given here. 

Fig. 1 shows the apparatus used for the determination of the helium 
content. The mineral, either alone or mixed with sodium carbonate or 
another decomposing agent, is inserted into a platinum crucible which is 
heated in the vessel J. To avoid leakage of atmospheric helium through 
hot glass walls of the vessel the latter have to be kept at a low temperature 
by surrounding them by a water tank. The heating can be done most 
conveniently by means of an induction furnace, the coils of which, 
isolated by rubber tubings, are immersed in the water tank. When such a 
furnace was not available, a device similar to that described previouslyt 
was used. The main feature of this apparatus is a double jacket to 
keep the outer walls cool while the inner part, containing the platinum 
crucible, is heated by means of a resistance wire. Another model was 
made of fused silica; here no double jacket is necessary. 

Before the fusion is started the air of vessel J has to be carefully but 
quickly (see § 2) pumped out and replaced by oxygen to a pressure of 
about 300 mm, controlled by means of the manometer H; in the vacuum 
the carbonate or any other decomposing agent would diffuse too quickly 
to the cold walls of the vessel. G is cooled by liquid air in order to 
condense CO a , water vapour, and other easily condensable gases. 

• See especially Paneth and Peters, *Z. phys. Chem.,’ vol. 134, p. 353 (1928); 
Paneth, Gehlen, and Giinther, 4 Z. Elektrochem.,’ vol. 34, p. 645 (1928); Paneth and 
Unry, • Z. phys. Chem.,’ A, vol. 152, p. 110 (1931). 

t 4 Z. Elektrochem.,’ vol. 34, p. 645, fig. 3 (1928). 
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Experiments have shown that after 30 minutes’ fusion the whole helium 
content is released, even if small particles of the mineral are not completely 
decomposed (see § 2). In cases of heating without fusing the material 
the operation was maintained for at least 2 hours. 

After the fusion or the heating, the gases condensable by liquid air are 
driven, by adjusting the different stopcocks, from the vessels G and J into 
the vessel IV, which contains charcoal cooled by liquid air, in order to 
ensure quantitative collection. The vessels G and J are refilled with 
oxygen three or four times, through tube 5, and, by sudden opening of 
tap 2, admitted to the charcoal IV. As previously shown, a gas which is 
quickly adsorbed by charcoal can thus be used to transport the un¬ 
condensable and unadsorbable helium from one part of the apparatus to 
the other. After this operation one may be certain that all the helium 
is contained in the part of the apparatus behind stopcock 2, but part of it 
may be caught by the condensed oxygen in the charcoal IV; before pro¬ 
ceeding it is therefore necessary to leave stopcock 4 open for about 20 
minutes, during which time the helium is distributed in the part of the 
apparatus controlled by the mercury gauge C and stopcock 2. Stopcock 
4 is then closed, a small amount of oxygen (30-40 mm pressure) admitted to 
the apparatus, through tube 3, and the gases passed several times over 
the palladium contained in the furnace F, heated by a resistance wire up 
to 300°. This is effected by alternate cooling (liquid air) and warming 
(boiling water) of the charcoal V. (The palladium in furnace F is sur¬ 
rounded by a double jacket and cooled by water as a protection against 
atmospheric helium.) During this process hydrogen is completely 
burnt to water which is adsorbed by phosphorus pentoxide contained in 
the U-tube E. By cooling first charcoal V and then charcoal III for 
30 minutes each, the surplus of oxygen is removed. 

If the operation has been successful, of all the gases originally present 
only helium should be left. Any leakage of air, for instance, through a 
stopcock not sufficiently carefully ground or greased, would result in the 
presence of neon, the only constituent of the air besides the helium which 
would have remained unadsorbed. Mainly to test the absence of neon, 
before measuring the helium it has to be examined spectroscopically. By 
raising the mercury in the McLeod gauge D the helium is concentrated 
in the capillary at the top. If the spectroscopic examination reveals 
either the absence of other gases or such small quantities of neon that 
they can be neglected, the helium is ready for the quantitative determina¬ 
tion. 

The amount of helium is measured by means of a Pirani gauge. By 
lowering the mercury in the McLeod gauge D and in the gauge C the gas 


2 d 2 
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is given access to the arrangement to be seen on the left-hand side of the 
drawing. Both vessels B containing the resistance wires have been 
thoroughly exhausted and cooled down to the temperature of liquid air; 
even after several hours the manometer usually still shows a slight move¬ 
ment which has to be measured and accounted for as a correction. 
During the whole time charcoal II is cooled in liquid air in order to adsorb 
the vapour of the tap-grease. By opening the stopcock leading to one of 
the manometers a definite portion of the helium to be measured is brought 
into contact with the resistance wire. After reading the deflexion of the 
manometer the helium is pumped out and now a known amount of 
helium is brought into the same manometer. This helium is measured 
in the capillary 1, of known volume, and its pressure determined by the 
McLeod gauge A; charcoal I serves the same purpose as II. The com¬ 
parison of the two manometer readings gives the amount of helium 
present in the first measurement. The total amount of helium evolved 
by heating the mineral can thus be easily ascertained. 

2—-The Collection of the Helium 

The question as to the best means of liberating the helium deserved 
careful consideration. As the experiments were done with a few grams of 
rocks containing sometimes as little as 10~ 6 cc of helium per gram, the 
applicability of the methods used by previous workers could not be 
relied upon; as will be seen, however, the methods adopted here are in 
principle identical with those recommended by Lord Rayleigh.* 

As mentioned above it is hardly possible to satisfy oneself that the 
rock to be subjected to the analysis has actually retained the whole amount 
of helium which has been developed since its solidification. In addition, 
the analysis itself may also involve errors which reduce the amount of 
helium found. It is well known that during the grinding of the mineral a 
fraction of its helium may escape. The obvious lesson seems to be that 
the helium should be driven out of pieces of the mineral as large as can 
possibly be used in the apparatus. A certain amount of grinding, how¬ 
ever, has generally been considered desirable in order to facilitate the 
dissolving or fusing of the mineral and so to ensure its complete opening 
up; larger pieces are very likely to remain partly undissolved. Now it has 
to be kept in mind that the complete dissolution of the mineral, while 
obligatory in ordinary chemical analyses of rocks, may be unnecessary 
for recovering the whole helium amount. Before deciding, therefore, 

* Strutt, ‘ Proc. Roy. Soc.,’ A, vol. 76, p. 88 (1905); vol. 80, pp. 56, 572 (1907); 
vol. 81, p. 272 (1908); vol. 83, pp. 96, 298 (1909); vol. 84, p. 194 (1910). 



Helium-Ratios of Rocks and Minerals 397 

what fluxing material and what size of the lumps should be used, a 
number of experiments were made to find out which method yielded the 
largest helium amount; this value is certainly to be considered as nearest 
to the truth as all the experimental sources of error can only result in a 
diminution of the helium found. 

The nature of the fluxing material is apparently of secondary impor¬ 
tance. Experiments were made with the harzburgite, No. 4 (in the 
powdered state), which was opened up with fused sodium carbonate, with 
sodium carbonate not previously melted, and with lead oxide. The 
following results were obtained: 

Fused sodium carbonate. 2-10 x 10 * cc Hc/gm 

Sodium carbonate. 2-15 x 10 ® „ 

Lead oxide. 2 T1 x 10' 8 „ 

Lead oxide. 2-10 x 10 8 „ 

In view of the fact that the other fluxing materials offered no advantage, in 
the final experiments sodium carbonate was used almost exclusively. 
For the zircons potassium bifluoride, and borax, were also tried with 
essentially the same results. 

Experiments were next made to determine the variation, if any, in the 
quantity of collected helium with the fineness of the material. There 
seems to be no doubt that there is great danger of a considerable loss of 
helium if a fine powder is not immediately used. Phlogopite-glimmerite, 
No. 6, had been received from Professor Holmes as powder and as solid 
rock; although it is not even certain that by mere heating the rock loses 
its whole helium content, it was found that it released, by heating up to 
800°, 8-1 x 10“ 8 cc, while the powder gave only 5-1 x 10~ 8 cc (fusion 
of the powder, with sodium carbonate, gave the value 5*7 x 10~ 8 ). As 
there seems no reason to question the essential homogeneity of the rock it 
is obvious that the powder (which had been kept for about a year before 
it was used) had lost almost one-third of its helium content. 

Still more convincing is a comparison of two experiments, both made 
on samples of the same powder of kimberlite (No. 1), but separated by 
an interval of 4 years; the powder had been kept in a glass tube with a 
cork stopper, at atmospheric pressure. The first determination gave 
31 x 10 -# cc He/gm, the second 11 x 10~ 8 cc He/gm; the loss of helium 
here amounts to about 60%. 

If, however, the powdered material was used immediately after the 
grinding process, the differences in the helium determinations were much 
reduced. Parallel analyses of zircon, No. 10, were made in a coarsely 
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ground, and in a very finely powdered state. In the first inst a n ce 
1 -8 x 10~ 4 cc, and in the second I 6 x 10~ 4 cc He/gm were found, the 
difference amounting to about 10%. The diamondiferous eclogite. 
No. 23, analysed in a coarse state gave 4-7 x I0 6 , and as finely ground 
powder, 4-2 x 10% here the difference is again about 10%. It is 
doubtful whether the slightly lower helium values found in the fine 
material are caused by an escape of helium during the process of grind¬ 
ing or, as is more likely, while the apparatus is exhausted before the 
beginning of the analysis; this latter period was always made as short as 
possible. 

The fair agreement found in the helium values, irrespective of the state 
of grinding, made it quite likely that no appreciable quantity of helium 
remains, even though usually some lumps of the coarse material had not 
been dissolved by the carbonate. Several times a second treatment of 
such residues was made in an endeavour to extract some more helium, 
but in no instance was more than a negligible quantity found. This is in 
good agreement with other experiments in which no fluxing material was 
used, the mineral being simply heated to about 800°. Amphibolite No. 20, 
for example, treated in a finely powdered state with sodium carbonate, 
gave 35 x 10 “ cc He/gm; by heating an unbroken piece for 2j hours to 
800° we obtained 37 x 10 " cc He/gm. 

The conclusion was reached that, with the material to be dealt with in 
these researches, mere heating to 800° or 900° was the simplest method of 
driving out the whole helium content, and that grinding of the material 
immediately before the analysis, and subsequent fusion, yielded practically 
the same values. The results obtained without any grinding seem to be 
the very highest, and therefore most correct, but they are always open to 
the objection that some helium did not escape. Both methods should be 
tried if the results are of importance, and the higher value accepted; 
the difference, however, should not be more than about 10%. Theoreti¬ 
cally it is always possible that some of the helium is so firmly occluded 
that mere heating is not sufficient for the liberation, although this was 
observed only with the iron meteorites (which are perfectly helium tight) 
and never with minerals or rocks. If it does not seem worth while to 
apply both methods, one may be practically certain that grinding and 
immediately afterwards fusing gives results which cannot be substantially 
wrong. Owing to the fundamental uncertainty regarding the helium 
tightness of the minerals during geological ages a limit of error in the 
helium determination of 10% is quite acceptable. 
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3—The Results of the Helium Analyses 

The results of the experiments are contained in Table I. 

There is one striking exception to the good agreement generally found 
in several samples of the same mineral or rock, independent of the manner 
in which the helium was released. The six analyses of granulite (No. 18) 
gave widely discordant results, even when treated in exactly the same 
way; the helium values found varied between 4-3 x 10‘ ® and 0-4 x 10 * 
cc/gm. Even the highest helium value found, taken in conjunction with 
the uranium and thorium content, would indicate far too low an age for 
this rock (see Part III, p. 407). 

The explanation seems to be that the granulite lost the greater part of 
its helium content (more than 99%) by having been heated to a higher 
temperature than the other rocks known to be geologically old. Accord¬ 
ing to the view of Dr. A. L. du Toit, Cordaats Kuil is a pipe in which 
every inclusion has been riddled with alteration products “ due to the 
action of ascending heated waters in which gases were dissolved ”. The 
presence of gases might be of paramount importance if hydrogen was 
amongst them. In previous researches it was found that the helium 
content, not released by heating in a vacuum, of asbestos as well as of 
glass, can be liberated at the same temperature if the heating takes place 
in the presence of a small quantity of hydrogen.* Similar observations 
have been made with uraninite (pitchblende) and other radioactive 
minerals, f Recently in quite a different connexion experiments have 
been described, the results of which seem to have a close bearing on this 
phenomenon. J It has been found that even materials thoroughly freed 
from gas, such as quartz vessels, platinum wires, and the like, contain a 
certain amount of hydrogen, the presence of which can be demonstrated 
by exchange with heavy hydrogen. Although it is somewhat astonishing 
that the helium retained by minerals should be bound by forces of 
adsorption and not mechanically occluded, the ease with which the helium 
can be replaced by hydrogen makes it very likely that the mechanism is 
similar to the one found in the experiments where ordinary hydrogen was 
replaced by heavy hydrogen. 

As is shown by the example of the granulite, which is certainly of 
Pre-Cambrian age, the danger of finding too low an age as a consequence 
of loss of helium is not to be underrated. To obtain definite information 

* Paneth and Peters, * Z. phys. Chem.,’ B, vol. 1, p. 233 (1928). 
t Chlopin, Herling, and Jofft, ‘ Nature,’ vol. 133, p. 28 (1934). 
i Forkos, * Trans. Faraday Soc.,' vol. 31, p. 821 (1933). 
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Table I 



No* 


State 


Helium 

of 

Mineral 

of 

Flux 

content in 

mineral 


mineral 


10-« cc/gm 

l 

Kimberlite. 

Powder . 

Sodium carbonate 

30*5 

2 

Eclogite . 



19-4 


. 

* * . 

Lead oxide _ 

19*0 


. 

Lump. 

Sodium carbonate 

17*8 

3 

Lherzolitc . 

Powder . 

9» 

3*7 

4 

Harzburgite . 

,, . 

>1 

2*1 


„ ... 


*» 

2*2 


»» . 


Lead oxide. 

2*1 


» ... 


>» . 

2*1 

5 

Saxonite. 


Sodium carbonate 

1*7 

6 

Phlogopite-glimmerite 

M ...... 


5*7 



,, ...... 

Heated to 800° .. 

5*1 


»» 

Lump .. 

» * • 

8*1 

7 

Chrome-diopside - 

Powder . 

Sodium carbonate 

5*7 

8 

Garnet . 

Fine powder .. 


1*6 

9 

Olivine-melilitite - 

Powder . 


21*3 


»» .... 

Lump ... 

M 

16-6 

10 

Zircon . 

Fine powder .. 

Borax. 

160 


** • * * • . 

Coarse powder 

Potassium 





bifluoride 

180 

11 


Fine powder . . 


270 

12 



130 


»» . 

M » • 

Sodium carbonate 

160 

13 

Amphibolite . 

Lump . 


101 

14 

,, . , . . 

Powder . 


193 


»» * * • . 

Lump . 

»» 

211 

18 

Basic granulite . 

Fine powder .. 


3*3 


>» . 

Lump . 


4*3 


t* ...... 

.. • • 

»» 

1*1 


»» . 

n ........ 

Heated to 870° .. 

0*7 


M . 

»» .* • 

„ 900° .. 

0*4 


ft . 

i> . 

„ 900° .. 

1*8 

19 

Amphibolite . 

Fine powder .. 

Sodium carbonate 

87 

20 

*» ........ 

** • • 

>» 

35 


» . 

Lump . 

Heated to 800° .. 

37 

21 

Eclogite . 

Powder . 

»» • • 

19 



»* ...... 

M * * 

19 

22 

i* .. 

M ...... 

ft • * 

92*2 

23 

Diamond-bearing 

Fine powder .. 

it * » 

4*2 


eclogite 






Coarse powder 

*1 * * 

4-7 
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of the temperature at which the loss of helium becomes appreciable, the 
following experiments were made. 

A solid sample of amphibolite (No. 20) was heated in five intervals of 
approximately 2\ hours to 400°; after each interval the amount of helium 
evolved was measured. As Table II shows, the helium liberated during 
the first 2\ hours is 11-3 x 10~ 8 cc, and becomes less during the succeed¬ 
ing intervals; but even during the fifth interval it is still 1 *3 x 10 -8 cc. 


Table II— Heating of Amphibolite (No. 20) to 400°, for Successive 
Periods of Approximately 2 \ Hours 


Duration of heating 

Helium liberated 

in hours 

10" 6 cc 

21 

11*3 

21 

3-7 

2* 

1*9 

21 

1*8 

21 

1*3 


Total helium liberated from the 
beginning of the experiment 


10- fl cc 

% 

11*3 

31 

150 

41 

16*9 

46 

18*7 

51 

200 

54 


Fig. 2 shows these results graphically; the total amount of helium evolved 
is plotted as ordinate. By fusing and by heating to 800° (see § 2 above) 
it was found that the amphibolite No. 20 contains about 37 x 10'* cc 
per gm. The curve in fig. 2 would have to be extrapolated for a very long 
distance before reaching the total helium contained in the mineral; approxi¬ 
mately 80 hours may be taken as a rough guess. Although, therefore, 
in a laboratory experiment it would be very tedious to drive out the whole 
helium at a temperature not exceeding 400°, there can be hardly any 
doubt that even a considerably lower temperature, maintained for a 
number of years, would cause the loss of the greater part of the helium. 

It is well known that the release of helium is very much accelerated by 
the application of a higher temperature. This increase in velocity was 
studied in several of the samples. Table III shows the results obtained 
with the powder and with a solid piece of phlogopite-glimmerite. The 
powder contained only 5-7 x 10~ 8 cc of He/gm (see above)', the heating 
was done in stages of 3$ hours at each temperature. 

Table IV and fig. 3 represent the results obtained with lumps of basic 
granulite No. 18; here each period of heating lasted 3 hours. It is worth 
noting that while a temperature of 200° to 300° is sufficient to cause a 
measurable loss of helium in 3 hours, temperatures approaching 900° 
are necessary to drive out all the helium in this time. 
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Hours 


Fig. 2—Heating of amphibolite (No. 20) to 400° for successive periods of approxi¬ 
mately 2i hours. 

Table III— Heating of Phlogopite-gummerite (No. 6) for Successive 
Periods of 3i Hours 




Total helium liberated 

Temperature 

Helium liberated 

from the beginning of 

°C 

10-* CC 

the experiment 



10-»cc 


(a) Powder 


215 

1*34 

1*34 

340 

1*27 

2-61 

465 

0*72 

3*33 

625 

0*93 

4*26 

800 

0*83 

5-09 


(6) Unpowdered Lump 


235 

I'll 

2-37 

375 

3*08 

5*45 

560 

1*56 

7*01 

800 

1*07 

8*08 
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Table IV— Heating of Basic Granulite (No. 18) for Successive 

Periods of 3 Hours 

Total helium liberated 
from the beginning of 

Temperature 

Helium liberated 

the experiment 

°C 

10~ 6 ce 

10“* cc 

300 

0-055 

0*055 

440 

0*286 

0*34 

585 

0*246 

0*59 

750 

0*095 

0*68 

870 

0*025 

0*71 



Fia. 3—Heating of basic granulite (No 18) for successive periods of 3 hours. 

From the experiments by Dubey, discussed by Dubey and Holmes,* it 
seems likely that fine-grained basic igneous rocks, such as basalts, are 
able to retain the greater part of the helium generated within them. For 
suitably selected rocks, as the later work of Urry has amply confirmed, 
the “helium method” of age determination appears to be reliable. 
Coarse-grained rocks, however, seem always to have lost a considerable 
proportion of their helium. The basic granulite No. 18 is a coarse¬ 
grained rock, but even allowing for this it is surprising to find that parts 
of the specimen have lost more than 99% of the helium which would 

* * Nature,’ vol 123, p. 794 (1929); vol. 126, p. 807 (1930). 
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correspond to its geological age. In this special case geological evidence 
provides an explanation by pointing out that the granulite has been sub¬ 
jected to high temperature and probably even to chemical reaction with 
gases, but nevertheless the example shows that the helium method applied 
to rocks may be full of pitfalls. Only very careful selection of freshly 
broken samples, based on accurate knowledge of the geological history 
of the rock to be tested, can make its application safe. A sample like the 
basic granulite makes it perfectly clear that, in the hands of a chemist 
alone, the helium method applied to rocks and rock-forming minerals 
cannot claim anything like the same degree of reliability as when it is 
applied to iron meteorites, which may be used forage determinations even 
after they have been lying for long periods on the surface of the earth or 
in the show-case of a museum. 


PART III—RESULTS AND THEIR INTERPRETATION 
By Arthur Holmes 

1—Determination of Uranium and Thorium 

The emanations of radium and thorium were measured by the aspirating 
method due to Mache,* using a Wulf’s unifilar electrometer fitted with a 
5-litre ionization-chamber. The solutions were prepared by the methods 
described by Lawson,f with the modification that a little BaCl 8 was 
added to the flux to prevent formation of the sulphate of radium. In 
most analyses about 10 gm of the rock or mineral to be tested were 
taken into solution. The acid solution contains radium and thorium X. 
As the half-period of the latter is 3-64 days, the measurement of the 
thorium emanation must be made with little delay. The alkaline solu¬ 
tion sometimes contains a little radium, though generally the amount is 
negligible. Thorium X is absent to begin with, but appears later as it is 
generated from radiothorium, the greater part of which goes into the 
alkaline solution. 

The solutions were transferred to aspirating flasks of the type illustrated 
in the papers referred to above, where the flasks are shown connected up 
with the apparatus as arranged for the determination of thorium. The 
flask is securely held in a shaking machine operated by a small electric 

* Mache and Bamberger, 4 S.B. Akad. Wiss. Wien.,* vol. 123, p. 334 (1914). See 
fig. 1, p. 343, for diagram of apparatus. 

t Holmes and Lawson, 4 Phil. Mag.,’ vol. 28, p. 827 (1914). See fig. 1, p. 829, for 
diagram of apparatus. 
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motor. Before making a thorium determination the solution is freed 
from radium emanation by drawing air through it for 20 minutes. A tube 
from the water pump is carried well down into the waste-pipe of the sink 
to avoid contamination of the laboratory. During the measurement that 
follows, a steady stream of air is passed through the apparatus, the 
maintenance of constant pressure being controlled by a manometer and 
a pinchcock. The air bubbling through the shaken solution, carrying 
with it thorium emanation, is dried by its passage through a CaCl 2 drying 
tube and freed from ions produced in the solution by passage through an 
earthed brass condenser containing an insulated electrode charged by a 
60-volt battery. The air, charged with emanation, then passes through 
the ionization-chamber and thence, past the manometer, to the water 
pump. The ionization-chamber is charged to 80 volts. The rate of 
charging up of the electrometer is measured by noting the time required 
to deflect the filament through 10 divisions of the scale on the microscope 
through which the filament is viewed. The mean of two or three such 
observations is taken. Ten cc of a standard thorium solution are then 
added to the contents of the flask and, while drawing air through the 
apparatus as before, the rate of charging up of the electrometer is 
again measured. Before each determination, and after evacuating 
and thoroughly cleansing the ionization-chamber, the natural leak 
of the apparatus due to the background ionization is found by passing 
an air current through a similar flask containing distilled water (of the 
standard volume adopted for the solutions) and measuring the time for 
a 10-division deflexion of the filament as before. From the three mean 
deflexion times so obtained the thorium content of the solution, and 
hence of the original rock or mineral, is easily calculated. The standard 
solution was made from purified thorium nitrate obtained from the 
South Metropolitan Gas Company and known by them to have been 
prepared in 1906. A sample of the solution was sent to Professor H. 
Mache in Vienna for comparison with the standard thorium solution 
used in his classic work of 1914. 

Radium was determined after the solution had been sealed up for at 
least a month, to ensure the accumulation of the equilibrium amount of 
emanation. One end of a stiff rubber bulb is connected by rubber tubing 
to the aspirating tube of the flask. The exit tube from the latter is 
connected through a drying tube of CaCl 9 to one of the stopcocks of 
the ionization-chamber, and a closed circuit is completed by connecting 
the other stopcock of the ionization-chamber to the other end of the 
bulb. By suitable gearing the motor which operates the shaking machine 
is used simultaneously to operate a bellows-like device for squeezing 
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the bulb at regular intervals in order to aspirate the solution and circulate 
a steady stream of air, charged with radium emanation, through the 
apparatus. After turning the stopper of the flask into the “ open" 
position, the motor is started and circulation is allowed to proceed for 
30 minutes, by which time the emanation is Uniformly distributed through 
the apparatus, the greater part being in the ionization-chamber. After 
standing for 3-$ hours, the latter is charged to 80 volts and the rate of 
charging up of the electrometer is found, as before, by noting the time T 
taken for a 10-division deflexion of the filament. The total ionization, 
that is, the background ionization plus the amount due to the emanation 
present, is proportional to 1 IT. If t be the time of deflexion corre¬ 
sponding to the natural leak of the apparatus (found before each deter¬ 
mination) then the ionization due to the emanation alone (which, after 
3£ hours, for example, is 0-974 of the amount originally present in the 
ionization-chamber) is proportional to 1/T — 1 /t. The instrument was 
calibrated from time to time by means of standard solutions prepared 
from solutions containing known amounts of radium supplied by the 
Physikalisch-Technische Reichsanstalt of Charlottenburg. A simple cal¬ 
culation gives the radium content of the solution and hence the amount 
per gram in the material under test. The corresponding amount of 
uranium is obtained from the factor Ra/U = 3-4 x 10 7 under equili¬ 
brium conditions. 

2—The Helium-ratios and their Interpretation 

The results obtained are listed in Table V. Each figure for uranium or 
thorium is the mean of two determinations. The corresponding figures 
for helium are repeated from Table I, the maximum value for each rock 
or mineral being adopted in cases where more than one determination 
was made. The helium-ratio is calculated from the expression 
He/(U + 0-27Th), where He is stated in cc and U and Th in gm per 
unit mass of rock or mineral.* Recent work on the value of the half¬ 
period of thoriumf confirms the value of the factor 0-27 adopted in 
1931. The time required for the accumulation of the helium found in a 
given specimen, here referred to for convenience as the “ age ”, is approxi¬ 
mately 

( ■ uT 1 d ' i7Th) x8 ' 8xl0 ‘ yea ”' 

Corrections should be applied to allow for the wearing out of the parental 

* See ‘ Bull. Nat. Res. Coun. Wash.,' vol. 80, pp. 106, 206 (1931). 

t ‘ Nature,’ vol. 135, p. 402 (1935). 
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elements during the period of helium accumulation, and also for the 
effect of the actinium series. * For rocks of the geological age of kimber¬ 
lite both these corrections are small compared with the experimental 
errors and, more particularly in view of the special purpose of this 
investigation, they may safely be neglected. 


Table V—Uranium and Thorium Determinations and Helium- 
ratios of Kimberlite and its Inclusions 


Number and name 

u 

Th 

He 

Helium- 

ratio 

“Age” 

8-8He 

of specimen 

gm per 

gm per 

cc per 

He 

U+0*27Th 

10® gm 

10® gm 

10* gm 

U +0 • 27Th 

x 10® years 

1 Kimberlite . 

3-21 

5*3 

30*5 

6*57 

58 

9 Olivine-melilitite . 

2-61 

3*8 

21*3 

5*85 

51 

Amphibolite Group 

13 Basic appinite . 

2*43 

6*0 

101 

24*9 

219 

14 Basic appinite . 

2-67 

6*1 

211 

48*8 

429 

20 Appinite . 

2*04 

4*8 

37 

111 

98 

19 Hornblende-gneiss . 

1-83 

3*9 

87 

30*1 

265 

18 Basic granulite. 

1*56 

3*1 

4*3 

1*79 

16 

Eclogite Nodules 

2 Eclogite ... 

1*26 

1*3 

194 

12*1 

106 

21 Eclogite. 

0*66 

0*5 

19 

23*9 

210 

22 Eclogite. 

1*47 

2*1 

92*2 

45*3 

398 

23 Diamond-bearing eclogite 

—- 

— 

4*7 

— 

— 

Peridotite Suite 

3 Lherzolite. 

0*99 

1*7 

3*7 

2*41 

22 

4 Harzburgitc ... 

Ml 

1*7 

2*2 

1*34 

12 

5 Saxonite . 

0*81 

1*1 

1*7 

1*53 

13 

6 Phlogopite-glimmerite_ 

4*24 

3*8 

8*1 

1*54 

14 

7 Chrome-diopside. 

1*89 

2*7 

5*7 

2*18 

19 

8 Garnet . 

0*51 

0*6 

1*6 

2*38 

21 

Zircon Xenocrysts 

10 Zircon .. 

, 55-2 

8*1 

180 

3*14 

28 

11 Zircon .. 

, 89-7 

13*6 

270 

2*89 

25 

12 Zircon .. 

. 29*3 

19*5 

160 

4*62 

41 


Kimberlite and Olivine-melilitite 

The helium-ratios of these rocks correspond to “ ages ” of 58 and 51 
million years respectively. For comparison, the results of other recent 

* Urry, ‘ Chem. Rev.,’ vol. 13, p. 335 (1933). 
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age determinations based on helium-ratios are listed in Table VI. : The 
results obtained by Urry are of a higher standard of accuracy than the 
others, which, judged by the time-scale based on lead-ratios, 1 * appear to 
be “ low ” by 10 to 25%. The real age of kimberlite and olivine-melilitite 
is therefore likely to be over 60 million years. The actual helium-ratios 
are in good accord with the general opinion of South African geologists 
that the diamond pipes and the associated pipes and dykes of olivine- 
melilitite came into existence towards the end of the Cretaceous period, f 




Table VI 


8*8He 

Reference 

Geological 

Age 

Material 

Locality 

U+0‘27Th 
x 10* years 

B.K.and P... 

Upper Miocene 

Limestone ,. 

Odessa . 

15 

U. 

Miocene. 

Basalt. 

Columbia R., 

U.S.A. 

18 

D. and H. .. 

Tertiary . 

Tholeiite ,. 

Cleveland Dyke, 
Durham 

28 

D. .,... 

Eocene . 

Probably late 

Basalt. 

(Olivine- 

melilitite 

Pawagarh, 

Deccan, India 
Spiegel River, 

S. Africa 

37 

51 


Cretaceous ' 

| Kimberlite 

Dutoitspan, 

Kimberley 

58 

B. K. and P... 

Upper Chalk- 

Limestone .. 

Donetz District .. 

67 

B.K. andP... 

Lower Chalk ...» 

Limestone .. 

Kopetdag . 

78 

U.. 

Lower Cretaceous 

Porphyrite .. 

Grass Valley, Cal. 

no 

u. 

Jurassic . 

Diabase 

North Star Mine, 
Cal. 

150 

u. 

Triassic . 

Dolerite 

New Haven, Conn. 

170 

D. andH. .. 

End Carboniferous 

Dolerite .... 

Whin Sill, 

Westmorland 

196 


B. K. and P.—Burkser, Kapustin, and Potapov, ‘ Geol. J. Ukranian Acad. Sci.,’ vol. 1, 
p. 47 (1934). 

D. and H.—Dubey and Holmes, ‘ Nature,’ vol. 123, p. 794 (1929). 

D.—Dubey, * Nature,’ vol. 126, p. 807 (1930). 

U.—Urry, ‘ Rep. Ctee. on Measurement of Geological Time, April 27,1935, Nat. Res. 
Coun., Wash.’ (1935). 

The Lead Contents of Kimberlite and Amphibolite 

The lead content of kimberlite is of some interest. Part of the speci¬ 
men No. 1 was found by Hevesy and HobbieJ to contain Pb = 16 x 10~* 

* Holmes, ‘ J. Wash. Acad. Sci.,’ vol. 23, p. 182 fig. 10 (1933). 
t Harger, ‘ Trans. Geol. Soc. S. Aft.,’ vol. 24, p. 1 (1921). 
t ‘ Nature,’ vol 128, p. 1038 (1931). 
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gm per gm. This is 15 times as much as would have been generated in 
the rock if it had existed as such for 1600 million years,* and 400 times 
as much as has accumulated within it since it originated in late Cre¬ 
taceous times. 

The amphibolite. No. 20, now found to be an appinite, was also 
analysed for lead by the same investigators, the amount found being 
Pb = 15 x 10 ® gm per gm. This corresponds to 19 times as much lead 
as could have been generated in the material in 1600 million years.t 

These results show that of the total amount of lead present in kimberlite 
and amphibolite only a small proportion can be ascribed to radioactive 
disintegration during geological time. The lead-ratio method of age 
determination is not applicable to rocks. 

Inclusions from Kimberlite Pipes 

Amphibolite Xenoliths —These rocks, which are of Pre-Cambrian age, 
were selected to test the question whether such accidental xenoliths 
might still retain part of the helium which had accumulated within them 
before their incorporation in the kimberlite magma. The results listed 
in Table V show that they do. No. 14 reveals an “ age ” of 430 million 
years, corresponding approximately to one-third of the probable geological 
age. 

Basic Granulite —The low “ age ” found for this rock, and the fact 
that the different pieces tested contained only 2 to 20% of the helium 
generated since the kimberlite eruptions, are consistent with the geological 
history of the specimen. Though of undoubted Pre-Cambrian age, the 
rock was intensely altered by hydrous emanations in late Cretaceous 
time. It thereby lost its original store of helium and became too friable 
to retain more than a small proportion of the helium subsequently 
generated. 

Eclogite Nodules— The high helium-ratios for the three completely 
tested eclogites constitute a most important petrological discovery. 
One of the chief hypotheses relating to the origin of these peculiar xeno¬ 
liths is disproved. Since the results are of the same order as those for the 
amphibolite group, it is evident that the parental eclogite formations date 

* Holmes, ‘ Nature,’ vol. 128, p. 1040 (1931). ' 

t In the discussion of this result in the contribution to * Nature ’ to which reference 
is made the writer calculated the amount of lead that would have been generated in 
die amphibolite in 1600 million years on the assumption that the specimen contained 
the average amount of uranium and thorium found in other amphibolites. The actual 
amounts, as stated in Table V, were not determined until a year later. 

VOL. GUV.—-A. 2 E 
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from a geological period—probably far back in the Pre-Cambrian— 
long anterior to that of the kimberlite eruptions. This evidence is 
obviously fatal to the view, hitherto held by many petrologists, that the 
eclogites might represent early segregations from the original magma of 
kimberlite. In 1932 the writer suggested that potassic ultrabasic rocks, 
such as mica-peridotite, kimberlite, and olivine-leucitite, might be 
derived from primary peridotite magma as a result of the early crystal¬ 
lization and abstraction of dunite and eclogite.* As we have now proved 
that eclogite and kimberlite cannot have crystallized from the same magma, 
the hypothesis based on the assumption that they did is shown to be 
untenable. 

The helium content of eclogite No. 23 is so low as to leave no doubt 
that, had the uranium and thorium been determined, the “age” would 
have turned out to be much less than that of kimberlite. This conclusion 
may be correlated with the extensive alteration which the rock has 
suffered. In this respect the diamond-bearing eclogite bears the same 
relation to the other eclogites as the basic granulite does to the amphibo¬ 
lites. 

Peridotite Suite —The fact that all the members of this suite of in¬ 
clusions give helium-ratios lower than that of kimberlite, the “ ages ” 
ranging from 12 to 22 million years, is ambiguous and may mean either 
(a) that the rocks represent segregations cognate with kimberlite, or ( b ) 
that they represent pre-existing crustal formations, the fragments of 
which lost their helium content as a result of the action upon them of 
heat and emanations from the magmatic material of kimberlite operating 
at great depths. 

Zircon Xenocrysts —The helium ratios of the three samples of zircons, 
corresponding to “ ages ” of 25 to 41 million years, are somewhat higher 
than those of the peridotites. This is in accord with the superior capacity 
of zircon for retaining helium, as compared with most other minerals 
and coarse-grained rocks, first discovered by Lord Rayleigh.f Neverthe¬ 
less, our results were surprising, as Kimberley zircons investigated by 
Lord Rayleigh (op. cit.) gave indubitable evidence of being very much 
older than kimberlite, as the following data, expressed as in Table V, 


clearly show 

Uranium 
gm per 10* gm 

Thorium 
gm per 10* gm 

Helium 
cc per 10* gm 

He 

U + 0-27Th 

“ Age ” in 
millions of 
years 

916 

116 

32,300 

34 

300 


* Holmes and Harwood, * Quart. J. Geol. Soc.,’ vol. 88, p. 429 (1932). 
t Strutt, ‘ Proc. Roy. Soc.,’ A, vol. 83, p. 298 (1909). 
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There can be no doubt as to the source of the zircons then investigated. 
We are indebted to Lord Rayleigh for the information that they were 
obtained by Dr. A. Hutchinson while on a visit to the Kimberley mines. 

Discussing Lord Rayleigh’s work on zircons in 1931, the present 
writer* expressed his opinion that “ the zircon from the Kimberley 
diamond mines is probably of Pre-Cambrian age, although the eruption 
of the ‘ blue ground ’ which encloses the xenoliths containing the zircons 
occurred in late Cretaceous time. Here the enclosure of the zircon within 
xenoliths seems to have ensured retention of a considerable part of the 
helium originally present, for the helium-ratio is (for zircon) a typically 
Pre-Cambrian one.” It was only in 1932, with the publication of 
Williams’s book, “ The Genesis of the Diamond ”, that it became 
generally known that the zircons had been traced to the peridotite- 
pyroxenite suite. 

The striking differences between Lord Rayleigh’s results and ours call, 
however, for some comment. Wide variation in the uranium and 
thorium contents of zircons is not unusual. Ceylon zircons, for example, 
range in their uranium content from 557 to 6385 gm per 10* gm. The 
small amounts of helium retained by our zircons is more significant. 
Our samples probably came from deeper workings and they have demon¬ 
strably been invaded by kimberlite, the replacement implying a process of 
corrosion that must have taken place at very much greater depths. The 
zircons from the higher levels that were being worked early in the century, 
when Lord Rayleigh’s zircons were collected, may possibly have escaped 
such replacement. Williams has shown that the crustal perforation 
that resulted in the diamond pipes was accomplished in two distinct 
stages: (a) an early explosive phase accompanied by marked brecciation, 
and ( b ) a later and more quiescent phase during which the main kimberlite 
magma ascended. It is not impossible, therefore, that the zircons from 
the higher levels may have been rapidly carried up from their source 
during the first stage, under conditions which favoured retention of some 
of their helium, while the zircons from lower levels may have remained in 
contact with magma long enough to have been corroded and to have lost 
their helium. 

However this may be, it must be emphasized that the evidence from 
our zircons is ambiguous and is not necessarily inconsistent with the 
higher “ age ” found by Lord Rayleigh. The fact that one sample of 
zircon has proved to have an age comparable with that of the amphibo¬ 
lites and eclogites is positive evidence pointing to a similar age for at 

* ‘ Bull. Nat. Res. Coun. Wash.,’ vol. 80, p. 399 (1931). 

2 B 2 
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least some members, if not all, of the peridotite suite. The existence of 
a deep-seated layer of ultrabasic rocks may be inferred from the fact that 
over an immense area of Africa all the diamond pipes contain inclusions 
of the peridotite suite. It is therefore thought probable that the highly 
volatile-rich proto-magma of kimberlite broke through such a layer from 
below, the corrosive and serpentinizing activity of the proto-magma being 
the immediate cause of the apparently mechanical disruption. 

3—Conclusions 

The helium-ratio of uncontaminated kimberlite is found to be con¬ 
sistent with the late Cretaceous age generally assigned to the diamond 
pipes. The helium-ratio of olivine-melilitite is of the same order as 
that of kimberlite. 

It is found that xenoliths of the amphibolite group, similar to rocks cut 
by the pipes and known to be of Pre-Cambrian age, have helium-ratios 
of a higher order than kimberlite. 

An eclogite nodule from the same pipe as the amphibolite xenoliths and 
two others from neighbouring pipes are also found to have high helium- 
ratios. They are thus proved to be accidental xenoliths derived from 
pre-existing crustal rocks. 

The low helium contents of two other xenoliths representing old rocks, 
namely, basic granulite and diamond-bearing eclogite, are attributed to 
the driving-off of previously accumulated helium, during alteration due 
to the introduction of pneumatolytic or hydrothermal emanations from 
the magmatic material of kimberlite. 

The rocks and minerals of the peridotite suite (including zircons) are 
found to give low helium-ratios. This evidence is ambiguous and does 
not preclude the possibility that they may represent pre-existing crustal 
rocks of great age. Positive evidence in favour of this possibility is 
provided by the high helium-ratio of a sample of Kimberley zircons 
investigated by Lord Rayleigh in 1909. It is concluded that at least some 
of the members of the peridotite suite represent a deep-seated crustal 
layer of ultrabasic rocks. 

The writer makes grateful acknowledgment to the Government Grant 
Committee of the Royal Society and to Dr. A. L. du Toit and Mr. A. F. 
W illiams for grants out of which the cost of the investigation was defrayed. 
The writer is also indebted to Dr. du Toit, Mr. Williams, and Dr. S. H. 
Haughton for providing most of the specimens; to Professor H. Y. A. 
Briscoe and Mr. C. S. Garland for assistance in tracing a source of suitable 
thorium nitrate, and to the South Metropolitan Gas Company for supply- 
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ing a sample of known age; to Professor H. Mache for standardizing 
the thorium solution; to the Physikalisch-Technische Reichsanstalt for 
presenting radium solutions; to Dr. R. W. Lawson for his help and advice 
in connexion with the methods adopted and the design of the apparatus; 
to Mr. A. Beecroft of the Science Laboratories at Durham for his skill in 
making many of the component parts; and to Lord Rayleigh for the 
continued privilege of discussion. On behalf of Professor Paneth thanks 
are expressed for facilities afforded by the Imperial College; for assistance 
given by Imperial Chemical Industries, Ltd.; and for a grant from the 
Rockefeller Foundation. 

Summary 

In Part I the history of the problem is outlined and the object of the 
investigation—to determine the relative ages of the inclusions found in 
kimberlite—is discussed. A list of the specimens is given, accompanied 
by brief geological and mineralogical notes. 

In Part II the technique of helium determination in rocks and minerals 
is described and the results obtained and their validity in relation to the 
problem are discussed. 

In Part III the methods of uranium and thorium determinations are 
described and the results for the 20 specimens investigated are summarized. 
The helium-ratio of kimberlite, corresponding to an age of 58 million 
years, is consistent with the late Cretaceous age assigned to the diamond 
pipes. It is found that amphibolite xenoliths, known to represent Pre- 
Cambrian rocks, give “ ages ” higher than that of kimberlite. A xenolith 
of Pre-Cambrian granulite, much altered by its immersion in kimberlite, 
has lost its original helium content and gives a low ratio. Three eclogite 
nodules have high helium-ratios and are thus proved to be accidental 
xenoliths representing pre-existing crustal rocks of much greater age than 
kimberlite. A diamond-bearing eclogite which has been severely altered, 
has a low helium content like the altered granulite. Xenoliths of the 
peridotite suite, including xenocrysts of zircon, are all found to have low 
helium-ratios. Such low results are ambiguous, since they might indicate 
either (a) that the xenoliths were cognate with kimberlite, or (b) that the 
xenoliths represent old crustal rocks which lost their helium at the time of 
their incorporation in depth in the original magma of kimberlite. The 
second alternative is favoured by the fact that zircons from kimberlite 
investigated in 1909 by Lord Rayleigh proved to have a high helium- 
ratio, pointing to a Pre-Cambrian age for the zircon-pyroxenites to which 
the Kimberley zircons have been traced. The bearing of the results on 
certain theories of petrogenesis is briefly discussed. 
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The Theory of Reactions Involving Proton Transfers 

By Ronald P. Bell 

(i Communicated by C. N. Hinshelwood, F.R.S.—Received November 19, 

1935) 


1—Introduction 

The majority of reactions catalysed by acids or bases have been found 
to be catalysed not only by hydrogen ions (or hydroxyl ions), but by all 
molecular species which are acids or bases in the sense of modern defini¬ 
tions of these terms. In all such reactions which have been investigated 
quantitatively, the relative efficiencies of different catalysts have been 
found to conform to the following relation, due to Bronsted, 

K = GKj®, (I)* 

where k c is the catalytic constant of a given acid (or base), and K-, is its 
electrolytic dissociation constant. G and x are constants for the same 
substrate at the same temperature. This relation holds accurately for 
a series of acids or bases of the same type (e.g., carboxylic acids, or amino 
bases), and roughly for different types. 

Equation (1) is essentially empirical, and it is the object of the present 
paper to provide it with some theoretical basis. 

The mechanism of acid-base catalysed changes is not fully understood, 
but is believed in all cases to involve at least one proton transference from 
catalyst to substrate or vice versa. In the so-called prototropic changes 
(e.g., keto-enol isomerism) there is some reason to believe that the total 
reaction involves two such transferences, but it has been shown by 
Pedersenf that in such cases the rate is generally determined by one only 

• For a list of reactions obeying equation (I), see Kilpatrick, ‘ Chem. Rev.,’ vol. 5, 
p. 231 (1928). Further instances are given by Pedersen, ‘ K. danske Vidensk. Selsk. 
Skr.,’ vol. 12, No. 1 (1932); ‘ J. Phys. Chem.,’ vol. 37, p. 751 (1933); Bell, ‘Proc. 
Roy. Soc.,' A, vol. 143, p. 377 (1934). Equations formally of the same type have 
been shown to apply in a number of other types of reaction, e.g., oxidation-reduction 
reactions. (For a collection of the available data, see Hammett, ‘Chem. Rev.,** 
vol. 17, p. 125 (1935).) The treatment given in the present paper can easily be extended 
to cover other reactions of the type A + BC -*• AB + C. 

t ‘ J. Phys. Chem.,’ vol. 38, p. 581 (1934). For an alternative view, see Watson, 
Nathan, and Laurie, ‘ J. Chem. Phys.,’ vol. 3, p. 170 (1935). 
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of these steps. For an uncharged acid, the typical reaction scheme may 
thus be written 

A + S B~ + SH+ - X, (2) 

(a) (/ b ) (c) 

where S is the substrate, X the reaction product, and B~ the base corre¬ 
sponding to A by the relation 

A B- + H+. 

There has been a good deal of discussion as to which step in the above 
scheme determines the velocity of the process. Euler and others have 
supposed that systems (a) and ( b ) are always in equilibrium, and the 
reaction velocity is determined by the rate at which ( b ) changes into (c). 
Bronsted, on the other hand, assumes that the formation of ( b ) from (a) 
is the slow rate determining process, the change ( b ) -* (c) being rapid. 
The question has been discussed thoroughly by Pedersen.* As his 
treatment is not generally available its application to the scheme (2) 
above will be given here. 

As the concentration of A remains constant, the kinetics of the system 
may be described by the three unimolecular velocity constants k u k_ lt 
and k t . We shall make the assumption (nearly always true in practice) 
that S is a much weaker base than B~, i.e., that k t > k v The rate of 
disappearance of S is then given by the equation 

d[ S]_ rgi 

i.e., it follows a unimolecular law with the constant 



We may distinguish between two main cases— 

Case 1 k „\—This gives k — k u i.e., the velocity is determined 

by the first step, as in BrOnsted’s theory. Each acid will have a character¬ 
istic value of k, and general acid catalysis will be observed. 

Case 2 k_ x > k a —This gives k — a — k s [SH + J/[S], as in 

Euler’s theory. If the reaction takes place in a solvent L capable of 
solvating the proton to form the ion LH + , the equilibrium 

K 

* [LH+JIS]’ 


* “ Den aLcnindelige Syre- og Basekatalyse,” Copenhagen, 1932. 
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must always hold, giving 

* = »[LH +1; 

i.e., the velocity will always be proportional to the concentration of 
solvated hydrogen ion. The reaction will thus appear to be catalysed 
specifically by hydrions, and no general acid catalysis will be observed*. 

Exactly similar arguments apply to basic catalysis, and it may be 
concluded that if general acid or basic catalysis is observed, the rate 
determining step must be the transference of a proton from catalyst to 
substrate or vice versa." 1 


2—Application of the Collision Theory 

This conclusion is certainly in qualitative agreement with equation (1): 
thus for acid catalysis a stronger acid means a less firmly bound proton 
and hence a greater ease of transfer. As a first step towards a more 
quantitative interpretation we shall write the reaction velocity in the 
form 

k c « PZe~ K '* T -<4) 

where Z is the collision number, E the energy of activation, and P a 
factor to account for conditions of orientation or internal transformation. 
In dealing with the same substrate and a series of similar catalysts Z will 
be substantially the same for all the catalysts, and it is not unreasonable to 
suppose that P will also be effectively constant. On the other hand, the 
energy of activation will certainly be expected to depend on the tendency 
of the catalyst to gain or lose a proton, and a basis for equation (1) may 
be sought in this direction. On these assumptions equation (4) gives 
on differentiation 

/cT d log k e = — dE, (5) 

putting (1) into the form 

kTxdlog Ki = — dE, (6) 

where the differential sign indicates a small change in the nature of the 
catalyst. 

In recent treatments of the velocity of bimolecular reactions! the factor 
PZ in equation (4) has been replaced by a statistical calculation of the 

* General catalysis will also be observed if k- x <•*-> k t , in which case the reaction 
velocity will depend on both stages in scheme (2). This case is not, however, likely 
to be of general application. 

t Eyring, * J. Chem. Phys.,* vol. 3, p. 107 (1933); Evans and Polanyi, * Trans. 
Faraday Soc.,’ vol. 31, p. 875 (1935). 
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probability of the activated complex and the rate at which it is decom¬ 
posing. The expression replacing PZ is a complicated function of the 
masses, moments of inertia, and vibration frequencies of the two reactants 
and the activated complex. Its value is not, however, sensitive to small 
changes in these quantities, and in dealing with a series of similar catalysts 
and the same substrate we shall again expect changes in E to be the chief 
cause of changes* n k c , as expressed in equation (5). 

Equation (6) can be still further transformed. For the sake of brevity 
the following discussion will be confined to acid catalysis by a series of 
carboxylic acids R. COOH, though the results will be easily seen to 
apply to any series of similar acids or bases. In this case the constant 
K x (the conventional dissociation constant of the acid in water) is defined 
by 

K - t R • COO] [H»Q + 1 
1 [R. COOH) ’ 

where the concentrations are small. This may be rewritten 


Ki = 


[H a O + ] [R . COO-) [H+1 _ , K 
[H + ] ' [R. COOH] 0 


where A will depend on the temperature but not on the acid. We shall 
now consider a hypothetical medium M which has the same dielectric 
constant as water at the temperature at which K x is measured, and retains 
this dielectric constant right down to absolute zero. We can then write 


*T log K 0 - - Qo+T £ 4J £ {C„ (R. COO )—C, (R. COOH)+C, (H + )} dT 

+ i (R . COO ) - i (R . COOH) + i (H+) (7) 

where 

Q„ is the energy of binding of R . COO - and H + at absolute zero in 
the medium M 

c v (R. COO~), etc., are partial molal specific heats (measured in the 
medium M), 

i (R . COO“), etc., are the chemical constants. 

In equation (7) the terms c„ (H + ), i (H f ), {c„(R. COO - ) — c p (R . COOH)} 
and i (R. COO") — i (R. COOH) may be taken as being independent 
of the nature of R. (This is strictly true for the first two, and may be 
shown to be a very good approximation in the other two cases by writing 
the theoretical expressions for c p and i.) We therefore have for a small 
change in the nature of the catalyst, 

kT 4 log K x - kT d log K 0 = - dQ„ (8) 
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and from (6) 

dE = xdQ 0 . (9) 

3—The Nature of the Energy of Activation 

Ogg and Polanyi* have shown theoretically and by appeal to experi¬ 
ment that there is a parallelism between heat of activation and heat of 
reaction for a series of similar reactions involving the production of ions. 
The present section provides some basis for (9) in the particular case of 
proton transfer from a series of similar acids (e.g., carboxylic acids) to 
the same substrate.f 

Following the usual treatment of adiabatic reactions, the energy of 
activation E will be interpreted as the energy necessary to form the 
critical complex, in which the proton is just able to pass from catalyst to 
substrate (or vice versa). E will obviously depend on Q 0 , and the neces¬ 
sary conditions will be satisfied if dEJdQ 0 — x is constant for the series of 
acids considered, i.e., E must be a unique function of Q 0 . When a 
catalyst molecule R . COOH approaches a substrate molecule S the pro¬ 
ton is subjected to two attractive forces—the attraction of the acid 
radical R . COO - , and the attraction of the molecule S. In the critical 
state these two attractions must be equal. There are two forms in which 
the activation energy can favour this critical state:— 

(a) As relative kinetic energy of the two molecules, which will make 
them approach more closely on collision, 

( b ) As vibrational energy of the proton, which will favour its transfer 
on collision. 

(It may be noted that in both these cases the energy distribution follows 
a simple exponential law.) 

We shall first consider case (a) alone, i.e., we shall suppose that the 
vibrational energy of the proton is not excited. As there will be a most 
favourable direction of approach we can treat the motion as being one- 
dimensional along this line (the r-axis). If we take a given acid in which 
the binding energy of the proton in its lowest state is Q 0 , the two mole- 

* ‘Proc. Manchester Lit. Phil. Soc.,’ vol. 78, p. 41 (1933-34); ‘Tram. Farad. 
Soc.,’vol. 31, p. 604 (1935). 

t Since the present paper was written Horiuti and Polanyi (* Acta Fhys. Chim. 
U.R.S.S.,’ vol. 2, p. 505 (1935)) have published a treatment of proton transfer re¬ 
sembling in part §§ 2 and 3 of this paper. The chief difference lies in the fact that 
Horiuti and Polanyi neglect the Coulomb forces, while the present treatment neglects 
the exchange forces. Both assumptions lead to the relation (9), and the true state of 
affairs is probably intermediate between the two. 
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cules will have to approach to within a certain distance a before the proton 
can be transferred, and the energy of activation will be equal to the energy 
of repulsion of the molecules at this distance. For a series of similar 
acids and the same substrate a will be a unique function of Q 0 : as Q 0 
increases (i.e., the acid becomes weaker) a will decrease (i.e., the activation 
energy will increase). Moreover, in the appropriate orientation the 
repulsive energy is determined essentially by the interaction between the 
carboxyl group and the substrate: hence the activation energy will be a 
unique function of a, and therefore of Q 0 . A relation of the type (9) 
is thus justified, and the value of x may be written 

x ~ F -(w) "°» 



where F„ is the force of repulsion between the catalyst and substrate at 
the critical distance a. 

We shall now consider the alternative case ( b ) in which the energy of 
activation is present as vibrational energy of the proton, and the transfer 
of the proton is not primarily affected by the velocity of approach. To 
represent this state of affairs the repulsive fields of the carboxyl group 
and the substrate for one another and for the proton will be replaced by 
fixed distances of approach at which the repulsive energies rise suddenly 
to infinity. The potential energy curves for the proton are shown in 
fig. 1. Distances along the direction of approach are shown horizontally, 
and A and B are the equilibrium positions of the proton in the initial and 
final configurations of die change 

R.COOH, S-*• R .COO- HS+. 
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The repulsive forces will again be independent of the nature of R, and 
the distance AB is hence the same for any acid R . COOH reacting with 
the substrate S. The height of the line AB represents an arbitrary 
energy zero corresponding to the proton being at an infinite distance 
from both R. COO" and S. The curve a represents the potential energy 
of the proton at different distances from R. COO" (S being supposed 
absent), and the curve b the potential energy of the proton at different 
distances from S (R. COO" being supposed absent). When the catalyst 
and substrate are in contact the actual potential energy of the proton at 
points between A and B is given by the curve c, obtained by summing 
the curves a and b. (Since the forces involved are in both cases Coulombic 
and not exchange forces, such a summation is legitimate.) The proton 
will only be transferred when its total energy exceeds the value E m corre¬ 
sponding to the maximum in the curve c. The necessary vibrational 
activation energy is therefore given by 

E = E M -E A , (11) 

where E A is the potential energy of the proton at the point A. 

Now let the catalyst be modified slightly, causing Q 0 to increase by a 
small amount dQ 0 . The curve b will remain unaltered, but curves a 
and c will be slightly shifted, as shown by the dotted lines in the figure. 
For a series of similar catalysts the course of curve a will be a unique 
function of Q 0 : hence from (11), 

dE = dE m - dE A = dE m + dQ 0 



agreeing with (9) if 

*=l+§f. (12) 

“Q o 

it is obvious from the geometry of the figure that dE m /dQ 0 is negative and 
less than unity: hence in this case x is less than unity. 

It is probable that both the kinetic energy of approach and the vibra¬ 
tional energy of the proton actually contribute to the energy of activation. 
By considerations similar to those advanced above it can be shown that a 
relation of the form (9) will also hold in this more general case. 

The BrOnsted equation (1) can be obtained from equations (4) and (6) 
by integration only if it can be assumed that x is constant over the range 
in question. The expressions obtained for x in equations (10) and 
(12) indicate that this will not be so without restriction. However, a 
thousandfold change in velocity corresponds to a change in E of about 
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3 x 10~ u erg, while Q 0 ~ 1 '5 x 10 -11 and E~2 x 10~“: hence the 
integrated form is likely to be approximately correct in most cases which 
can be investigated experimentally. 

4—Generalization of the BrOnsted Relation 

All the preceding arguments (or any others in which the transfer of a 
proton is taken as the rate determining step) will obviously apply equally 
well to the reaction of a series of similar substrates catalysed by the same 
catalyst. The velocity constants in such a series should therefore obey 
an equation exactly similar to (1), but involving the acidic or basic 
strength of the substrate in place of that of the catalyst. In practice 
the substrate is usually such a weak acid or base that its strength cannot 
be measured, so that there are no data available for testing this relation 
quantitatively. Many of the known facts as to the effect of substituents 
in the substrate do however point in this direction.* 

The general equation for the variation of either the catalyst or the 
substrate would then be 

k c - GK.j'Ky (13) 

where K, refers to the catalyst and K 2 to the substrate. 

5—The Temperature Coefficients of Catalysed Reactions 

The theoretical interpretation we have given for equations (1) and (13) 
is based on equation (5), and hence demands that changes in k„ are 
essentially due to changes in E and not to changes in the factor P. (Changes 
in Z are in general of minor importance.) This assumption should of 
course be verifiable through experiments on the temperature coefficients 
of reaction velocity. It has been shown to be essentially correct for the 
chlorination of phenolic ethersf the reaction between substituted amines 
and benzoyl chlorides,:}: and the formation of quaternary ammonium 
compounds,§ but very little work has been done on similar series of 
catalysts or substrates in catalysed reactions. Smith)] has measured 

* C/. Nathan and Watson, ‘ J. Chem. Soc.,’ p. 890 (1933). The substrate may of 
course have an acid or basic function which is not concerned in the reaction, as in 
the decomposition of nitramide —see Pedersen, ‘ J. Phys. Chem.,’ vol. 38, p. 581 
(1934). 

t Bradfield, ‘J. Chem. Soc.,’ pp. 1006, 3473 (1928); pp. 2903, 2907 (1931); ‘J. 
Soc. Chem. Ind.,’ vol. 51, p. 254 (1932). 

t Hinshelwood and Williams, ‘ J. Chem. Soc.,’ p. 1079 (1934). 

§ Winkler and Hinshelwood, Ibid., p. 1147 (1935). 

II Ibid., p. 1744 (1934). 
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the temperature coefficients of the acetone-iodine reaction with a number 
of different acid and basic catalysts, and finds that E is effectively con¬ 
stant, the velocity changes being entirely due to changes in P. Evans, 
Morgan, and Watson* have made similar measurements with sub¬ 
stituted acetophenones, the catalyst being the same throughout. Over 
the small range of velocities studied it appears that the activation energy 
does decrease fairly regularly with increasing velocity, but more rapidly 
than demanded by equation (5): i.e., P also varies. In the bromination 
ofacetoacetic esterf and the decomposition of nitramidej (both catalysed 
by basic anions) a change of catalyst seems to involve a change of both 
E and P. 

Though the evidence is at present too meagre to settle the question 
definitely, it thus appears that in attempting to account for equation (1) 
it is probably necessary to take into account variations of P as well as of 
E. If this is so, the treatment given above is at best partially valid, and 
must be supplemented by a theory relating P to the acid or basic strengths 
of the reacting molecules. Hinshelwood§ has suggested that when P 
varies the function of the catalyst is to favour specific energy transfers, 
while Evans, Morgan, and Watson (loc. tit.) suppose that in prototropic 
changes the velocities of two consecutive stages are determined respec¬ 
tively by E and by P. Both these hypotheses lack definite support, and 
it is not clear in either how the relation between P and the acid or basic 
strength arises. 

There is however a fundamental point which requires investigation. 
The use of the form Be K/ * T for the reaction velocity (taking E as the height 
of the potential barrier) involves the assumption that the motion of the 
atoms concerned in the reaction obey the laws of classical mechanics. 
It has been shown previously!! that this assumption is not likely to be 
generally valid in reactions involving the movement of a hydrogen atom 
or a proton. An exact quantum mechanical treatment may modify the 
consequences of equation (9), and also the interpretation of experimental 
temperature coefficients. 

6—Quantum Mechanical Treatment 

As before we shall consider a similar series of acids, the substrate 
remaining the same. We shall give here the treatment for case (b) in 

* ibid., p, 1167(1935). 

t Pedersen,' J. Phys. Chem.,’ vol. 37, p. 751 (1933). 

t Unpublished work by £. C. Baughan. 

8 * J. Chem. Soc.,’ p. 1111 (1935). 

li Bell. ‘ Proc. Roy. Soc.,’ A, vol. 139, p. 466 (1933); vol. 148, p. 241 (1935). 
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§ 3— i.e., we shall assume a fixed distance of approach between the catalyst 
and the substrate, and take the activation energy to be present entirely 
as vibrational energy of the proton. (Basic catalysis and variation of the 
substrate present exactly the same problem, and the case in which the 
mutual repulsion of the molecules is overcome by kinetic activation 
energy gives very similar results.) Each catalyst may be characterized 
by its value of Q, the increase in potential energy when the proton is 
transferred from catalyst to substrate. We shall suppose that the 
activation energy* is a linear function of Q over the whole range of 
possible catalysts: this will certainly not correspond to reality, but will 
serve to investigate the consequences of equation (9) over any portion 
of the range. We write 

E = E 0 + xQ (14) 

where E 0 is the activation energy when Q = 0. In the following calcu¬ 
lations the value x = 0-5 has been taken. (The experimental values 
found in equation (1) vary from 0-3 to unity.) For convenience in 
mathematical treatment the curves are ail assumed to be parabolae, and 
are then completely determined by the values of Q, E, and 2b (the distance 
between the equilibrium positions of the proton). Fig. 2 shows a family 
of parabolae corresponding to a series of catalysts (if. fig. 1). 

As usual, the number of protons having vibrational energies between 
W and W -f dW is related to the total number of protons N 0 by the 
relation 

w 0 = '"k e ~' K " ir d w- (,5) 

The fraction q of the total number of encounters which results in the 
transference of a proton is given by 




( 16 ) 


where G (W) is the permeability of the potential barrier to a proton of 
energy W. (In the classical case this becomes q — e~ K/ * T , where E is 
the height of the barrier.) The apparent heat of activation E' (i.e., the 
value arrived at by applying the classical formula to the observed velocities) 
is then given by 


E' = 


k 


d\o%q 

'WJD' 


* In this section the term " activation energy ” (£) will be used to denote the actual 
height of the potential energy maximum. The quantity obtained by applying equation 
(4) to the experimental results will be termed the “ apparent activation energy ** (E')- 
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Values of G (W), q, and E' have been previously derived for a symmetrical 
unidimensional parabolic potential barrier.* 

Exactly the same treatment can be applied to the general unsymmetrical 
case, and only the results will be given here. 

We shall write as abbreviations, 



y = 


E-Q 

kT 


o 4 f b V2m E m 

P ' h (E + \/E (E - 0)) 

, 4v?b V2m VE(E - Q) 
y>(E + \/E(E-Q) 




Fig. 2. 


There are two main cases, according to the sign of Q:— 

(a) Q positive (endothermic transfer)—The exact results are 


(Se’v — ye~ { ) 


E' - Q „ _J_ Y-l) + e-M 

E — Q 8 — y 8e f — ye" t 

and the following approximations hold over most of the range 

lfe~y>e~ l 

• Bell, ‘ Proc. Roy. Soc.,* A, vol. 148, p. 241 (1935). 


(18) 


(19) 
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Ife -* > try 


-( 4+ &) , 


’ T-S 
and in the special case 

8 = v 

</ = ( 1 + 8)c~(* + &), 


E' - Q ^_8_ 

E - Q Y (Y - 


E - Q _ 


E-Q 2(8+1) 

(b) Q negative (exothermic transfer)—The exact results are 

1 


E' 

E 


(Pe~° — xe~?) 

— Ot 

P_ (P — « — 1) e~° + e~ p 

Pe'“ — ou?~ s 


p — a 


The following approximations hold over most of the range 
Ife~‘ > e~* 

n--. c' 

1 


?=-- 

//>"" ;> 

0“ 

and in the special case a ~ p 

?=(1 + P ) e ~*> 


Pe~" 

E' 

p — *’ 

E 

<xe~ p 

E' 

a ~ p’ 

E 


1 


P — a 


F' 3 

E = 2(p+ 1) 


(19) 

(cont.) 


( 20 ) 


>. ( 21 ) 


( 22 ) 


(23) 


These results have been used to calculate the dependence of q upon Q 
and the variation of E' with q in some typical cases. We have taken the 
following values throughout 


w = 1 -66 x 10~ 84 T - 298 

E 0 - 2 x 10- u ergs E = E + *Q. 

The distance 2b represents the distance between the two equilibrium 
positions of the proton when the catalyst and the substrate are in contact 
Its magnitude is therefore given roughly by the difference between the 
distance of closest approach of two linked atoms and the distance of 
closest approach of two unlinked atoms. According to Sidgwick* this 

• * Cheat. Soc, Ana. Rep.,’ vol. 30, p. 120 (1933). 
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difference has values between 0 - 4 and M A. In figs. 3 and 4 the curves 
marked I, II, and III correspond respectively to 2b = 0 8 x 10 e , 
2b = 1-0 x 10-\ and 2b = l-2x 10~ 8 . Horiuti and Polanyi* take 
2b = 0-6 x 10 8 : this would give results differing still more from the 
classical treatment. 

The calculations have been carried out for the range Q — 2Eg to 
Q = - 2E 0 , i.e., E — 0 to E — 4 x 10“ Fig. 3 shows the plot of 
— logi 0 ( ! against Q, which is equivalent to the usual plot of log 10 k„ against 
logio Kj. The dotted line represents the classical case. It is clear that 



Fio. 3. 

deviations from the Bronsted relation will only be detectable if a very 
wide range of velocities is studied, and that the observed value of x will 
differ little from the value in equation (14). 

Fig. 4 gives the curves connecting E' and — logi 0 q. The dotted line 
again represents the classical results, and the crosses the points at which 
Q — 0. It is seen that the value of — rflogq/dE' varies considerably 
from the classical theoretical value of 1 //cT: by taking different parts of 
the curve it may be either greater or less than this value, and may even 
be zero or negative. 

Too much weight must not be attached to the exact results of calcula¬ 
tions such as the above, particularly since zero-point energies and the 
* ‘ Acta. Phys. Chim. U.R.S.S.,’ vol. 2, p. 505 (1935). 
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possibility of non-adiabatic transfer has been ignored. Their chief 
importance lies in the following qualitative conclusions, which are 
independent of the exact model employed:— 

(a) If the proton transfer departs considerably from classical behaviour, 
equation (9) leads to the Bronsted relation, but not to a simple relation 
between the apparent activation energy and the reaction velocity. 

(b) If the transfer is endothermic, the temperature dependence tends 
to be governed by the factor e~ Q ' kT rather than by e~ Eltr , and 



0 10 20 30 40 


- log 10 q 
Fio. 4. 

(c) If the transfer is exothermic, the apparent activation energy tends 

dW 

to vary slowly with the reaction velocity, i.e., — < KT. 

Conclusions (b) and (c) will apply to any series of similar reactions in 
which the motions of the atoms is markedly non-clasSical. They may 
eventually provide a test of the applicability of the above considerations. 
As previously shown (Bell, be. cit.) any considerable departure from classical 
behaviour involves a variation of E' with temperature, i.e., a failure to 
obey the Arrhenius equation. The magnitude of these variations for the 
systems treated above can be calculated from equations (l7)-{23). It 
is found in general that they should be detectable by accurate measure¬ 
ments over a temperature range of 100°, but are not likely to be noticed 


2 f 2 
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in measurements over a range of 20-30°. It is perhaps significant that 
in three of the cases of acid catalysed prototropy studied by Evans, Morgan, 
and Watson (loc. cit.) the measurements at the lowest temperatures 
indicate a decrease in E'. Further measurements (especially at low 
temperatures) are desirable. The experimental value of x should also 
vary slightly with temperature, and has actually been found to do so in the 
decomposition of nitramide.* According to the classical treatment it 
should be independent of temperature. 

Deviations from classical behaviour also affect the interpretation of the 
factor P in equation (4). If the observed velocity is written in the two 
forms 

v = P'Z (classical) 

= PZ q (quantum mechanical) 

it is clear that P'/P — qe v -" iT , which expression is always less than unity, 
and may be very small. Low experimental values of P' may thus be 
due in some cases to non-classical behaviour, and reactions involving 
such behaviour to a considerable extent should always give a P-factor 
considerably less than unity. This may give an additional check on the 
above considerations, but is difficult to apply rigidly on account of un¬ 
certainty as to the number of degrees of freedom contributing to the 
activation energy, and the collision number in solution. 

Summary 

In a reaction involving general catalysis by acids or bases, the rate 
determining step is the transfer of a proton from catalyst to substrate, 
or vice versa. 

If Bronsted’s equation relating acid-base dissociation constants to 
catalytic power is interpreted in terms of the collision theory of bi- 
molecular reactions, it reduces to a linear relation between activation 
energy and energy of dissociation. 

The activation energy may be pictured either as vibrational energy 
of the proton or as the energy of repulsion of the two molecules in the 
critical state. In either case there will be a linear relation with the dis¬ 
sociation energy (over a small range) for a series of similar catalysts and 
the same substrate. 

Brbnsted’s relation may be generalized to include the case in which 
the catalyst remains the same and the substrate varies. For a series of 


* Unpublished work by Baughan. 
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similar substrates the reaction velocity will be related to the acidic or 
basic strength of the substrate. 

If activation energies are calculated from the observed temperature 
coefficients by the Arrhenius equation, the meagre data available do not 
show the expected simple relation between reaction velocity and activa¬ 
tion energy. This discrepancy may be due to an unjustified application 
of classical mechanics to the movement of a proton. 

Equations are given for the rate at which a stream of particles in 
temperature equilibrium pass an unsymmetrical parabolic potential 
barrier, taking into account the “ tunnel effect Application of these 
equations to the present problem leads to the following results:— 

(a) The deviations from classical behaviour will in general be con¬ 

siderable. 

( b) A linear relation between dissociation energy and activation energy 
will still lead approximately to the Brdnsted equation. 

(c) There will no longer be a simple correlation between reaction 

velocity and apparent activation energy. 

(d) Deviations from the Arrhenius equation will only be detectable in 
observations over a large temperature range. 

(e) Reactions involving non-classical behaviour should be character¬ 

ized by a low “ steric factor 
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The Equilibrium and Elastic Stability of a Thin 
Twisted Strip 

By A. E. Green, B.A. 

(Communicated by G. I. Taylor, F.R.S.—Received December 2, 1935) 
Introduction and Summary 

1—Many problems of elasticity have been solved, correct to the first 
order of displacements, but comparatively few when second order terms 
are considered. The first order, or “ St. Venant ”, solution of the 
problem of the torsion of a prism with rectangular cross-section is well 
known. In a particular case, namely, a flat rectangular bar or thin strip, 
it can be observed by experiment that it is possible to produce a twist, 
without overstrain, which is much larger than that allowed for by the 
ordinary first order theory. It is to be expected, therefore, that the usual 
linear relation between the couple and the twist will no longer be true 
in this case. 

In the first part of this paper, §§ 3, 4, a formula for the couple is found 
which includes a second order term depending on the cube of the twist. 
It is found that this second order term arises solely from the extension or 
contraction of linear elements, which, in the unstrained state, were 
parallel to the length of the strip. This formula was tested in some 
experiments which are described in § 17. Agreement between theory 
and experiment was fairly good, but, at a well-defined value of the twist, 
the strip became unstable and the formula no longer applied. This is 
clearly shown in figs. 3, 4. A theoretical investigation was then made 
into the Elastic Stability of a thin twisted strip and this work is contained 
in §§ 5-14. 

In the experiments which were carried out, it was found that the strip 
became unstable at a value of the twist which was slightly less than that 
calculated. This difference was probably due to lack of straightness in 
the strip. 

It is possible to represent the results in a non-dimensional form, suitable 
for strips of the same material, whatever the dimensions of the strip, so 
long as the length is greater than the breadth. The couple at which 
instability occurs is a definite multiple (1 -43 for steel) of the St. Venant 
couple. This is shown in § 15. Two strips with different values of 
breadth and thickness were used in the experiments, the results being 
shown in a non-dimensional form in fig. 5. 
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In § 16, a brief account is given of an alternative method of dealing 
with the torsion and stability problems. The same results were obtained 
by the two methods. 

The writer is greatly indebted to Professor G. I. Taylor, F.R.S., for 
suggesting this problem, and for his valuable criticism and advice. 


2—An origin is taken in the centre of a cross-section of the strip, axes 
of y and z parallel to the edges of the section, and an axis of x along the 
length of the strip. The plane z = 0 is called the “ middle surface ”, 
and the axes of x, y, z, are chosen to be a right-handed system. The strip 
is assumed to be of infinite length in the direction of the x-axis, and its 
outside faces are y — ± b, z — dr. h ; b is large compared to h. 

When a couple is applied to the strip about the x-axis, the displace¬ 
ments, correct to the first order are given by* 
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In the notation of the theory of thin plates, stress-resultants and stress- 
couples are given by 

T x - T 4 = S x = S a - G, - G 2 = N a « 0 ' 
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* Love, “ Mathematical Theory of Elasticity ” (4th ed,)> p. 462. 
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There are no tractions on the faces z — ±h, or y — ± b. The total 
torsional couple round the x-axis is 



ix rh 3 b — [xt/i 4 



1 

(2 n + If 


tanh 


(2/t 4- 1) nb 

2h 


( 2 ) 


Second Order Terms 

3—We now proceed to discuss the equilibrium of the strip under a 
couple about the x-axis, when second order terms are included. The 
middle surface of the strip becomes a right helicoidal surface, such that 
the central axis of the strip remains straight but may suffer an extension 
or contraction. The straight lines x ----- const become straight lines on 
the helicoid, perpendicular to the x-axis, and the straight lines y -- const 
become helices on the helicoid, cutting the first set of lines orthogonally. 
Let e x and e 2 be the extensions of linear elements which, in the unstrained 
state, lie along the lines y const and x — const respectively. The 
quantities x and y may be regarded as parameters which determine a 
point of the strained middle surface, and the formula for the linear 
element is 

(dsf = (1 + t,f (dxf + (1 + e 2 ) a (dyf. 

Let a right-handed system of moving axes X, Y, Z, be constructed so 
that the origin is at the point (x, y) of the strained middle surface. The 
axis of X is tangent to the curve y — const which passes through the 
origin, drawn in the sense of increase of x, the axis of Y is along the 
straight line x ~ const which passes through the origin, drawn in the sense 
of increase of y, and the axis of Z is the normal to the surface at the origin. 
When the origin moves over this surface the directions of the axes change. 
If t represents the time, the components of velocity of the origin are 

+ (1 + ®.)$, °> ( 3 ) 


parallel to the instantaneous positions of the axes of X, Y, Z. The 
components of the angular velocity of the system of axes, referred to these 
same directions, can be expressed in the forms 


Pi 


dx 

dt 



_ dx . „ dy 

q '3t +q 't’ 



(4) 


in which the quantities p u ... are functions of x and y. 
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Referred to the original x, y, z axes, the helicoid can be expressed in 
the form 


x — 0/t, y — u cos 0, z = u sin 0, 


where t is the twist about the x-axis. The lines given by 0 = const 
u — const represent the parametric curves x — const, y — const, respec¬ 
tively, on the strained middle surface. We assume that the twist t is of 
the order A/A 2 . Then we have 

*i = 0 + — 1 + *, 1 (5) 

du = (1 + e g ) dy, ) 


where e is a constant which is assumed to be of the order t 2 A*. It is 
sufficient for our purpose to take u — y and & x ~ e + i+y*. 

The components of rotation p x , ... which occur in (4) have been 
expressed by Love* in terms of the parameters x, y. In this case Love’s 
expressions reduce to 


Pi ~ t — iry + te, q l = 0, r x — — -t*/, 
Pi = 0, q % = - p x (1 - e, + e 2 ), r 2 *=• 0, 


correct to the order A 3 . The “ change of curvature ” are then given by* 


*1 — *2 — 0 , T ' — Px . 


(7) 


The stress-resultants and stress-couples referred to the moving frame 
X, Y, Z can now be expressed, correct to the order A 3 for resultants 
and A 4 for couples, asf 

Tl = _2£*L. (<1 + ae 2 ), T, = («, + <x.g), Sg = S,= 0. (8) 


where 

and 


_ Hg = Hg = D (1 - a) (t - -r4), Gg = Gj = 0. 
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* Op. cit.f chap. XXIV, art. 324. 
t Love, op. cit., art. 329. 
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4 —The six equations of equilibrium, as obtained by Love,* are 
^ - OiS, + r t T t ) + q 1 N l + < 7 ,N g + X' = 0 ) 


and 


H + - (PiN, + p a N 2 ) + rJi ~ r g S, + Y' = 0 

^ - (ftTx - q t S*) + pA + /> 2 T g + Z' - 0 


( 11 ) 


- ^ 8 ~ (G,r x + Hjr a ) + N a + L' — 0 

+ — 8 + (Hj/'i - GjTjj) - N x + M' = 0 

GiPi + G^i — — Hj/Jj) + S x + Sj = 0 

where X', Y', Z', U, M' are the external body forces and couples. In the 
present case these are all zero. 

The boundary conditions! give stress-resultants 

T x + tH x /(1 + tV), S lt Nj-SHi/a y, (13) 

and a stress couple G x over the boundaries x — const; stress-resultants 

T s + tH 8 /(1 +tY), S a , N t — 0H.*/0 jc, (14) 



and a stress-couple G B over the boundaries y = const. 

We approximate to the equations of equilibrium by retaining in the 
first two equations of (11) and the last equation of (12) no term of higher 
order than h 3 , and in the remaining three equations no term of higher 
order than h\ Then, substituting for p u ... T x , ... and making these 
approximations the equations reduce to 

eT » = o N — 0 
dy ’ N * “ °* 

or 

T a = const, N a = 0. (15) 

To the order required the boundary conditions (13) and (14) give stress- 
resultants 

Tj, 0, 2N X 

over the boundaries x = const, and 


T a , 0, 0 


* Op. clu, art. 331. 
t Love, op. cit., art, 332. 
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16. H. G. Booker. “ Oblique propagation of electromagnetic waves in 
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F. R.S. 


19. E. C. Stoner. “ Collective electron specific heat and spin para¬ 
magnetism in metals.” Communicated by R. Whiddington, 
F.R.S. 
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over the boundaries y =* const. We require no surface forces on the 
edge y — ±b, hence over these edges T* = 0. But T a is constant, hence 
T a = 0 everywhere, or 

t# — — (JSi. (16) 

The stress-resultant T x can now be expressed as 

T x - 2EAej = 2Eh (* + (17) 

There are no body forces acting on the strip, no surface tractions over 
the edges y — ± b, and over any section x — coast we have only stress- 
resultants (Tj, 0, 2N,). These produce a couple round the axis of x of 
magnitude 

C - f 2Nj ydy + f T x xy'dy (18) 

Jb J 6 

and a force in the direction of the x-axis of magnitude 

X=(*T \dy (19) 

h 


to our order of approximation. Substituting for T, from (17), the force 
X becomes 

X - 4E hb (e + $tW). 

This is zero if 


s = — *6®. 


( 20 ) 


Substituting for Tn and Nj from (17) and (10) in (18), and using the 
value of e given in (20), we obtain the following expression for the couple 




fiT h* 


4V 


1 


n*, _l i « 


tanh ^ t - . -- ) 716 + A Et 3 hb\ 


When h is small the series in this couple can be replaced by an approxi¬ 
mate expression.* The final result is 

C = h'tWj 3 [v - g (3 • 361)] + A Et* hb \ (21) 


This couple contains the old St. Venant term together with a new term 
which depends on i*. The latter arises solely from the extensions or 
contractions of linear elements which were originally in the direction of 
the A-axis. By considering a number of numerical cases we can easily 
justify the approximations that have been made. 

* Love, op. clt., art. 225 (c). 
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Stability 

5—If the equilibrium configuration investigated above is critical, then 
there will be a neighbouring configuration of equilibrium. In order to 
investigate this we have now to derive stability equations. The original 
strained middle surface we call the “first strained surface” and the 
middle surface in the neighbouring configuration of equilibrium we call 
the “second strained surface”. When the plate is deformed from the 
first to the second strained position, the curves that were the orthogonal 
parametric curves x — const and y — const become two families of 
curves, traced on the second strained middle surface, which out each 
other at an angle that may differ slightly from a right angle. Denote 
the angle by x and its cosine by vs, and denote by e x ' and e a ' the extensions 
of linear elements which, in the first strained state, lie along the curves 
y const, and x ~~ const. Hence, the total extensions of linear elements 
which, in the unstrained state, lie along the straight lines y — const 
and x — const, are e x + **' and e a + 62 '. The quantities x and y may 
now be regarded as parameters which determine a point of the second 
strained middle surface, and the formula for the linear element is 

(<*)» - A* (1 + e/) 2 (dxf + B 2 (1 + e 2 ') 2 (dyf 

+ 2AB(1 + 0(1 + **)dxdy, 

where A — 1 + e„ B — 1 + e a - 

In a manner similar to that adopted in § 3, a system of moving ortho¬ 
gonal axes of Xi, Y a , Z lt can be constructed on the second strained middle 
surface, the axis of Z x being along the normal to the surface at the origin, 
the axis of X 1 along the tangent at the origin to a curve y = const. The 
axis of Y x is the third perpendicular. The components of velocity of 
the origin parallel to the instantaneous positions of the axes of X x and 
Yj are 

A (1 + O § + B (1 + «,') 0 ^ , B (1 + « a ') sin X ^. 

The components of the angular velocity of the triad of axes referred to 
these same directions will be 

t dx 1 _ / dy ,dx , ,dy 

Pl Tt+ p '?t' qi W + q *Tt> 


'■'£+'*'1 < 22 > 
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Calculations of Extensions and Changes of Curvature* 


6—To calculate t x , .. p x , .. in terms of the coordinates of a point 
on the second strained surface, or of the displacements of a point on 
the first strained surface, we introduce a scheme of nine direction-cosines 
expressing the directions of the moving axes of X x , Y l5 Z u at any point 
relative to fixed axes of x', y', z'. Let the scheme be 




1 

Jt 

y' 

z 

h 

r*i 


u 

m.. 

W 2 

u 

m 3 

«3 

1 


(22a) 


If now x', y\ z\ denote the coordinates of a point on the second 
strained middle surface, the direction cosines /„ m x , n t of the tangent 
to the curve y = const which passes through the point are given by 
the equations 

A (1 + «/) h — » A (1 + *i') m i ~ > A (1 4- *i) n x = . 

(23) 

The direction-cosines of the tangent to the curve x — const which passes 
through the point are /, sin x + h c °s x. •••» •••» and therefore, when a* 
and tstj' are neglected, l t , m 2 , n 2 are given by the equations 

B {(1 + «,') h + o/i) - , B {(1 + «,') m, + anti) = , 

B {(1 + «*') «a + nn i} — -g— - (24) 

The direction-cosines / 3 , m a , n 3 of the normal to the second strained middle 
surface are given by the equations 

/ 8 = m x n 2 — ntji u nt 3 — n x l t — nj x , n 3 = l x m % — l^n x . (25) 

* The work contained in If 5-8 is similar to that given by Love, op. clt„ art. 325, 
326. 
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From equations (23) and (24) we find, correctly to the first order in 

_ l (/ 8*'\» / dy'f / dz'\*\ 

1 + 2(1 ~Anlari + ^ ,+( - )S ’ 


\dxH 




(26) 


_L /^£' 4- ^ -t- ^ 

AB l dx By 0y 8x By f ' 


Again, since the line whose direction-cosines referred to the moving 
axes are l u l 2 , / a , that is the axis of x', is fixed relative to the fixed axes, 
the ordinary formulae connected with moving axes give us three equations 
of the type 


iL — + 

dx dt ' By dt 



= 0 ; 


and, by expressing the fixity of the axes of y' and z', we obtain two other 
such sets of equations. From these we find formulae 


Bl a , Btn 2 | __ dn 2 „ t / Bl 2 , 0/m 2 , _ 3/i| ^ 


Pi - h J* +n, a ^ + » 9 ™», P ; = / 3 ^+ rn a ^+ m. 


0X 


0X ! 


0y 




ay’ 


> _ / S/ a , w I „ j>*a o' -1 5/ * 4- w 9m » 4- #» 

-~‘ 1 te + mi l£ + ni ^c' q 8 ~ /l ay + Wl l^ + " 1 ay’ 

Bl lx ffl 3ffl, , _ i 0/Mj 0«i 

'■ '■5i + '” ! U + " , 15 ’ r *-'■a; + '"’-5. + " , -5T-) 


(27) 


The formulae (26) enable us to calculate « x ', e,', o, and the formulae 
(27) give the means of calculating/>/, .... 


Formulae Relating to Small Displacements 

7—Let u, v, w, denote the components of displacements of any point 
on the first strained middle surface referred to the axes, X, Y, Z, at the 
point, which were defined in § 3. We wish to calculate the extensions 
and changes of curvature in terms of u, v, w, and their differential co¬ 
efficients with respect to x and y. 

a—The Extension —According to the formulae (26) expressions are 
required for Bx'jBx, ... where y', z', are the coordinates of a point 
on the second strained middle surface referred to fixed axes. Choose 
as these fixed axes the lines of reference for u, v, w, at a particular point 
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on the first strained middle surface, and obtain the required expressions 
by an application of the method of moving axes. 

Let P (x, y) be the chosen point on the first strained middle surface, 
P' (x + Sx, y + Sy) a neighbouring point on this surface. The lines of 
reference for u, v, w, are a triad of moving axes, and the position of these 
axes when the origin is at P' is to be obtained from the position when the 
origin is at P by a small translation and a small rotation. The com¬ 
ponents of translation, referred to the axes at P, are ASx, BSy, 0. The 
components of rotation, referred to the same axes, are 

Pi 8x, <1* By, r y Sx. 

When P is displaced to P x and P' to Pj', the x', y', z\ of P x are the same 
as the u, v, w, of P; the x', y', z', of P x ' are 

x' + (Bx'fBx) Sx + (Bx'jBy) Sy,..., 
and the u, v, w, of P' are 


u + (Bu/Bx) Sx + (Bu/By) Sy, .... 

These quantities are connected by the ordinary formulae relating to 
moving axes, viz.: 


Sx + Sy = A Sx + |^ Sx + 8y + q t w Sy — r x p Sx, 

^ Sx 8y = BSy + |^8x -t-|^Sy + fjuSx — PjwSx, 

"fix ^ ~ ~^Pi v ~ Q& fyv 


and in these formulae we may equate coefficients of Sx and Sy. 
The above process leads to the following expressions for Bx'/Sx, 


0X' 

Bx 


A + i 


Bx Bx 


riu - p x w, 


Bz' 
Bx 


dw 

Bx 


+ PlV, 


Sx' _ Sw 
By By 


+ W, 



Bz' __ dw 
By By 




( 28 ) 


(29) 


When products of u, v, w, and their differential coefficients are neglected 
the formulae (26) and (29) give 


_ / _ 1 Bu r.v , , - 1 Bv 

1 ~ A Sx “ A ’ Cj ~ BBy' 


rs 


__ 1 Bu , 1 Bv 
B By A Bx 




These formulae determine the extension. 


(30) 
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b—The Changes of Curvature —According to the formulae (27) we 
require expressions for the direction-cosines /j,... of the moving axes 
referred to the fixed axes; we require also expressions for dljdx ,.... 
We shall choose our fixed axes as before to be the lines of reference for 
u, v, w, at one point P of the first strained middle surface. By (23), (24), 
(25), (29), and (30), expressions can be written down for the values of 
/„ .. at the corresponding point Px of the second strained middle surface 
in the forms 


/, ==1, 

m 1 dv 

1 A dx 

+ {i»- 
^ A 

Pi w „ _ 1 dw , pit) ) 

X’ "‘“Ato + X’ 


/.*- 

. 1 He +M". 

A dx A 

r x u 

A ’ 

m *~ 1 ’ " 2 “B Ty~B’ 

, (31) 

/. - - 

1 dw p x v 
A dx A 

m 3 = 

_ 1 dw q t u , 

B dy + B ’ * ' J 



These are not the most general expressions for /j, ... at any point. They 
are expressions for the direction-cosines of the moving axes at any point 
on the second strained middle surface, referred to the lines of reference 
for u, v , w, at the corresponding point of the first strained middle surface. 
For these latter direction-cosines we may introduce the orthogonal scheme 



U 

V 

X, 

Li 

M 

Yx 

u 

M 

Zx 

I l 3 

; 1 

. 

: m 

i 


w 


! *>x 


N, | 



Then we have the values 


L*«= 1, 
L| — — 
L s = — 


M, 


1 dv . r,« 

5^ + X 


xr + ¥- 

A ox A 

1 ow __ pit) 

A cbc A ’ 


riU 

A’ 

M a 


PlW 

A ’ 

M, 1, 


Nx 


1 dw.gjv 
X + A » 


XT __ 1 dw 

* B oy 


qyt 

T 


1 3w I OM 

B ' 


N 3 = 1, 


(32) 
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and these hold for all points. We apply the method of moving axes to 
deduce expressions for dljdx, .. and then form the expressions for 
Pi , .. in accordance with (27). 

The direction-cosines of the axes of X x , Y x , Z x , at a neighbouring 
point Pj', referred to the lines of reference for u, v, w, at P', would be 
denoted by L x + (<5L x /3x) 8x + (3L x /3y) Sj, ..; the direction-cosines of 
the axes of X x , Y x , Z x , at P x ', referred to the fixed axes, which are the 
lines of reference for u, v, vt>, at P, would be denoted by 

/j + (eV x / dx) Sx -{• (3/ x / dy) Sy. 

Since the components of rotation of the lines of reference for u, v, w, 
are 

Pi <7 a »>’, r l 8x, 

the ordinary formulae connected with moving axes apply in the forms 

fj 8.v 4 U tj> = (%' Sjc 4 4 tl 84) 4 N,», 8 y - M,r, 8*, 

is' Sx + »y = (is * x + T5* *?) + v, s* - N lft tx, 

is S * + 3 - v = (fj 1 Vi + M,p. 8* - L,?, 84. 

with similar formulae in which the suffix 1 attached to /, m, n, and L, M, 
N, is replaced successively by 2 and 3. On substituting for L x , ... the 
values given in (32), we find 



M = 2 /! if + _ « 

"5jT 3y \A 3x ' A A /’ 
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a/ a 

dx 

0 /* 

dy 

dm 2 

ox 


_a 

dx 

JL 

dy 


A Bx A 


- W 4. I _ r 
~A + T / r > 


1 0p 

A 0;c 

1 0D 

A Sir 


i M + M) + q ill*-t*\ 

A i A / \B 3y B / 


¥ + 


B 3y 

n (\ dw 
Pl \§ dy 


B 


dm 2 _ n 
O’ ~ ’ 


dn 2 _ 8 /1 8 h > 
dx dx B dy 



8/t a 8/1 8 h> £jU\ / 1 8t> r r u . 

O' ~ 8>- ' B a>- B / “ 7 2 A 0x A + A / ■ 


In calculating p x , .. from the formulae (27), write for l x , ... the values 
given in (31), and for dljdx, ... the values just found, and observe that, 
since the scheme (22 a) is orthogonal, two of the formulae (27) can be 
written 


<7i 



+ m 8 


8m) 

dx 


+ «3 


0«i\ 

■a?/* 



The process just described leads to the formulae 


Pl =* 

/1 

Mas 

+ *) + s< 

1 dw 
>b a.v 

- -jj-j + A, 



1 ?MI 4. 

B 0 v + 

f> 

a 

dx 

lA0l + X,)’ 






_ / 1 dv , TjM 

“Mas+x 

o'- 

3 / 1 dv 
"fix \ A 0* 

4 „ 0« _ 
f A 

A 1 

\ + r 2 

_ „ /l 0VV 4. 

Ma-^ + T/’ 

and 






P* = 

_? /]_ Bw 

dy \ B 0y 

_ 9*“j . 

T/ 

- <?» 

/ _ 1 dv __ 0« , Pt»v\ 

l ATx T + ~a!' 

# 

d 

, \ dw 

PlV\ 



= 

^~Ty\ 

A0J + 

'a) 

* 


O' == 

±/± dv 
dy \A dx 

4. M _ 

+ A 

TJ 

~ <7* 

\B B / 



J 


\ 


j 


(33) 


( 34 ) 
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The formulae for the changes of curvature can now be written down 
in the forms 


A 


i aw </ a u 


+ 


q&\ 
B ! 


Ii-i 

A dx 


1 , PjV\ 

A dx + A ) 


i a /1 dw 

B dy B c'y 

1(1 d ^-yP£) 4. I 1 
A \A dx A' A dx 


+ 


Pi t ‘ ^ + r J& 
A > X ^ A 


J_ dy 

A dx 

l aw 
bFF ~ 


r>u 

A 


+«£}■ 


MixA 


B 


[ ) + 


A 


£lW 

A 


)»! 


(35) 


Stress Resultants and Stress Couples 
8—We have 

Ti = (*! + *i' + <7* a + < 7*2 ). 


T a 


_ 3D 

“ w 


(*2 + * 2 " + <7*i + <7*i'). 


S 2 —- S x 



— < 7 ) cr 


(36) 


j 


where e x — 2 y s — ^ t 2 /} 2 , e a — — CTEj 

and *i', e 2 ', n are given by (30). 

Also 

G 1 = - D (*i + <7« a ). G a = — D (« a + <7Aj) | 

-H 1 = H 1 = D(1-<j)(t'-t^) ] ( } 


where k u t' are given by (35). 

Assume now that the displacement w is of the order h a jb and the dis¬ 
placements u and v are of the order A*/6*. In the expressions for the 
stress-resultants neglect terms of an order higher than h 4 , and in the 
expressions for the stress couples neglect terms which are of higher order 
than A 5 . With these approximations the stress-resultants are 


T»« (1 - «*)(W ~ itV) + + <r§?], 

T 3D I dv , du] 

T *“p-U? + '’S’ > 

ci 3D ,, /du dv . \ 

- S, « Sj « 2 P (1 - e) (jj; + - a - - 2rw j. 


( 38 ) 


2 c 2 
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and the stress-couples become 



( 39 ) 


Stability Equations 


9—The equations of equilibrium of the strip in the second strained 
position, or in other words, the stability equations for the strip when in 
the first strained position, which are applicable, are given by Love."' 
They need not be set down here, as we immediately approximate to them 
by retaining in the first two equations of the first set, no term of order 
higher than h*, and in the remaining equations no term of order higher 
than /i s .f The equations are considerably simplified by this procedure 
and become 


Bx * t ’ By 


—■ 0, 


\ 



»? 1+ 3N 1 + 

ix oy 

and 


3D 
h 2 


(1 - o») (W 


W^ + 2t s , = 0, 


(40) 


3H X 

dy 


+ N 2 = 0, 



j« 8 

By 


N x = 0. 


(41) 


Eliminating N x and N 8 , and substituting for T x , .. G,, .. from (38) 
and (39), these equations can be replaced by the following three equations 


B [Bu , Bv\ , 1 — a B j'Bu , 
cS [Tx + ° B~y)+ 2~ V { Ty + 


B / Bv 3m \ 1 — q 3 i Bu 
By l By a Bx! ' 2 Bx \3y 


l-H-o 


(42) 

(43) 


* Op. cit.y art 331. 

t In Love’s equations we substitute the values of given by (33) and <34), and 
use the orders of magnitude for u , c, w which are assumed in § 8. 
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and 

\ i (1 ~ cr a ) t 3 (y - #>*) — t (J - or) (|p + - 2rw) = 0. 

(44) 

The next consideration is to put these equations in a form suitable for 
numerical work. 

10—The first stage in the manipulation is effectively equivalent to the 
elimination of one of the variables u, v, w. Setting 


and 


an dv^ 

fix + ° dy fy 2 ' 

dv . a» __ a 2 «{; 

dy ° ex ? jc 2 ’ 


1 — o/du . dv 
2 \dy + lx 



a* I 

dxdy' 


(45) 

(46) 

(47) 


equations (42) and (43) are satisfied, while (44) becomes 

+ = (48) 

u and v can be eliminated from (45), (46), and (47), the result being 


V^~2(1-^t|| = 0. (49) 

A non-zero solution in w and ^ of (48) and (49) evidently implies a non¬ 
zero solution in n, v, vt>, of the stability equations. As stated what has 
been done is effectively to eliminate one of the original variables: the 
method adopted gives a more symmetrical form than would result from 
a direct attempt at elimination, and entails less labour. 

11—The equations must now be put in non-dimensional form; (48) 
and (49) may be satisfied by 

w = W sin (ix, 1 

and r (49 a) 

4 1 — 4*1 cos * 

where u. is a constant, and W and 4*i are functions of y only. Let the 
variable y be changed to 0 (= it yjb), and let 

4* = Yh, V = t b/n, ji' = o' = 1 — a t , 

k — bjnh, p «* p'v'k. 
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Equations (48) and (49) then become 


and 


d *_W 
dQ* 


+ «*' 4W + 


t*‘) w - Op 


</0 


^-2^ + 

dQ* * dW 


( a'«'F - 2p<x 


,</W 

i/0 


= 0. 


( 51 ) 


12—Assume a solution of these equations of the form 


W = W 0 + H>! COS 0 + ^2 cos 20 + ... 
X F — <f>i sm 0 + 4>a sin 20 + ... 


(52) 


where w (h w lt ... <f> u <f> 2 , ... are constant. 

If these expressions be substituted in the equations (50) and (51), then 
they will satisfy these equations if we equate to zero the coefficients of 

sin I* * s not > ho w e ver » possible to equate the coefficients of cos «6 

directly, in equation (51) on account of the term $-pV0*W. In order to 
equate coefficients it is necessary to expand every term of the type 
0* cos «0 in a Fourier cosine series. Let 


O 2 cos n 0 = n a 0 + „ai cos 0 + ... + n a m cos m 0 + ... (53) 


then as 0 lies in the range — n < 0 < n we have 


1 C” 


0 2 cos/J0cosm0*/0. 


When m & tt, 




and when m — n^0, 
also 


n a n = iit 2 + l/2«* 
o^o = i« 2 . 


(54) 

(55) 

(56) 


If we now substitute the series (52) and (53), in the equations (50) and 

(51) and if we equate to zero the coefficients of «0 we obtain an 

sin 

infinity of linear relations between our infinite number of unknown 
constants. These relations are satisfied by non-zero constants if an 
infinite determinant vanishes. This condition is 
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F (0) 

— 

6pV 

l 2 

0 

6 P V 

2 2 

0 

6pV 

l 2 

f <d+ 4 ^; 

- 6p 

-*[£*£] 

0 

0 

2pa' 

F (1) 

0 

0 

6 P V 

'Yi 

6pV 

l 2 + 2* I 

L(l 2 - 2 2 ) 2 J 

0 

f (2) + 

— 6p . 2 ... 

0 


0 

0 

2pa'. 2 

0 

where F in) 

- (a 2 + pi' 2 ) 2 . 



— 0... (57) 


That the determinant is convergent is evident upon dividing rows and 
columns by appropriate factors. It can be written 


F in) + 


3 P V 


6pV 


4« 2 
2p a'n 

(n + 1)* -f « 2 
{(« + l) 2 - a 2 } 2 

0 


— 6p n 
F(«) 
0 
0 


6p 2 a' • 


(n + l) 2 + n* 


F (n + 1) + 


{(« + D* 

0 

3pV 


n 2 } 2 - 


4 ( n + l) 2 
2?a'in + 1) 


0 

0 

- 6p (m + 1) 
F in 1) 


Divide the first row and column written down by a 2 , the second row 
and column by a 2 , the third and fourth rows and columns by (a + l) 2 , 
and so on. Typical diagonal terms are then 


(1 + p' 2 /« 2 ) 2 + 3 pV /4a fl and (1 + p' 2 /a 2 ) 2 
and typical non-diagonal terms, 


“ 6pV (s» + (JTT? )/l<" + V ~ ”'1* 


_ 6 P> 
mp ’ 


2po' 

at 3 


where m is fixed for any given row or column and takes all integral 
values. 

Conditions sufficient for convergence are that the product of the diagonal 
terms should converge absolutely, and that the sum of the non-diagonal 
terms should converge absolutely.* The product of the diagonal terms 
converges like n(l + 1/a 2 ), the sum of the non-diagonal terms like the 

* Whittaker and Watson, “ Modem Analysis," g 2.81. 
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series SI /«*, and consequently the determinant converges. There is, of 
course, no need to divide the rows and columns in numerical work and 
they are left as they stand in the work considered below. 

We now consider the determinantal equation (57). For any given 
value of [i.', it is an equation in p having an infinite number of roots, but 
it is, of course, only with the smallest of these roots that we are actually 
concerned. Since, however, p cannot be obtained directly as a function 
of (j/, we approximate to it by considering the values of p obtained from 
the determinantal equations in which we take successively 4,9,16 elements 
at the top left-hand corner of (57). The accuracy of the results obtained 
in this way is considered after they have actually been found. 


Numerical Results 
13—Since p contains p' as a factor put 

P = Zfx', (58) 

where 

z = (59) 

so that z is required in terms of p'. In the experimental work steel 
strips were used whose Poissons ratio a was taken to be 0-25, so this 
value of a is used here. 

As a first approximation z 2 is the positive root of the quadratic equation 
36zV 2 - fzV'V - (1 + pi ' 2 ) 2 = 0 

so that 



As a second approximation 



The third approximation is the smallest real root of the determinant 
(57) when we only use the first 16 elements. Denote this determinant 
by A,. 

The numerical work for the first and second approximations was 
quite simple, but that required for the third approximation was rather 
more complicated. The method is now illustrated for the case when 
p' 0 -1. Take the second approximation for z 2 , namely z* = 0-1814 
and evaluate A 4 with this value of z 1 , and A 4 is found to be negative. 
When z* = O’ 181 A 4 is positive. By linear interpolation it is found that 
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A 4 vanishes when z 2 = 0-1812 to four figures, and consequently this is 
our third approximation. 

The values of z evaluated for various values of fi' are given in Table I. 


Table I— Values of t 



First 

Second 

Third 

IX' 

approximation 

approximation 

approximation 

0 

0*42163 

0*42163 

0*42119 

0-1 

0*42387 

0*42590 

0*42567 

0*4 

0*45607 

0*47999 

0*47958 

0*5 

0*47434 

0*50559 

0*50518 

1 

0*60566 

0*64454 

0*64420 

2 

0*96667 

0*98223 

0*97903 

3 

1*3713 

1*3772 

1*3652 



bjl 

Fig. 1. 


From Table I it is seen that the second and third approximations for 
the values of xb 3 /n?h agree in the first three decimal places except when 
ix' — 2 and 3. Since, however, the third approximation is an appreciably 
closer approximation than the second, it can be deduced that the values 
of for the third approximation are accurate to at least three 

figures for values of (x' in the range 0, 1. For tx' — 2 and 3 we can state 
that the third approximation is accurate to within less than 1%. 

A graph showing the relation between xb^/i^h and ix' is given in fig. 1. 

14—The values of xtPjv?h which have been obtained are the critical 
values at which the twisted strip becomes unstable, for various values of 
ix'. The distance between successive zeros of w is, from (49a), l (— ti/jx) 
and so fx' ~ bjl. Thus, the critical values of t fp/n*h at which a dis- 
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tortion of wave-length l can be maintained in an infinite twisted strip, 
have been found. 

The above work can be applied to the examination of the stability of 
a thin strip of finite length / which is maintained twisted in equilibrium 
by couples applied at its ends. It can easily be seen that the only solution 
of physical interest is that in which the distortion has a wave-length 
equal to the length of the plate. Also, in practical cases b/l is not likely 
to be greater than 0-5, and it can be seen from Table I that for values of 
b/l ranging from 0 to 0 -5, the critical value of t6 2 /7i 2 A is almost constant. 

15— If the second term in the formula (21) is neglected, the couple can 
be expressed in the following form 

C = Y iirbhs j 1+ A(l + J. 

When b/l is less than 0 5 the critical value of %tP/vPh can be taken to be 
0-42 approximately (see Table I), and when a 0 • 25, 

tj(1 + a ) ~ O'43, 

so that the critical value of the couple is 

C = (1 -43) Y t ^bbP. 

Since the St. Venant couple is approximately Y fwhen h/b is 
small it will be seen that, for a given material, the strip will become 
unstable when the couple reaches a value which is a certain definite 
multiple of the St. Venant couple, for all lengths of the strip which are 
greater than the breadth. 

16— It is interesting to record that the above results relating to the 
equilibrium and stability of a thin twisted strip can be obtained by another 
method. In order to consider the equilibrium position, components or 
strain e„, .. e„ v , ... are used, taken relative to the moving set of axes 
X, Y, Z, defined in § 3. Expressions are obtained for these in a manner 
similar to that given by Love,* and hence the stress components XX, ... 
Xy, ... can at once be written down. The equations of equilibrium and 
the boundary conditions are then satisfied approximately, and the couple 
acting on the strip is deduced in the usual way. This method avoids the 
use of the stress-resultants and stress-couples of the thin plate theory. 


* Op. cit., art. 327. 
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The stability problem is then attacked by a method similar to that used 
by Dean.* Equations of equilibrium in terms of the displacements u, v, 
w, of any point of the middle surface, including second order terms, are 
used. The equilibrium values for u, v, w, are found and then the stability 
equations are obtained in the usual manner. These equations can be 
reduced to two equations of exactly the same form as the stability equa¬ 
tions (48) and (49), but the dependent variables have, of course, different 
meanings. The stability results then follow as before. 

Comparison with Experimental Results 

17—Two strips of spring steel were used in the experiments. For 
convenience these are described as “ strip A ” and “ strip B ”, their 
dimensions and elastic constants being given in Table II. Two different 
lengths of strip A were taken, namely 39 cm and 20 -9 cm, and one length 
of strip B, namely 25 1 cm. 



E 

Table II 

M- 

a 

h 

b 

Strip A .. 

2*106. JO 1 * 

8*424.10 11 

0*25 

0*024 

2*5 

Strip B .... 

2*106.10 lt 

8*424.10 lJ 

0*25 

0*015 

0*618 


Lengths are measured in cm, and E and ji in dynes per sq cm. 

The chief difficulty in the experiments was the obtaining of correct 
boundary conditions. These conditions are, that the strip should be 
twisted by a couple about its axis, and should be a part of an infinite 
twisted strip. For this purpose the strip was held vertically in two wedge- 
shaped slots, the lower wedge with its vertex uppermost and the upper 
wedge in the opposite position. The strip could just pass freely through 
the vertices of the wedge-shaped slots. The lower wedge was firmly 
attached, in a central position, to a horizontal turntable whose rim was 
marked off in degrees. The upper slot was cut in a horizontal arm, 
which was supported at its centre of gravity by a thread suspended from 
a fixed point which was vertically above the centre of the turntable. The 
couple was applied by means of horizontal threads, attached to the ends 
of the arm, passing over pulleys and supporting weights at the other ends 
of the threads. Fig. 2 shows a sketch of the apparatus. 

The procedure adopted for the measurement of the couple was as 
follows: a zero point was noted on the turntable when the strip was 
untwisted, and the position of the arms was such that the threads attached 

* Dean, * Proc. Roy. Soc.,’ A, vol. Ill, p. 144 (1926). 
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to its ends were at right angles to the arm. A vertical rod was set up so 
that it just touched the arm, thus fixing the zero position of the upper 
end of the strip. Equal weights were then attached to the threads passing 
over the pulleys, and the turntable was twisted round until the arm just 
touched the vertical guide, i.e., until the threads were again at right 
angles to the arm. The value of the twist was then read off on the circular 
scale. This process was repeated with an increasing sequence of weights 
attached to the arms, until the strip was actually observed to become 
unstable. When strip B was tested, the instability was so violent that it 
jumped right out of the apparatus. 



18—The theoretical points obtained for the two different lengths of 
strip A are shown in comparison with the experimental points in fig. 3. 
The points marked x, © are the experimental points corresponding to 
bjl— 0-0641 and 0-1196 respectively. It will be seen from this figure 
hat the experimental value of the couple agrees fairly well with that 
obtained by theory. Further, the point at which instability was found 
to occur is slightly less than that calculated. This slight difference 
between the experimental and theoretical critical values of the twist can 
probably be accounted for by the fact, that if the strip is not perfectly 
straight and vertical initially, and the couple is not applied exactly round 
the axis of the strip, then instability will tend to set in at a lower value 
of the twist than that given by theory. 
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Comparison between theory and experiment for strip B is shown in 
fig. 4. Agreement between the two is fairly good, but not quite so good 
as for the strip A. In this connexion it should be mentioned that strip B 
was a small steel ruler with scratches on one face which may, perhaps, 
have reduced its torsional stiffness. Also, the values taken for the elastic 
constants may have been slightly incorrect. The experimental points 
marked x correspond to bjl — 0-0242. 



Fig. 5. 

The results for both strips are represented in a non-dimensional form 
on one graph {see § 15 and fig. 5). The experimental points marked -f, o 
correspond to strip A, and those marked A correspond to strip B. 

In conclusion, the writer wishes to thank Lord Rutherford for per¬ 
mission to carry out the experiments in the Cavendish Laboratory. 

Summary 

A twist can be produced in a flat rectangular bar or thin strip which is 
much larger than that allowed for by the first order, or St. Venant, theory; 
and consequently, the usual linear relation between the couple and the 
twist is no longer true. 
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A formula for the couple is found which includes a second order term 
depending on the cube of the twist. This term arises from the extension 
or contraction of linear elements which, in the unstrained state, are 
parallel to the length of the strip. The formula agrees fairly well with 
experiments which were carried out in order to test the practical applica¬ 
bility of the theory, but, at a well-defined value of the twist, the strip 
became unstable. 

A theoretical investigation is made into the elastic stability of a thin 
twisted strip and it is found that the strip does become unstable at a definite 
value of the twist, which is slightly greater than that observed. This 
difference is probably due to lack of straightness in the strip. For steel 
the instability occurs when the couple reaches 1 -43 times the St. Venant 
couple. This result is independent of the ratio thickness: width. 

Two different strips of steel have been used in the experiments. The 
results are represented on separate graphs for each strip, and also in a 
non-dimensional form on one graph. 


The Temperatures and Constituents of the Upper 

Atmosphere 

By D. F. Martyn, Ph.D., A.R.C.Sc., Research Physicist, Radio Research 
Board, Australia, and O. O. Pulley, Ph.D., B.E., Walter and 
Eliza Hall Fellow, University of Sydney. 

(<Communicated by Lord Rutherford, O.M., F.R.S.—Received 
December 2, 1935) 

1—Introduction 

In a previous paper* attention was drawn by one of us to the fact that 
the upper ionized, F, region of the ionosphere tended to reach a minimum 
height in the early morning. A study of the results of other workers 
reveals the world-wide nature of this effect, which is readily observable 
in both English and Americanf published data. 

Any method of measurement of the height of the ionized regions of the 
atmosphere yields the “ equivalent height ” 


* * Proc. Phys. Soc.,’ vol. 47, p. 340 (1935). 

t Schafer and Goodall, * Proc. Inst. Rad. Eng.,’ vol. 19, p. 1434 (1931). 



456 


D. F. Martyn and O. O. Pulley 


where z 0 is the height to which the measuring radio wave penetrates, and 
(i is the refractive index of the intervening medium at the height z. It 
follows that a temporal change in z' may be due either to a change in z a 
or to a change in the height distribution of [j. (i.e., of N the ionization 
density per cc). We cannot therefore be certain, in general, whether 
the occurrence of a minimum in z' indicates a true minimum height of 
the F ionized region, or a readjustment of ionization in and below this 
region. 

If, however, the height measurements be made by the frequency change 
method, Appleton* has shown that a comparison of the number of 
interference fringes counted for a small continuous increase of wave 
frequency, with that obtained for a similar decrease of frequency, enables 
the measurement of the temporal rate of change of the optical height 


‘? 0 

\uk of the ionized region. 

0 


If, then, the rate of change of the optical height of the F region be found 
equal to that of its equivalent height, it follows that the F region is moving 
bodily. 

In the experiments previously describedf the frequency change method 
of height measurement was used, and from a careful examination of the 
records it was possible to conclude that the F region moved bodily 
during the night, reaching a minimum height some 2 or 3 hours before 
sunrise. The movement of the ionized region was considerable, averaging 
some 60 km. 

It seemed probable that these large movements must be attributed to 
a contraction and expansion of the upper atmosphere as a whole, carry¬ 
ing with it the ionized region. On the other hand, several other possible 
explanations, such as the advection of air below the F region, or move¬ 
ment of the ionization through the atmosphere owing to the presence of 
electric fields, could not with certainty be rejected. It appeared, however, 
that if, simultaneously with the height measurements, the ionization 
densities in the E and F regions were determined, then it might be possible 
to arrive at the true explanation. For example, if advection or electric 
fields were effective then we should not necessarily expect pronounced 
changes in ionization density to accompany the changes in height On 
the other hand, if the upper atmosphere contracted and expanded as a 
whole, then we should expect the height changes to be closely connected 
with corresponding changes in the density of ionization. Moreover, in 


* ' Proc. Phys. Soc.,’ vol. 42, p. 321 (1930). 
t ‘ Proc. Phys. Soc.,’ vol. 47, p. 340 (1935). 
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the latter case the determination of the connexion between the density 
changes in the E and F regions and the height variations might be expected 
to give us information about the amount of the contraction at the different 
heights (100 to 300 km) involved. 

The present paper describes the results and conclusions obtained from 
a series of experiments made with this object. 

2—Experimental Method 

The transmitting and receiving equipment were both housed in the 
Electrical Engineering Department of the P. N. Russell School of 
Engineering, University of Sydney, lat. 33° 52' S.; long. 151° 12' E. The 
equivalent heights of the ionized regions were measured by the amplitude 
modulation, or pulse method, originally developed by Breit and Tuve.* 
The. heights were eventually delineated on the screen of a cathode ray 



Fro. 1—Early morning variations of equivalent height and critical penetration fre¬ 
quencies of E and F regions—July 11, 1935. Equivalent heights, O; critical 
frequencies, x ; E = E region; F *= F region. 

tube and recorded photographically according to the method previously 
described by one of us.f In order to measure the maximum ionization 
density N of each ionized region the frequency of the transmitter was 
raised in steps of 0-1 megacycles per second until penetration of the 
region occurred, according to the method originally described by 
Appleton.J The frequency of the transmitter was changed by the 
observer at the receiver by means of a system of remote control. Each 

* ‘ Phys. Rev.,’ vol. 28, p. 554 (1926). 
t Pulley, ‘ Proc. Phys. Soc.,’ vol. 46, p. 853 (1934). 

J ‘ Nature,’ vol. 131, p. 804 (1933). 
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observation of the ionization densities of the various regions occupied 
12 minutes. The total period of observation covers the months of 
July, August, and September, 1935. Over this period continuous 24-hour 
records of the heights of the ionized regions were obtained on several 
frequencies, and at selected times the ionization densities were measured. 
The ionization density changes from midnight till sunrise, and the daily 
noon values were particularly studied. During the night observations 
the ionization was measured four times in each hour. 

3—Experimental Results 

The results of a typical evening’s observations are given in fig. 1, which 
shows the equivalent heights of the E and F regions, and their critical 
penetration frequencies (/), between the hours of 01.00 and 07.00 on 
the morning of July 11, 1935. The equivalent heights plotted were 
obtained for a frequency of 2 0 Mc/sec. A study of the heights obtained 
on other neighbouring frequencies shows that the variations in height 
are real and are not seriously affected by ionization changes. It will 
be observed that the height of the F region falls 50 km between the 
hours 02.00 and 04.30. The ionization of this region (which is pro¬ 
portional to P) rises steadily to a maximum value at 03.30, falls again 
to a minimum value at 05.30, and then commences to increase with the 
advent of sunrise at the region. The E region was detectable at two 
periods during the night and had a maximum ionization density apparently 
as great as that of the F region at 01.30 and 05.30. The height of the E 
region hardly varied from 100 km. While ionization densities of both 
the E and F regions varied considerably from night to night, yet the 
ionization density of the F region regularly tended to reach a maximum 
value at about 03.30 every morning, and the height of the same region 
tended to reach a minimum value about an hour later. The ionization 
of the E region was much more erratic, and no regularity could be traced 
in its variations during the night. The height changes of the F region 
amounted on some nights to as much as 90 km. On nights when the 
height changes were large the ionization changes were also great. 

The night to night variations are shown in fig. 2, for the period 
July 9-20, during which the ionization changes were intensively studied. 
Curve 1 shows the critical penetration frequency of the F region at the time 
of maximum ionization. Curve 2 shows the variation of the minimum 
height of the F region. Curve 3 shows the variation of the time of 
occurrence of the minimum height, while Curve 4 shows the variation 
of the average E region ionization. By reason of the sporadic occurrence 
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of the latter it would not be entirely satisfactory to plot the average 
penetration frequency for this region. The following scale of ionization 
was therefore used in the following way. On nights when no E reflexions 
were obtained on 2 Me/sec the ionization was classed as zero. When E 
reflexions were almost continuously present and the penetration fre¬ 
quency was high the ionization was classed as 4 units. Intermediate 
conditions were classed as 1, 2, or 3 units according to the same procedure. 
As might be expected, the higher values of penetration frequency occur 



Fig. 2—(1) Maximum ionization, F region; (2) minimum height, F region; (3) time 
of minimum height, F region; (4) E region ionization; (5) barometer at 9 a.m. 


on just those nights when reflexions from the E region are most frequent, 
so that no difficulty is encountered in assessing the average ionization 
according to this plan. 

In fig. 3 are shown the values of the critical penetration frequencies of 
the E region at noon for the period August 22-September 13, 1935. It 
will be noticed that the E region is frequently stratified in two layers 
whose equivalent height differs by some 15 km. This has been previously 
noticed by Green* and by Ratcliffe and White, f Where such strati- 

* ' Bull. Come. Sci. Indust. Res. Australia, No. 63 ’ (1932). 
f ‘ Proc. Phys. Soc.,’ vol. 46, p. 107 (1934). 
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fication was observed the penetration frequency of each layer is plotted 
separately in fig. 3. The upper curve then shows the penetration fre¬ 
quencies at an average equivalent height of 130 km and the lower shows 
the frequencies at 115 km equivalent height. 


4 —Discussion of Results 

4.1—Equivalent Height Variations in the F Region 

It has been pointed out above that simultaneous observations of the 
height and ionization density of the F region might be expected to throw 



Fla. 3—Day to day variation of noon ionization in composite E region, (a) Upper 
critical frequency, F, region; (h) mean critical frequency, E region; (c) lower 
critical frequency, E region; ( d ) barometer at 9 a.m. 

considerable light on the mechanism of the height changes. The results 
show that considerable ionization density increases accompany the 
height falls, and make it appear probable that the upper atmosphere at 
such times is contracting bodily. It has been remarked, on the other 
hand, that the equivalent height of the E region remains appreciably 
constant. It is therefore evident that the contractions cannot extend 
very far below this region. It will appear later, however, that density 
changes in the E region do occur, and reasons will be given for concluding 
that the contractions extend down to a height of 80 km. It is thus possible 
to compare the percentage contraction of this whole region, from 80 to 
say 300 km, with the ionization density changes at its upper boundary. 
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Thus, referring to fig. 1, which represents an average night, the total 
percentage contraction is 


285 - 235 
260- 80 


X 100 


or 


28%, 


while the total change in ionization density is 

;^r 4, i X 100 or 22%. 

Those percentage changes are roughly equal, and this approximate 
equality has been found to hold on all nights during which observations 
were made. The actual values changed considerably from night to 
night, variations of 60% being occasionally noted. 

The results therefore are considered to indicate that the upper atmo¬ 
sphere between 80 and 300 km contracts bodily during the early morning 
hours by a variable but always appreciable amount. 

Only two possible explanations of this contraction occur to us. Either 
the atmosphere has been compressed by the advection of air above the 
F region, or it has cooled. The first possibility may be ruled out 
immediately, because the mass of air necessary to compress the F region 
by 30% would be quite insufficient to move it bodily downwards through 
the observed 60 km. We are therefore forced to the conclusion that the 
upper atmosphere cools during the early morning hours by an average 
amount of 30%, and that the amount of cooling varies considerably 
from night to night. 

It will be observed in fig. 1, that the changes in the density of the F 
region occur some little time before the corresponding height changes. 
Thus at 01.00 hours the ionization is steadily increasing while the equi¬ 
valent height does not commence to fall appreciably until 02.20 hours. 
This effect is of quite regular occurrence every night, and suggests strongly 
that the cooling is more rapid in the uppermost regions. This would be 
expected to happen if the outermost regions were the hottest, and we shall 
show later that this indeed occurs. 

Thus far, we have been considering the changes occurring about 
01.00 and 03.30 hours, a period during which, as we have seen, a simple 
correspondence exists between the height and the density changes. Both 
before and after this period conditions are more complex. Thus in 
fig. 1 it will be seen that the ionization reaches a maximum value at 03.30 
hours, thereafter falling steadily until 05.30 hours. We find that the 
occurrence of this maximum ionization is comparatively regular, taking 
place daily about 3.0 hours before sunrise at the ground, or when the 
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sun is still 40° below the horizon. In general, the height tends to increase 
about the same time, but no close numerical correspondence can be 
found between the ionization and height variations during this period. 
The occurrence of this comparatively sudden decrease of ionization in 
the early morning is also clearly shown in the recent work of Gilliland* 
and of Appleton and Naismith.t We have repeatedly observed in the 
course of all our previous work at other seasons how the ionization of 
the F region, which might be appreciably constant during the night, 
tended to fall quickly at just this time. We are led therefore to associate 
the effect, not with the previous history of the ionization during the hours 
of darkness, which vary considerably in number with the changing season, 
but rather with the incidence of the sun at dawn. It appears improbable 
that the sun could produce appreciable heating of this region directly or 
by scattering or refraction while still 40° below the horizon. On the other 
hand, taking into account the fact that the height rises considerably, 
though not necessarily proportionately, as the ionization falls, it appears 
to us that our results must be interpreted as due to an influx of air at the 
levels in question. It has recently been pointed out by HulburtJ that 
air must blow away continually from the heated atmosphere lying under 
the sun. We shall show later that very considerable heating of the upper 
air may take place under the influence of solar radiation, and strong 
heliocentric winds must result. It appears therefore that the advent of 
these winds is the probable explanation of the pre-sunrise disturbances of 
ionization density and height. 

In the same way the condition of the upper air after sunset is com¬ 
plicated by the winds (now westerly) which tend to supply warm air and 
to keep up the temperature of the upper regions. Indeed, direct evidence 
of predominating westerly winds in the region above 80 km is provided 
by the study of meteor trail movements.§ 

We find therefore that conditions of simple cooling by radiation are 
reached during our experiments only in the period 01.00 to 03.30 hours, 
and we shall be justified in making calculations on this aspect only at 
these times. We may anticipate that this simple condition of cooling 
will be observable only in winter, when sufficient hours of darkness are 
available, and indeed Gilliland’s|| extensive ionization measurements 
show that this is so. 

* ‘ Bur. Stand. J. Res.,' vol. 14, p. 283 (1935). 
t ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 685 (1935). 
t ' Phys. Rev.,’ vol. 46, p. 822, November 1 (1934). 

§ Kahlke, ‘ Ann. Hydrograph. Mar. Met.,’ vol. 49, p. 294 (1921). 

If* Bur. Stand. J. Btes.,’ vol. 14, p. 283 (1935). 
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4.2— The Temperature of the F Region 

In the previous section we have found that the upper atmosphere 
between 80 and 300 km falls in temperature by an average amount of 
30% in the early morning hours. It may safely be assumed that nearly 
all of this cooling takes place by radiation. Considerable interest 
attaches to the absolute temperature of this region. A knowledge of this 
quantity would give, in particular, an absolute measure of the rate of 
cooling. This has been obtained in the following way. 

In an isothermal atmosphere under gravitational equilibrium the 
pressure decreases with height according to the equation 

log, (PlPo) = - */H (1) 

where p is the pressure at height “ z ” above a datum level of pressure p 0 , 
and H is the height of the “ homogeneous atmosphere ” given by 

H - kT /Mg, (2) 

k, M, and g denoting respectively Boltzmann’s constant, the mean 
molecular mass and the acceleration due to gravity, while T is the absolute 
temperature. The rate of change of pressure with .height is therefore 
markedly dependent on both the temperature and the molecular weight 
of the gas. In the general case when the temperature varies with the 
height we have 

V" log '(p/Po)= ^J' y- (3) 

We have no direct knowledge of the gas pressure at the heights of the 
ionosphere, but it is possible to measure v, the collision frequency of a 
free electron with the molecules, in these regions. This quantity is 
proportional to the pressure in a given gas, so that its measurement at 
different levels permits the mean temperature between these levels to be 
determined. 7^* mftan Vfllll( * nf v. at the level of the.E region. Jias been 
jGonnd hv.Mar tyn*Lan d hv Bailev and M artynf using different methods, 
jto be 3 x.. .10 s col lisions per elec tron per second, corres po n ding t o an air 
pressure of 10~ 8 mm of mercury. The air pressure falls off therefore by 
a factor of 10* in the 100 km between ground level and the E region. The 
mean v alue of . v at the F region has -been determined., by JEarmer, and 
Ratcliffef to be 1*5 x 10*. Similar values have been obtained by us in 

• ‘ Proc. Phys. Soc.,’ vol. 47, p. 323 (1935). 
t * Nature,’ vol. 135, p. 585 (1935). 
t ’ Proc. Roy. Soc.,’ A, vol. 151, p. 370 (1935). 
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Sydney using the method of these authors. _I t fol lows that the collision t 
frequ ency between the 100 km and 250 km level fails off by a factor ofj 
only 1 / 2QQ. According to equations (2) and (3) there are only two possible 
explanations of this marked decrease of pressure gradient above 100 km. 
Either the mean molecular weight of the atmosphere has decreased, or the 
temperature increased, some three- or four-fold. Informa tion regarding 
thfiLgases present, at theseJteyjdsislurxushed by iheexamination. ofauroral 
spe ctra, both polar and non-polar. These fail to reveal die .existence 
of either hydrogen or .helium,»Jhut show ..abundant evidence} of the 
presence of molecular nitrogen, molecular oxygen, atomic oxygen, and 
water vapour, at heights between 200 and 300 km. There is however 
no evidence of the existence of atomic nitrogen.J Taking into account! 
the measured relative intensities of the nitrogen bands and the oxygen; 
lines§ it may safely be concluded that the mean molecular mass of the/ 
atmosphere between 100 and 300 km is very nearly that of molecular! 
nitrogen. ~ 

It follows from the above considerations that the mean molecular 
temperature between these heights is much higher than that existing 
below 100 km. It is obviously impossible to specify the temperature at 
all points between 100 and 300 km, in the absence of knowledge of the 
value of v at all points. If we suppose, however, that the temperature 
increases linearly between these levels then we may calculate its value at 
250 km, the mean height of the F region. 

Thus we have 


T, - 

T, (1 + 150. a) 

(4) 

and upon integration of (3) 

Pr = 

= Pk(Tk/T j ..) , /“ u *=. 

(5) 


Reasons are given below for believing that the mean velocity of agitation 
“ u ” of the electrons in the F region is nearly 10 times greater than that 
of the electrons in the E region. It follows that 


Pn/Pp — IOVjj /vj, 2000. 

The measurements of Vegard|| and the observed magnitudes of the 

* Vegard,' Geofys. Publ.,’ vol. 9, No. 11, pp. 1—71 (1932). 
t Cabannes, ‘ J. Phys. Rad.,’ vol. 5, p. 601 (1934). 

t We are indebted to Dr. J. E. Mills for pointing out to us that perceptible dis¬ 
sociation of nitrogen is unlikely from consideration of the disposition of the potential 
energy curves of normal and excited nitrogen. 

§ Cabannes, ‘ C.R. Acad. Sci. Paris,’ vol. 200, p. 1905 (1935). 

II ‘Geofys. Publ.,’ vol. 9, No. 11 (1932); see also Rosseland, ‘Uijiv. Obs., Oslo, 
Publ. No. 7 ’ (1933). 
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interaction of radio waves* show that the temperature at the 100 km level 
as close to 300° K. Hence 


-and so 


H e 


7-99 x 14-4 x 300 
14 x 273 


km — 9-05 km. 


T k = 1200° K. 


Having determined the approximate absolute temperature of these 
regions it now becomes possible to obtain an estimate of their rate of 
•Cooling during the night. The average fall in temperature during the 
period of cooling is evidently about 400° K, and this fall takes place in 
an average period of 2-5 hours. The mean temperature during the 
cooling may be taken as 1000° K. 

The rate of loss of heat SH/Sr from a square cm column is given by 

SH/Sr ctM ST/S t, (6) 


where a is the specific heat of the gas at constant pressure, and M is the 
mass of the gas in the column. 

The gases responsible for this radiation of heat must now be con¬ 
sidered. Of those which may be present in appreciable amount, 
only three can contribute notably to this radiation, viz.^water vapour, 
carbon dioxide, and ozone. As mentioned above there is spectroscopic 
evidence! of the existence of water vapour at these heights. Moreover 
ceteris paribus, water, vapour may be expected to be quite the most 
efficient radiator at these temperatures, since it has pronounced absorption 
bands in the region where maximum emission is possible. The high temper¬ 
atures existing must prevent the presence of a concentration of ozone 
sufficient to radiate appreciably in the infra-red. J We shall therefore make 
small error by assuming that water vapour is the sole effective radiator. The 
■absorption coefficients for water vapour in the infra-red are given by 
Hettner,§ and using his data it becomes possible, by applying Kirchoff’s 
law, to determine the energy E radiated from the column due to the 
assumed presence of x cm of water vapour measured at N.T.P. Thus 
-we have 

f ( = 4 f “ « a .vB aT . d\, (7) 

* Bailey and Martyn,' Phil. Mag.,’ vol. 18, p. 369 (1934). 

t Cabannes,«J. Phys. Rad.,’ vol. 5, p. 601 (1934). 

$ This argument does not apply to absorption in the ultra-violet region, where 
■ozone has a very strong band. 

5 • Ann. Physik,’ vol. 55, p. 476 (1918). 
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where a A is the absorption coefficient of water vapour at wave-length X, 
and B aT is the black body radiation at temperature T and wave-length X. 
The number 4 outside the integral is made up of two parts, a factor 2 
because radiation occurs on both sides of the layer, and a further factor 
of 2 because the radiation occurs diffusely and not in a parallel beam.* 

Equation (7) is valid provided that a A x < 1, which is certainly true. 

We may further write M = pX, where p is the density of air at N.T.P. 
and X is therefore the equivalent thickness of the radiating air column. 

Combining (6) and (7) we have 

| = V gy4j”a A B AT </>, (8> 

where J is the mechanical equivalent of heat. 

All of the quantities on the right-hand side of this equation are known, 
since we may take p and a to refer to ordinary air without much error. 
Using the numbers given above, and Hettner’s absorption data, the right 
side of equation (8) has been solved by graphical integration^ The 
resulting value of xjX, the volume concentration of water vapour, is 
1/6000. We shall see in § 4.5, p. 481 et seq, that a humidity of just this 
order is found from quite different evidence. 

The origin of the high temperatures found in these regions requires 
consideration. It appears that the energy absorbed from solar radiation 
is quite adequate in this respect. The region in question is strongly 
ionized during the day and the oxygen present is largely dissociated. 
The light of the night sky shows that many of the particles are raised to 
excited states. There is little doubt that a considerable fraction of the 
energy necessary to produce these states must finally be degraded into 
energy of thermal agitation—for instance, by collisions of the second 
kind. On the other hand, it will be shown that these temperatures show 
a definite correlation with the barometric conditions at the ground, the 
air between the E and F regions being hotter over cyclones and colder over 
anticyclones. It appears that these variations can be brought about only 
by variation of the water vapour or ozone content of the upper atmosphere 
in these regions. An increase of water vapour would produce a lower 
equilibrium temperature,{ while an increase of ozone would produce 
a higher equilibrium temperature. It appears most unlikely that the 
upper atmosphere is less humid above a barometric depression, which is 
known to be generally accompanied by high humidity at all the levels of 

* Schwarzchild, • Nachr. Ges. Wiss. Gottingen,' p. 41 (1906). 
t We are much indebted to Mr. G. H. Godfrey, M.A., who did this for us. 
t Gowan, • Proc. Roy. Soc.,’ A, vot. 128, p. 531 (1930). 
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the atmosphere accessible to direct observation. On the other hand, 
Dobson* has clearly established a close connexion between the amount 
of ozone in the upper air (at about 25 km) and the barometric conditions 
at the surface, the ozone being greater in amount in the vicinity of a 
depression. Our observations would be readily explicable if the ozone 
variations known to occur at lower levels extended up to heights of 
200-300 km. But if ozone is present at these levels it must play a dominant 
part in determining the temperature at all times. It is of interest therefore 
to make a rough calculation of the concentration of ozone which would 
need to be present in order to give the high observed temperatures. It 
is obviously hardly worth while to calculate rigorously the equilibrium 
temperature on the lines followed by Gowan for the lower regions where 
the conditions are more accurately known, and it will suffice for our 
purpose to equate the observed mean rate of loss of heat at night to the 
rate of absorption by ozone in the day time. Ozone absorbs solar 
radiation mainly by the Hartley bands in the ultra-violet, where the absorp¬ 
tion coefficients reach very high values. Following a procedure very 
similar to that given above for the radiation from the water vapour, we 
find that an ozone volume concentration of 1/10 4 would be sufficient to 
account for the observed temperatures. Although the total amount of 
ozone involved is small, being only I /3000 of that known to exist in the 
atmosphere, yet this concentration is higher than exists in the main ozon<s 
region at 25 km. The thermal decomposition of ozone at temperature^ 
of the order 1000" K is very great, but it cannot be said that a concentra¬ 
tion of 1/10 4 is not possible at these levels under conditions of photo¬ 
chemical and thermal equilibrium. On the strength of the evidence 
adduced we can perhaps do no more than say that the facts of the high 
and variable temperatures of the upper atmosphere receive a natural 
explanation if a second upper region of ozone exists at these levels, the 
concentration of this upper region varying from day to day in the same 
manner as does the lower. 

y In a recent paper Appleton and Naismithf find that the interpretation 
of their ionization measurements requires the midsummer noon tempera¬ 
ture of the F a region to be at least four times the midwinter noon value. 
This ratio is obtained on the assumption that the electron temperature 
in this region does not change from summer to winter. They also show 
that if the electron temperature is proportional to the molecular tempera¬ 
ture (a condition which we believe to be more in accord with the principles 

* ‘ Proc. Roy. Soc.,’ A, vol. 122, p. 456 (1929). 

t ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 685 (1935). 
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of the kinetic theory of gases, and with the measurements of Townsend* 
and his associates), then the ratio of the summer to winter noon tempera¬ 
tures must be as great as 10 to 1. Adopting Angenheister’sf tentative 
assumption of 300° K for the winter night-time temperature, Appleton 
and Naismith conclude that the summer noon temperature must be at least 
1200° K. It should be added, however, that the logical development of 
their argument would lead to a summer noon temperature at least as 
high as 3000° K. Moreover, there is no strong reason for the adoption 
of a midwinter value of 300° K, which was assumed by Angenheister 
only for the purposes of a comparative calculation of auroral heights, 
and has no experimental or theoretical justification. 

Apart from these considerations of the absolute temperatures involved, 
it will be seen that Appleton and Naismith’s deduction of marked differ¬ 
ences between summer and winter temperatures is at variance with our own 
conclusions, which show the existence of high temperatures in both summer 
and winter. A serious objection to the existence of such high seasonal 
temperature ratios as 10 or even 4 to 1 is provided by an application of 
the laws of radiation. The effective intensity of solar radiation in the 
South of England varies between midsummer noon and midwinter noon 
by a factor of 3 -4, while the emissive power of the upper air varies accord¬ 
ing to Planck’s law 


2tu/> c a _1_ 

X 5 ' exp (chj'KkT) — 1' 


(9) 


where ft is Planck’s constant, and c is the velocity of light in vacuo. 

Since the loss of heat by radiation takes place mainly in the near infra¬ 
red region of the spectrum we have 

c/j/XkT > 1 

and we can write 

E a - CjX" 6 exp (- 1 -43/XT), (10) 

which is Wien’s formula. 

When equilibrium is reached, the ratio of the values of EX at mid¬ 
summer noon and midwinter noon must be 3-4, so that 


exp {1^(1 /T.-l/Tj} =3-4, 


(H) 


the subscripts “ s ” and “ tv ” denoting summer and winter values 
respectively. It is clear that the ratio T,/T„, is close to unity for the range 
of wave-lengths over which appreciable emission occurs. Thus if we 

* “ Motion of Electrons in Gases,” Clarendon Press, Oxford, 1925. 
t ‘ Terr, Mag. and Atmos. Elect.,’ vol. 37, p. 431 (1932). 
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take X — 2-7 (jl, the wave-length at which, as we have mentioned above, 
the most effective absorption (and consequently emission) band of water 
vapour occurs, then equation (11) gives a temperature change between 
summer and winter of 25% for T, ~ 1000° K. 

It appears to us that temperature changes much greater than this could 
occur only if the composition of the atmosphere underwent profound 
seasonal changes, giving a much higher concentration of ozone in mid¬ 
summer. This type of seasonal change in ozone amount is most im¬ 
probable on theoretical grounds, 1 '' and is contrary to the known seasonal 
variation of the ozone in the lower levels of the atmosphere, where it 
decreases throughout the summer months. It is unnecessary to pursue 
this idea further, however, since we shall show in a later section (4.4) 
that the interpretation of Appleton and Naismith’s observations does 
not necessitate large seasonal temperature variations. But since their 
deduction of high temperatures, of the order 1200° K, in these regions 
depends entirely on the existence of large seasonal noon temperature 
changes, it appears that their evidence for these high temperatures cannot 
be accepted. On the other hand, as was pointed out by Angenheister 
himself, there are several phenomena of atmospheric physics which do 
suggest, albeit indecisively, the existence of such high temperatures. We 
find, as shown above, that decisive evidence of the occurrence of high 
temperatures in these regions throughout the year, is provided by the 
study of the electron collision frequencies. It appears that the most 
detailed and accurate knowledge of these temperatures is likely to be 
obtained by close and continuous observation of the diurnal and seasonal 
variations of the coll ision freq uencies at the different levels of the ionosphere. 

A necessary consequence of the high temperatures in these regions 
deserves mention. Chapman’s theory of the absorption of monochromatic 
radiation in the earth’s atmosphere, which is described in § 4.4, p. 472 
et seq., shows that in an isothermal atmosphere at 300" K, most of the 
resulting ionization or dissociation is produced in a layer about 60 km in 
thickness. As a consequence of the high temperatures which we find at 
the level of the F region it follows that ion production at those levels 
must be spread over at least 200 km. 

4.3— The Correlation of Conditions in the Ionosphere with the 
Barometric Pressure at the Ground 

It was recently found by one of ust that a close direct correlation 
existed between the average night-time ionization in the E region and 

* Chapman, * Mem. R. Met. Soc.,’ vol. 3, p. 103 (1930). 
t Martyn, * Nature,’ vol. 133, p. 294 (1934). 
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the barometric pressure at the ground. This conclusion was reached 
from a study of several months’ records of the intensity of the down¬ 
coming radio waves on a frequency of 610 kc/sec, and also from a study 
of ray paths in long distance transmission between Sydney and Mel¬ 
bourne on a frequency of 1415 kc/sec. The present series of experiments, 
which gives a direct measurement of ionization densities, has permitted 
further examination of these conclusions. In fig. 2 the variation of the 
barometer from day to day is shown in Curve 5. It will be seen that a 
close correlation exists with Curve 4, which gives the average night-time 
ionization density. As was found previously, there is definite indication 
that the ionization changes are slightly in advance of the barometric 
changes. In order to examine whether this remarkable connexion 
persisted during daylight, we have plotted the daily noon values of 
ionization density in fig. 3. As previously mentioned, frequently the E 
region is apparently stratified in two layers of slightly different equivalent 
height, each showing a distinct ionization maximum. It is clear from 
fig. 3 that the barometer follows the noon E region ionization in much the 
same way as does the night-time ionization. The barometric correlation 
with the mean of the critical frequencies of the two stratified layers is 
closer than the correlation with each individual layer. The significance 
of this latter fact is not clear, and must await a satisfactory explanation 
of the occurrence of this fine stratification. 

The correlation between E region ionization and barometric pressure 
appears to us to be due to temperature changes in the E region, such 
temperature changes being probably brought about by variations in 
ozone content. Thus, over a barometric depression the ozone content 
of the atmosphere is high, the temperature of the E region is therefore 
high, and the air and ionization density low. It must be pointed out 
however that Dobson* has found the ozone maximum concentration 
to follow slightly behind the depression, while we find that the changes in 
the E region occur slightly ahead of a depression. It appears therefore 
that the changes at 100 km are in advance of those at 25 km height. In 
common with those workers who have investigated the ozone content in 
the stratosphere, we are unable to suggest any completely satisfactory 
explanation of its connexion with the barometer. It appears however 
that the effect of water vapour on the concentration of ozone under 
photochemical and thermal equilibrium deserves close consideration in 
this respect. Whatever may be the cause of the ozone variations it 
appears that our observations require extensive circulation of air at the 

* • Proc. Roy. Soc.,’ A, vol. 122, p. 456 (1929). 
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heights of the E region, and indeed observations of luminous night clouds* 
and of meteor trailsf give confirmation of this view. The existence of 
such circulation gives us additional support for the view adopted above 
that the atmosphere is almost completely mixed in the ionosphere. The 
view formerly widely held that the lighter gases are here separated out by 
diffusion appears to be erroneous. 

It is perhaps worthy of remark that the simple relationship here 
■described between the E region ionization and the barometer has not 
yet been found in the Northern Hemisphere, although RanziJ has found 
a connexion between the night-time occurrence of abnormal ionization in 
the E region and the pressure distribution at the surface of the ground. 
It seems that the simpler connexion which we find is occasioned by the 
simpler meteorological conditions existing in the Southern Hemisphere, 
with its preponderating ocean surface, a circumstance to which Kidson§ 
has repeatedly directed attention. 

Reverting to fig. 2, the variation of the time of occurrence of the 
minimum height of the F region is shown in Curve 3. It is seen that these 
temporal variations show an inverse correlation with the barometric 
pressure, the maximum ionization occurring later over a barometric 
depression and earlier on days of high pressure. It appears that these 
variations are due to variations in the time of arrival of the winds associated 
with the sunrise period which have already been discussed above. 

From Curve 2, it is seen that the minimum height of the F region varies 
inversely with the barometric pressure. The correlation is not quite 
so marked however as that shown by the E region ionization, doubtless 
for the reason that the time of occurrence of this minimum varies so 
appreciably. Thus on July 10, the minimum height reached was 250 km, 
whereas we should expect a value of about 220 km if perfect correlation 
held. It is seen, however, that the minimum height occurred unusually 
early on this morning, and reference to the height records of that night 
show that the height would indeed have fallen to about 220 km at 05.00 
hours, the mean time of occurrence of the minimum height, but for the 
interruption of the cooling process caused by the unusually early arrival 
of the sunrise disturbance. 

In the same way Curve 1 shows that the F region ionization correlates 
directly with the barometric pressure. Once again it is seen that the 
correlation appears weak on July 10 and 11, days on which Curve 3 shows 

* Vestine, ‘ J. Roy. Astr. Soc. Canada,’ vol. 28, p. 249 (1934). 

t W. Blceker, ‘ Nature,’ vol. 136, p. 224 (1935). 

J 1 Nature,’ vol. 130, p. 368, September 3 (1932). 

8 • Proc. Roy. Soc.,’ A, vol. 129, p. 421 (1930). 
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the minimum height (and consequently the maximum ionization) to 
have occurred unusually early. We interpret the correlation shown with 
the barometer by means of Curves 1 and 2 in the same way as we interpret 
C urve 4. The F region, as well as the E region, is hotter over a barometric 
depression than over a high pressure region, so that its ionization density 
is lower, and its height greater than over a high pressure area. 

Finally it is to be remarked that the correlations described in this 
section, which are deduced from the detailed experiments carried out over 
the rather limited period from July 9-20, 1935, have also been found 
regularly over the four months June-September, 1935, during which we 
have been continuously recording the equivalent heights of the ionized 
regions. The above discussion is based on the limited period in July 
only because we have the most accurate and detailed information for this 
period. 


4.4 —The Mechanism of the Disappearance of Free Electrons 

It has been clearly shown by Appleton* * * § that free electrons and not 
ions are mainly responsible for the reflexion of radio waves from the F 
region of the ionosphere. There is also little doubt that ionization by 
the sun’s ultra-violet lightt is mainly responsible for the production of 
these electrons. Considerable interest attaches to the process by which 
these free electrons disappear. Formerly Appleton and Naismith}: 
inclined to the view that they disappeared mainly by attachment to 
neutral particles, while Eckersley§ favoured a process of recombination 
with positively charged ions. In their recent paper|| however the former 
authors have adduced arguments in favour of the main process being 
recombination in both the E and F regions. 

We have no experimental information of the rate at which electron 
recombination may be expected to occur. On the other hand, the experi¬ 
mental researches of Bailey^ and his associates provide information 
regarding the probability i) of electron attachment. For nitrogen this is. 
negligible, but for molecular oxygen vj has a value of about 10 -6 , while 
for most other gases it is considerably greater. No data are yet available 

* ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 697 (1933). 

t ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 697 (1933). 

| ‘ Proc. Roy. Soc.,’ A, vol. 137, p. 36 (1932). 

§ ‘Proc. Roy. Soc.,’ A, vol. 141, p. 708 (1933). 

II Appleton and Naismith, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 685 (1935).. 

II ’ Phil. Mag.,’vol. 50, p. 825 (1925). 
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for atomic oxygen,* but there are theoretical indications that *1 for this 
gas will be at least greater than the comparatively low value measured 
for molecular oxygen. It is therefore possible to calculate a lower limit 
to the rate at which free electrons must disappear at night in the F region. 
Each electron in the region makes on the average 1500 collisions per 
second, of which some 300 must be with oxygen particles. The number 
of oxygen particles per cc (5 x 10°) is much in excess of the number of 
free electrons (10® per cc) so that we shall not make much error in finding 
that each electron disappears in an average time of 1 /300 x 10~ 5 sec, or 
in 5 minutes. There should therefore be few free electrons in the F 
region a few minutes after sunset on the region. Such a result is clearly 
contrary to the observed facts, which show a roughly constant number of 
10° electrons per cc throughout the night. We are therefore forced to 
the conclusion that some process which sets free electrons is operative 
during the night. On this view the observed electron density is the 
equilibrium value attained when the number of electrons becoming 
attached equals the number set free per second. 

It is immediately obvious that such a viewpoint overcomes a difficulty 
which is repeatedly encountered in any simple theory of recombination or 
attachment. All observations of the ionosphere during the night show 
electron densities which are sensibly the same just after sunset as just 
before sunrise,f apart from occasional irregular variations and the 
regular changes due to cooling described above. This fact, which 
otherwise could only be explained if attachment was an improbably slow 
process, receives a natural explanation if the measured electron density 
throughout the night is an equilibrium value, subjected only to minor 
fluctuations. 

It appears then that there must be a practically constant source of 
energy available during the night which can set free attached electrons. 
Now it is clear from the extensive researches of Lord Rayleigh J that the 
production of the light of the night sky or non-polar aurora also requires 
just such a source of energy. It is natural to enquire whether the two 
processes can be connected. In the first place, it is desirable to find 
whether the energy associated with the production of the light of the 
night sky is sufficient, and is being expended at a sufficient rate, to free 

* Professor Bailey has kindly consented to attempt the investigation of the relevant 
properties of oxygen in the atomic state. 

f Ibis statement refers to sunrise and sunset at the ionized region. The times of 
these events may .differ by some hours from the ground times. 

t' Proc. Roy.Soc.,’ A, vol. 119, p. 11 (1928). 

VOL. CW<—A. 2 I 
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the necessary number of electrons. Rayleigh* has made an absolute 
determination of the photometric intensity of the green line in the night 
sky and finds that an average number of 1-8 x 10 8 atoms undergo 
transition every second in a square cm column of the atmosphere. Chap- 
manf has given good reasons for believing that the energy represented 
in this process is stored up in the daytime as energy of dissociation, being 
slowly spent during the night in the process of recombination. During 
recombination, however, it is necessary that a third body be present in 
order to carry off the excess energy and to conserve the momentum. It 
appears to us, taking into account the rarity of the atmosphere in the 
ionosphere, and the consequent improbability of a three body collision, 
that the presence of attached electrons is not only a sufficient but is 
almost a necessary condition to permit the occurrence of recombination 
processes of any kind. On this view the attached electrons are set free 
during chemical recombination and particularly during the recombination 
of oxygen atoms into oxygen molecules. The dissociation potential of 
oxygen is 6-5 electron volts, while the electron affinity of atomic oxygen 
is 2 or 3 volts, so that electrons are set free with about 4 volts energy. 
Those freed electrons possess sufficient energy to raise oxygen atoms from 
the ground state to the metastable condition which produces the green line. 
The processes involved may be represented by the equations: 

O + O- « 0 2 + e (4 volts) (12) 

O + e (4 volts) = O ( ] S 0 ) + e (0-6 volts) (13) 

O (’S,,) =■■ O CD,) + Av (X 5577 A). (14) 

The recombination expressed by equation (12) does three things. It 

sets free electrons during the night so that the ionization of the F region 
is maintained. It sets free high speed electrons whose average velocity 
will be some four or five times greater than the value corresponding to 
thermal equilibrium. Finally it gives rise to the green line (and probably 
other lines) of the night sky. It remains to be considered whether the 
observed electron density during the night is consistent with Rayleigh’s 
observed number of atomic transitions. The average number of free 
electrons during the night in a sq cm column of the F region may be 
taken as 5 x 10 u at a mean collision frequency of 1-5 x 10*. The 
number of electrons in this column which disappear per second by attach¬ 
ment to oxygen particles is therefore 5 x 10 11 x 1-5 x 10* x 10~*/5 or 
1-5 x 10". Rayleigh has shown that 1*8 x 10* transitions of atomic 

* ‘ Proc. Roy. Soc.,’ A, vol. 129, p. 458 (1930). 

t ‘ Proc. Roy. Soc.,’A, vol. 132, p. 353 (1931). 



475 


Constituents of the Upper Atmosphere 

oxygen from the metastable state occur per second in this column. Not 
every high speed electron however can succeed in raising an oxygen atom 
to the metastable state, so that we may safely conclude that a considerably 
greater number than 1 -8 x 10 8 electrons are set free per second. It 
seems clear therefore that the electrons can be set free at a rate sufficient to 
balance the rate of attachment. 

The presence of large numbers of attached electrons helps to explain 
the presence of ozone at these heights. Chapman’s theory* shows 
that the ratio of the density of ozone to that of atomic oxygen should 
decrease indefinitely as the height increases, so that very little ozone is to 
be expected at the heights we are considering. This theory assumes, 
however, that the presence of a third atom or molecule is necessary to 
permit the formation of ozone by the union of an oxygen atom with an 
oxygen molecule. When the attached electrons act as this third body 
the difficulty is removed, and appreciable formation of ozone becomes 
possible. 

During the day four or more maxima of electron density can exist in 
the ionosphere, while at night only two, the main E and F regions, are 
found. This fact, which is difficult to explain on any theory of electron 
recombination, receives a simple interpretation on the views outlined. 
This appears to us to indicate that only in these two regions can appreciable 
detachment of electrons occur. In other words exothermic chemical 
recombination is sufficiently great to free an appreciable number of 
electrons only in the E and F regions. It appears almost certain that the 
F region reaction is the recombination of the atomic oxygen produced 
in that region by solar radiation of about 1450 A wave-length. The 
reaction in the E region is probably similar, though another possibility 
is the decomposition of ozone. The formation of two atomic oxygen 
layers in the daytime at the heights of the E and F regions respectively 
is not improbable when account is taken of the variation of the absorption 
coefficients of oxygen in the ultra-violet between 1300 and 2000 A. The 
settlement of these points must necessarily await more precise and detailed 
knowledge of the ultra-violet absorption of the gases in question. 

In view of the connexion suggested between the electron density of 
the F region and the intensity of the green line, it is natural to enquire 
whether their annual and diurnal variations are related. In fig. 4 the 
uppermost curve shows the variation of the intensity of the green line 
measured by Lord Rayleigh between August, 1933, and April, J0$i : „. 
The intensity scale is logarithmic, each unit corresponding to an intamijt y ; 

* Chapman, ‘ Mem. R. Met. Soc.,’ vol. 3, p. 103 (1930). 

2 I 2 
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increase by a factor of 1 -26. It is seen that a pronounced maximum 
occurred in October and a subsidiary maximum in March. Unequal 
maxima on these months appear in all Rayleigh’s observations since 
1923. The lowermost curves give the noon ionization measurements of 
Schafer and Goodall* and of Appleton and Naismithf for the F, region.}: 
The latter workers have not published results for 1933, but the lower dashed 
curve gives their measurements for the corresponding months in 1934. 
The close correspondence of the annual variation of the F 2 ionization 



Fio. 4 —Comparison of seasonal variations of ionization of F t region at noon with 
intensity of green line of night sky. ( Note —The broken line of the lowest curve 
is for the corresponding period in 1934.) ( a ) Green line of night sky (Rayleigh); 
( b ) noon ionization F, region (Schafer and Goodall); (c) noon ionization F, 
region (Appleton). 

with the intensity of the green line is striking. Few systematic measure¬ 
ments of the night ionization of the F region have yet been published, but 
the monthly mean midnight ionization given by Gilliland§ shows, as is to 
be expected, a similar variation to the daytime measurements given in 
fig. 4, exhibiting maxima in October and March. 

* ‘ Proc. Inst. Rad. Eng.,’ vol. 23, p. 670 (1935). 

t ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 685 (1935). 

$ The F a region is the main or upper F region, the suffix being used to distinguish 
it from the less pronounced F t ledge of ionization just below. During the night 
the two regions merge together into a single F region. 

8* Bur. Stand. J. Res.,’ vol. 14, p. 283 (1935). 
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Little information is yet available about the diurnal variation of the 
light of the night sky. In England Rayleigh* * * § finds a maximum intensity 
near midnight during the winter months. Just this is also found by 
Appleton and Naismithf for the electron density of the F region in 
winter. In Canada, McLennan, McLeod, and IretonJ found a maximum 
intensity on certain nights in April at about 02.00 hours, which is in 
general accord with Gilliland's ionization measurements at Washington. 

It has been mentioned above that Appleton and Naismith have recently 
concluded that electron recombination processes are dominant in both 
the E and F regions and that “ a theory in which attachment alone is 
considered as the electron dissipative process is markedly at variance 
with the experimental facts ”. This view cannot be reconciled with the 
theory outlined above, where we have found that electron attachment is 
of paramount importance. Moreover we have seen that it is doubtful 
whether appreciable electron recombination can occur at all except in 
the unlikely event of a three body collision. It is desirable therefore to 
examine critically the arguments and data upon which Appleton and 
Naismith base their conclusions. 

These authors use Chapman’s§ theory of the absorption of mono¬ 
chromatic solar radiation in the earth’s atmosphere, the relevant equation 
being 

1 (x, z) = apS^ p 0 exp {- z/H - a Po H sec x exp (- z/H)} (15) 

where 

I (x, z) is the rate of production of ions per cc at noon at height z*, 

P is the number of ions produced by the absorption of unit quantity 
of radiation, 

S K is the intensity of the radiation outside the atmosphere, 

p 0 is the air density at a given datum height, 
and 

cos x = sin (0 + 8), 

0 being the co-latitude of the place of observation, 
and 

8 the sun’s maximum declination. 

The rate of production of ions has a maximum value at the height z (x) 
given by 

exp {z (x)/H} = ap 0 H sec x, (lfi) 

* ‘ Proc. Roy. Soc.,’ A, vol. 124, p. 395 (1929). 

t ‘Proc. Roy. Soc.,’ A, vol. 150, p. 685 (1935). 

t ‘ Trans. Roy. Soc., Canada,’ vol. 22, p. 397 (1928). 

§ ‘ Proc. Phys. Soc.,’ vol. 43, p. 26 (1931). 



478 D. F. Martyn and O. O. Pulley 


and the maximum rate of production of ions is given by 

I (x) = cos x/H exp (1). (17) 

Where the disappearance of ions takes place by recombination a maxi¬ 
mum of ionization is found at the level of maximum ion production, 
and Appleton and Naismith then show that 


N, / sin(H 8 ) /t, 

N"/" V sin (0 — S)' T, V 


(18) 


where N, and N„, are respectively the summer and winter noon values of 
maximum electron density, and t is the electron temperature. 

On the other hand, if attachment of electrons to neutral molecules 
occurs, then Appleton and Naismith show that it is not possible to assume 
“ that the level of maximum ion production coincides with the level of 
maximum ionization ”, and they state that in such event the maximum 
ionization would be “ probably reached at a very high level where N is 
of the same order as the molecular density”. They point out that 
maximum values of ionization do occur at levels where the molecular 
density is very much greater than the electron density, and so reach the 
conclusion mentioned above that attachment cannot be important. 

It may well be that Appleton and Naismith’s method of argument would 
hold in a homogeneous atmosphere, whose density decreased upwards 
according to an exponential law, but we have seen that there is every 
reason to believe that the concentration of atomic oxygen is great in the 
ionized regions. Moreover this concentration must be variable with 
height, not only from consideration of Chapman’s theory, which must 
certainly apply to the dissociation and recombination of oxygen, but also 
because of the variations of the absorption coefficients of oxygen in the 
ultra-violet. It is certain that the probability of attachment t) of electrons 
to oxygen has different values for the atomic and molecular states, being 

probably considerably greater in the former state. There is therefore 

every reason to believe that the probability of attachment must vary with 
height in the ionosphere, so that maximum densities of free electrons may 
well occur at heights where the electron density is much less than the 
total molecular density. 

We give these ideas approximate quantitative expression as follows, the 
suffixes 1 and 2 referring to electrons and atomic oxygen respectively 

d^!dt ^ lAx^) - ( 19 ) 

dNg/c/t = I 8 (x. 2 )~rN, a (20)* 

z = z 1 (x)-aiH = z 2 (x)-a,H (21) 

* This equation is not quite rigorous, since no separate account is taken of die 
negative oxygen atoms, but the approximation is legitimate for present purposes. 
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where r is the recombination coefficient of atomic oxygen and y the 
attachment coefficient. 

For noon conditions when N a and N 2 are stationary the solution of 
these equations is, by (15) and (16) 


N = Y r l co f* M ex P ( g i ~ ex P 
1 TM exp (a 2 — exp a t ) 


( 22 ) 


By differentiation of (22) with respect to height it may be shown that a 
maximum electron density occurs at the height z (y) given by 

exp 2 ' (x)/H = (2 + -*) exp {z' (*)/H}. (23) 

\ ax ! 


It is clear therefore that maxima of electron density can occur when 
attachment is considered as the main process of removal of free electrons. 

The second argument which Appleton and Naismith employ in favour 
of a recombination theory is based on the observed seasonal variation of 
the noon electron density in the E and regions. They deduce from 
equation (18), which is based on a recombination theory, that the ratio 
of the midsummer to midwinter noon ionization should have the values 
1-84, 1 -47, and 1 -44 at Slough, England, Deal, U.S.A., and Washington, 
U.S.A., respectively, while if attachment is important, quite different 
values should occur. They further show that the measured ratios of 
ionization at these three places are in good agreement with these calcu¬ 
lated numbers. 

But it follows directly from our equation (22), which is based on an 
attachment theory, that 


= / sin (6 + 8).T». t m . r,. yj 
v -sin (0 — S). T,. t, . r w . y* ’ 


(24) 


so that the predicted seasonal variation, which depends on 6 and 8, is 
of exactly the amount which was shown by Appleton and Naismith to 
fit the observational data. 

When we consider the observed seasonal variation of ionization in the 
F* region it is found that equation (24) helps to overcome a very serious 
difficulty which the recombination theory .encounters. It is found inde¬ 
pendently by Schafer and Goodall, Gilliland, and Appleton and Naismith 
that the midsummer noon ionization in this region, contrary to expecta¬ 
tion, is not greater than the midwinter ionization. Their observations 
are already shown in part in fig. 4. It has been mentioned in § 4.2 above 
that this fact has led Appleton and Naismith to conclude that the mid- 
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summer temperature of this region is many times greater than the mid¬ 
winter temperature. We have already shown that such a large variation 
of temperature is most unlikely from consideration of the laws of radia¬ 
tion. Appleton and Naismith’s conclusion is based on equation (18), 
which shows, when the electron and molecular temperatures are pro¬ 
portional to one another, that the ionization density varies as 1 /T*. It 
follows that equality of midwinter and midsummer ionization can only 
occur if 

T,/T w = 1 -84 4 — 11. 

If, however, the observations be interpreted in terms of our equation 
(24), then this difficulty largely disappears, since then TJT„ =1-84 only. 
Even this amount of temperature variation appears rather large, but it 
is probable that it would be further reduced if consideration were given 
to r and y, which must change slightly with temperature. The more 
detailed examination of this point must await experimental measurement 
of the effect of temperature on the rate of recombination of oxygen and 
on the probability of electron attachment to atomic oxygen. 

It is seen from fig. 4, that the ionization density in the F a region is 
considerably greater in October than in March. Such an inequality 
is surprising, since these months are equidistant from the solstice. There 
is every reason to believe that this effect is of annual occurrence, since 
it is already evident over two years of ionization measurement, and over 
the 12 years of Rayleigh’s observations on the light of the night sky. Pur¬ 
suing the views put forward in § 4.3 of a parallel variation of ozone in the' 
stratosphere and in the ionosphere, it appears to us that these unequal 
maxima are due to the greater ozone content known to be present in 
March than in October. The greater concentration of ozone in March 
would give higher temperatures and lower densities in that month. 

It will be observed that a number of the facts which have been en¬ 
countered above receive a ready explanation in terms of the experimentally 
determined variations of ozone content in the atmosphere. This does 
not necessarily fully explain the observations, but throws the onus of 
explanation on to the causes of ozone variations. No completely 
satisfactory theory of the annual, inter-diurnal, and latitude variations 
of ozone yet exists, though promising beginnings* have been made. It 
appears to us that the development of a complete theory of ozone in the 
atmosphere will greatly facilitate the understanding of ionospheric 
phenomena. 

* Chapman, 4 Mem. R. Met. Soc,’ vol. 3, No. 26, p. 105 (1930); Mecke, 4 Z. phyt. 
Chem. Bod.-Festband.,’p. 392 (1931). 
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4.5 —The Temperature Distribution between the Ground and the F 

Region 

We have found that the temperature between the E and F regions 
reaches very high values of the order 1000° K. It is important to enquire 
into the temperature distribution below 100 km, the level of the E region. 
There has been very considerable controversy on this subject since the 
publication of Lindemann and Dobson’s* remarkable paper on the 
theory of meteors. Up till this time it had been widely believed that 
the known low and almost constant temperature of the stratosphere 
(218° K) extended to the outermost regions of the atmosphere. Linde¬ 
mann and Dobson’s theory showed air densities some thousand times 
greater than were to be anticipated on this view, at heights around 100 km. 
This result was interpreted by them to indicate the existence, below the 
100 km level, of temperatures considerably higher than were known to 
exist at the highest levels of the stratosphere accessible to direct measure¬ 
ment (35 km). They further suggested that these high temperatures were 
due to the absorption of solar radiation by the ozone in the earth’s 
atmosphere. These views were supported by Whipple,t who found that 
the abnormal propagation of sound to great distances required a rising 
temperature between the 40 and 50 km levels. They have also received 
very recent support from the observations of LinkJ on the variation of 
the zenithal brightness of the sky during the passage of the hours of 
twilight. 

On the other hand, Sparrowtj considered that there was no need to 
postulate high temperatures above the stratosphere in order to account 
for the appearance of meteors, while Vegard|| who found temperatures 
of 240° K at 110 km from spectroscopic evidence, considered that the 
abnormal propagation of sound was due to the fact that the normal laws 
of sound propagation are altered at low pressures. Again one or two 
workers, notably Humphreys,^ have tentatively suggested that the noctilu- 
cent night clouds found to occur at 82 km were due to ice crystals formed 
at the very low temperature of 160° K. 

The air pressures which we have found above, from radio measure¬ 
ments at heights of 100 km, are substantially in accord** with Lindemann 

* ‘ Proc. Roy. Soc.,* A, vol. 102, p. 411 (1923). 

t * Quart. J. Roy. Met. Soc.,’ vol. 58, p. 471 (1932). 

J ‘ C.R. Acad. Sci. Pari*,’ vol. 200, p. 78 (1935). 

§ ‘ Astrophys. J.,’ vol. 63, p. 90 (1926). 

11 ‘ Terr. Mag. and Atmos. Elect.,’ vol. 37, p. 389 (1932). 

1i ‘ Mon. Weather Rev., Wash.,’ vol. 61, p. 228 (1933). 

** See addendum to this paper. 
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and Dobson’s estimates. It appears therefore that the above-mentioned 
criticisms of Lindemann and Dobson’s and of Whipple’s theories 
cannot be sustained. In fig. 5 we have indicated what appear to be the 
most reliable estimates of atmospheric temperatures at these heights. 

Direct measurements are available from sounding balloon ascents up 
to about 35 km. We have confidently adopted Whipple’s estimates 



Temperature-degrees absolute 
Fto. 5. 

between40and 50km. Lindemann and Dobson, in their theory of meteors, 
pointed out that few meteors disappeared at heights of about 60 km, 
though above and below these heights disappearance frequently occurred. 
They interpreted this effect as indicating a rapid rise in temperature with 
height at these levels. The air cap in front of the incoming meteor was 
here cooled suddenly so that evaporation of the meteor was temporarily 
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delayed and its life prolonged. We have therefore taken the temperature 
to rise steadily up to these heights of about 60 km. Whipple* has 
pointed out that aural observation of detonating meteors above 60 km 
is exceedingly rare and suggests that this shows the temperature to fall 
above 60 km. The existence of a temperature maximum at about this 
height is also suggested by Gowan’sf work when corrected in accordance 
with Dobson’s revised estimates of the height of the ozone regions. We 
have therefore terminated the rise of temperature at 60 km. 

Considering now luminous night clouds, it appears to us that Humphrey’s 
suggestion of their origin is not only feasible but is probable. The 
absence of iridescence shows that tMtey are not due to droplets, while 
the commonly accepted view that they are particles of cosmic or volcanic 
dust, even if supported by evidence of correlation with cosmic and vol¬ 
canic disturbances, fails entirely to explain why they occur over such a 
narrow range of heights about 82 km. We have already seen that a 
considerable amount of water vapour exists in the atmosphere above 
100 km, while the recent work of Lepape and Colangej gives direct 
evidence of supersaturated water vapour in the stratosphere. We have 
little hesitation in adopting the view that these clouds consist of ice 
crystals, and that the observed correlation with dust producing occurrences 
is due to the fact that the latter provide convenient nuclei on which the 
crystals may readily form. Humphreys has shown that a volume con¬ 
centration of 1 /4000 of water vapour, the amount which gives saturation 
at 25 km so producing the iridescent mother-of-pearl clouds, will produce 
saturation over ice at 160° K. We have made the temperature curve in 
fig. 5 pass through this temperature at 82 km. As previously mentioned 
in § 4.2, the tempeiature at 100 km is near to 300° K, while it is 346° K 
at 110 km (cf. Rosseland, p. 464). 

It is possible to apply an overall test of the correctness of this tempera¬ 
ture curve. We may use equation (3) and by graphical integration find 
the air pressure at 105 km, the mean level of the E region. Integration 
in this way gives a pressure of 10~ 3 mm at this height, in excellent agree¬ 
ment with the values obtained from radio observations.§|| We consider 
this agreement to give strong confirmation of the essential correctness of 
our conclusions regarding the temperature distribution below 100 km. 
It might be thought, for example, that while the evidence for high tempera- 

* ' Gerlands Beitr. Geophys.,’ vol. 24, p. 72 (1929). 
t ‘ Proc. Roy. Soc.,’ A, vol. 128, p. 531 (1930). 
t ‘ C.R. Acad. Sci. Paris,’ vol. 200, p. 2108 (1935). 

S ‘ Proc. Phys. Soc.,’ vol. 47, p. 323 (1935). 

)| ‘Nature,’ vol. 135, p. 585 (1935). 
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lures up to 60 km was good, that for the low temperature at 82 km was 
poor. It would, however, be quite impossible to attain the correct value 
of air pressure at 105 km unless a rapid and marked decrease of tempera¬ 
ture occurred above 60 km. 

Above 82 km the atmosphere will be relatively stable since the tempera¬ 
ture increases upwards. Between 82 and 60 km the air must be com¬ 
paratively unstable. There is evidence* from the study of meteor trails 
that the winds are generally of different velocity and direction above 
and below the 80 km level. 

A suggestive feature of this temperature distribution may be briefly 
mentioned. Chapman’sf theory 6f the absorption of monochromatic 
solar radiation in the atmosphere shows that the gradient of the ioniza¬ 
tion produced depends markedly on the temperature of the air. Under 
conditions where the incoming radiation encounters a falling temperature 
the lower boundary of the resulting layer of ionization will be particularly 
sharp. It is of interest that all the obseived maxima of ionization in the 
ionosphere lie in such a region, since the temperature appears to rise 
continuously from 80 km upwards. Below 80 km there is only one region 
of the atmosphere, that between 40 and 60 km, which has a positive 
temperature gradient upwards. It is certainly curious that the low ionized 
region recently found by Mitra and Syam+ lies between these levels. 

This work has been carried out as part of the programme of the Radio 
Research Board of the Commonwealth Council for Scientific and 
Industrial Research, to which the authors are indebted for permission to 
publish. The authors are indebted to Professor O. U. Vonwiller and the 
members of his staff of the Physics Department of the University of 
Sydney for helpful discussion. They are particularly indebted to Pro¬ 
fessor V. A, Bailey for much valuable criticism, and to Professor G. H. 
Briggs, Dr. T. Iredale, Dr. J. E. Mills, and Mr. G. H. Godfrey for helpful 
suggestions. They have received considerable assistance from G. H. 
Munro, M.Sc., and J. H. Piddington, B.Sc., B.E. 

It is a pleasure to acknowledge the constant encouragement and helpful 
advice of Professor J. P. V. Madsen, Chairman of the Board, in whose 
Department of the P. N. Russell School of Engineering the work was 
carried out. 

* Kahlke, ‘ Ann. Hydrograph. Mar. Met.,’ vol. 49, p. 294 (1921). 
t ‘Proc. Phys. Soc.,’ vol. 43, p. 26 (1931). 
t ‘ Nature,’ vol. 135, p. 653 (1935). 
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Summary 

Radio measurements of the heights and electron densities of the ionized 
regions are found to show considerable cooling of the upper atmosphere 
during the night. The absolute temperatures between the E and F 
regions of the ionosphere are found, from consideration of the electron 
collision frequencies, to reach values of the order 1000° K. Such high 
temperatures exist both in summer and winter daytime. From the 
observed rate of cooling at night it is found that considerable water 
vapour is present in the ionosphere, an average concentration being 1 part 
in 6000 by volume. The high temperatures found are attributed mainly 
to the absorption of solar ultra-violet energy by ozone, in concentration 
of 1 part in 10 4 . 

The ionization densities in the E and F regions are found to correlate 
directly, and the height of the F region indirectly, with the barometric 
pressure at the ground. This correlation is attributed to the temperature 
changes in the ionosphere occasioned by changes in ozone concentration. 

It is found that the attachment of electrons to neutral particles is the 
main process by which free electrons are removed from the ionized 
regions. The process is so rapid that no free electrons would be observed 
5 minutes after sunset but for the presence of a detaching agency. The 
energy necessary for detachment is given out mainly during the recom¬ 
bination of atomic oxygen, the non-polar aurora being a by-product. 
This view is supported by consideration of Rayleigh’s absolute measure¬ 
ment of the intensity of the green line of the night sky, and by the corre¬ 
lation of the seasonal and diurnal variations of the intensity of the green 
line with the similar variations of electron density in the F* region. 

Consideration is given to the temperatures below 100 km. A maximum 
temperature is found at 60 km and a minimum of 160° K at 82 km. 
Noctilucent clouds are found to be formed of ice crystals. This tempera¬ 
ture distribution is found to give an air pressure of 10 -8 mm at a height 
of 105 km, in good agreement with the electron collision frequency 
measured at that height. 


Addendum 

The air densities found by Lindemann and Dobson at a height of 
105 km are slightly greater than those we deduce from radio observations. 
We were at first inclined to attribute this discrepancy to the necessarily 
approximate character of these authors’ data. Dr. E. O. Hercus, of the 
Natural Philosophy Department, University of Melbourne, has pointed 
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out to us, however, an approximation in Lindemann and Dobson’s 
method of calculation, the correction of which gives very close agreement 
between the densities calculated from the meteor and from the radio 
data. 

Lindemann and Dobson assume that the heat flowing into a meteor 
from the gas cap is given by the product of the pressure and V 1 , the 
velocity of the meteor relative to the layer of gas immediately in front 
of it. This flow of heat is more accurately obtained from the loss of 
kinetic energy of the gas molecules which rebound from the meteor.* 
This method of procedure gives the same type of formula as Lindemann 
and Dobson’s, but with a different numerical constant. The formula of 
these authors (p. 416 of their paper) contains the factor 1/9, which must 
be replaced by 1/4 (for a monatomic gas) when the calculation is made 
more accurately. But since the gas is mainly molecular nitrogen a 
further factor of 5/3 is necessary to allow for the rotational degrees of 
freedom. Moreover, since the molecular velocities are involved in the 
third power, allowance for distribution of velocities adds yet another 

factor ^(|) ! "'- 23 - 

Taking all three factors into account, the total correcting factor is 
9 5 

^ x - x 1 -23 4-6, and the air densities calculated by Lindemann and 

Dobson are this amount too great. Their fig. 3 (p. 427) indicates a 
density at 105 km of 10 -8 gm/cc, which should therefore be 2-2 x 10~* 
gm/cc, corresponding to an air pressure of 0-0013 mm of mercury. 
This agrees very well with our value of 0-001 mm obtained by radio 
methods. 

* Cf. Knudsen, ‘Ann. Physik,’ vol. 34, p. 593(1911). 
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On the Interaction of Two Particles 
By H. R. Hulme, Gonville and Caius College, Cambridge 
(Communicated by P. A. M. Dirac , F.R.S.—Received December 9, 1935) 

1—Introduction 

The problem of the interaction of two particles has been treated by 
Mailer,! using a correspondence method, and the same formula for the 
interaction has been found by Bethe and Fermi! and by Fock,§ using the 
methods of Quantum Electrodynamics. In these derivations only free 
particles have been considered, and the object of this paper is to consider 
bound particles, taking into account the possibility of one of the particles 
having a finite life-time in its initial state. An example of this kind 
appears in the theory of the internal conversion of y-rays, where we have 
to consider the interaction of a nuclear particle in an excited state with 
an electron in the K-shell. 

On the non-relativistic theory, the interaction of two particles is given 
simply by the Coulomb force, whereas according to Quantum Electro¬ 
dynamics any interaction must take place via the field, if we suppose this 
to include longitudinal waves as well as transverse ones. It has been 
shown,|| however, that the longitudinal waves are equivalent to the Coulomb 
interaction, and in practice it is easier to replace this part of the field by 
Coulomb forces. Let us suppose that we have a system of two particles 
which makes a radiationless transition from a state to a state ty f . The 
Coulomb interaction has non-zero matrix elements for this transition, 
which may be written down, but to find the effect of the transverse waves 
in the field (light quanta) we must proceed as follows. We assume the 
system to interact with the field, and pass over first into a state where, 
if we performed an experiment, there would be a definite probability 
of finding light quanta present. From this state it passes over to the 
final state with no quanta present. This is the procedure we shall 
adopt to calculate the matrix elements of the interaction, and we shall show 
that for bound electrons also it gives the same result as Mailer's theory. 

To calculate the interaction according to Mailer we allow one particle 
to jump from its initial to its final state, and calculate the density and 
current functions associated with the transition, and hence the retarded 

t ‘ Z. Physik,’ vol. 70, p. 786 (1931); * Ann. Physik,’ vol. 14, p. 531 (1932), referred 
to as I and II. 

t 1 Z. Physik,’ vol. 77, p. 296 (1932). 

$ ‘ Phys. Z. Sowjet.,’ vol. 6, p. 425 (1934). 

II See, for example, Fermi, * Rev. Mod. Phys.,' vol. 4, p. 125. 
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electromagnetic potentials. The second particle is considered as per¬ 
turbed by these retarded potentials, and the probability of its making a 
transition to its final state is then the probability of the combined tran¬ 
sition taking place. 

This treatment is essentially unsymmetrical, but it so happens that for 
free particles it is immaterial whether we take retarded, advanced, or a 
combination of both potentials. By taking the mean of the retarded 
and advanced potentials the answer can be put in the symmetrical form 
which we expect for two free particles. In the case which we shall 
consider, one of the particles is taken to be initially in an excited state 
and the other in its ground state, and we shall show that symmetry 
cannot then be introduced into the problem. The answer which we 
obtain using Quantum Electrodynamics, is equivalent to taking com¬ 
pletely retarded potentials if we consider the particle in the excited state 
to jump down first, or advanced potentials if we consider the particle 
in the ground state to jump up first. 

2—Theory of the Interaction 

In this section we shall develop the theory and obtain an expression 
for the interaction, which will be evaluated in § 3. We shall use a form 
of the theory of Quantum Electrodynamics developed by Fock (loc. cit.) 
for treating the interaction of particles and radiation, and as usual we 
9hall neglect the infinite terms arising from the self-energy of the particles. 
According to this treatment the behaviour of a system of particles and 
photons can be described by a set of functions <k> k* 4*a» ••• +« ...» 
each of which is a function of the coordinates x 1( x 4 , ..., etc., of the 
particles. The qth function «|> f further depends on the momenta kjc, 
k Jc, ... and directions of polarization j\, j t , ... of q photons. These 
functions have the following physical meaning: <J/ e (*i> *a. ...; kj lf ... 
k Q j t )\ i gives the probability of finding a photon in each of the q states 
ki/j, ... k J„, and the particles at the places x u x„, ... etc. 

The functions k are determined by the following sequence of equations 
(cf. Fock, loc. cit., equations (53), (54), and (71)): 

( H - »|) <*■•... W - - V*. (k„ ... k.) 

+ < ‘ 2 fSr 1 ik '° <*>‘""’"'U <k’.'k„ ... k.) 

+ «-*0 (k,) <“**+,_, (k„k„ ...k.) 

4“.. * 

+ r 1 G <*,) (kx, k*,... kg-x) 

q » 0 » 1 , 2 


• a) 
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For simplicity we have dropped the arguments x x , x 2 , ... and the 
indices j in the ^ functions. From now on the symbol k indicates a 
state in which the photon has a momentum k/c and a definite polariza¬ 
tion. Accordingly the integration over k in the above equation is under¬ 
stood to include summation over the two directions of polarization. 
H = £ H, is the hamiltonian of the particles, neglecting the interaction 
with the field; and G (k) is given by 


G(k)= SG.(k), 

$ 

(k) = ~ ^ a*'e~ i(k,1 * )/ * c 



where x k * is the component in the direction of polarization of the Dirac 
matrix vector a* belonging to the 5th particle. Finally G is the con¬ 
jugate complex operator to G and V — S e r ej |x r — x,|, is the electro- 

static interaction between the particles. In (1) we have already omitted 
certain divergent integrals which correspond to the self-energy of the 
particles. 

Let us consider the case of two particles, and to fix our ideas we shall 
suppose that the first (x x ) is in the nucleus of an atom, and at time t — 0 is 
in an excited state. The other particle (x 2 ) we shall take to be an electron 
in the K-shell of the same atom. In this form the work is immediately 
applicable to the problem of the internal conversion of y-rays emitted in 
a nuclear transition. We shall assume that the probability of two or 
more light quanta being present at any time is very small, so that (J's. 
... may be set equal to zero. We then have 


H+ 0 -*V5^ = —a \ <*kG W (k) ~ V+„ 
H4h - ih - G (k) e'W*. - V<h (k) 


To solve these equations we expand and tj'i (k) in terms of the eigen¬ 
functions, of the system, which we assume for simplicity to be products 
of the eigenfunctions of the separate particles. We write 

Sa 0 (») u n e~ iR * tl% 

n 

(k) = 2 a x («, k) u n e~ tRnt,t 

n " 

VOL‘. CLtV.— a. ' ... 2 K 



, (4) 
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ih j { c 0 (n) 


~ih±a^n, k) 


(S) 


which gives on substitution into (3) 

d ~ ■■ dk(n |G(k)| 

— (« |V| m) a 0 (m) e , 

(n |G (k)| m) e <«/»+‘ck»-e«W* a „ (m) 

— (n |V| w) (m, k) 

We have adopted the convention that indices like m, which appear twice, 
have to be summed over. 

It is assumed that the system is initially in a state n 0 , and has a life-time 
in that state given by t = l/2y. We then try to satisfy equations (5) 
by putting 

a 0 (n)|i_o = 8 B n„ 

a 0 (« 0 ) = e-* 


1 - 


( 6 ) 


We further expand the coefficients a„ in terms of ascending powers of 
the charges e t and e t of the two particles, obtaining 


(7) 


a 0 (n) = a 0 * (n) + a 0 4 ( n ) + ... + a 0 u 00 + ... 
a x (n, k) = af (n, k) -f (n, k) + ... + (n, k) + ... 

It is easily shownf that the other coefficients in these expressions vanish, 
in particular the terms a 0 ° (n) and a* (n, k), because G (k) is of the first 
and V of the second order in the charges. Substituting (7) and (5) and 
using (6) we get on integration 

( 8 ) 

Substituting this in (5) and 


using the fact that (n, k)| im0 = 0. 
using (7) we find 

n — n 0 

«Y - yL ( («o |G (k)| m) (m |G (k)| n 0 ) \ 


e -(tt+K»-Kn,+«y]8/» 


nj*n o 


k + E m -E„, + ih y 

- («o |V| n 0 ), (9) 


ih * flo « («) = ^jdk(« |G (k)| m) (m |G (k)| « 0 ) 

k + E m — Em + ihy 

- (n |V|«,) 

t Mailer, * Proc. Roy. Soc.,’ A, vol 152, p. 481 (1935), referred to as m. 


(10) 
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Equation (9) determines the value of y, and hence the life-time of the 
initial state. Actually it cannot be satisfied for any y independent of the 
time, because the integral on the right is zero for t — 0, and only approaches 
a constant value when t > ft/( E no — E m ), that is, t large compared with 
the periods of vibration of the system. We consider only times satisfy¬ 
ing this condition, and we obtain the ordinary formula for the life-time 
(Fermi, loc. cit.) if we neglect the term (n 0 |V| n 0 ), which expresses the 
effect of the outer electron (Xa) on the nuclear electron (Xj). This term, 
which does not contribute to the real part of y, arises because we have 
taken the wave functions to satisfy 

instead of including the Coulomb interaction and writing 

(H + V - ih + = 0. 

Its only effect is to increase the energies of the several states by a small 
amount. With the assumptions in equations (5), the equations (9) and 
(10) are approximately true for the whole life of the first electron in its 
initial state, provided that t */(E„„ - EJ.+ 

We shall show that (10) can be put in the form 

ih | a 0 * («) = (n |U| n 0 ) 

or equivalently, since a 0 ° (n) = 0 and we neglect a 0 4 («), etc., 

ih ~a 0 (n) = (n |U| n 0 ) e^* “ E «.W* a 0 (n 0 ). (11) 

This is the ordinary form of the equation governing a system initially in 
a state n 0 » subject to a perturbation U. Hence U may be interpreted as 
the interaction energy of the two particles. 

Let us now consider the evaluation of the quantity ~ a ,° (/»). We have 

O (k) — Gj (k) + G a (k), 

H *= Hj + H*, 

== ««, • 

E„ = E„, + E„„ 

t See, for example, Weisskopf and Wigner, * 21 Physik,’ vol. 63, p. 54 (1930). 


2 K 2 
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and on substituting for G (k) in (10) we obtain, for n j* ito. 


ih j t a 0 a (n) 


f-L f dk i (»ilGi(k)l »,°)(«« lG,(k)| h,°) \ 

I (he? J \ k + E Bi - E„,. + iky I 

(n t [G a (k)| Bg 0 ) («! |G t (k)[ n£) \ 

k + E„, — E„. + ih y I 

- (%, «jj |V| <, <)] 

f f (»i [Gi (k)[ nf) (« a [G a (k)[ Q 

J l k + E n , — E n> <> + iiy 


1 

(//c ) 3 

(^jG^kll^KlGtCkllO 

k + E n , - E n ,« + ihy 


• 02 ) 


X g—ilfc—+ 

The products of matrix elements which occur may be written 


(«! |G l (k)| nS) (« a |G, (k)| n a °) - j j G x (k) G a (k) A, <fe a , 

and strictly speaking we should carry out the integration over x a and x a 
first, afterwards integrating over all values of k. It is simpler, howevej - , 
to carry out the integration over k first, and then express the result in 
the form (11). We shall return later to discuss the justification of this 
interchange in the order of integration. 

We first perform the summation over the two directions of polarization 

implied in j dk. If 2 means this summation we havef 
S G a (k) G x (k) = (|y)* Sjp S a, 1 *, 2 

•■= (|T e-^~^ [(a 1 , a 8 ) - I (a 1 , k) (««, k)]. (13) 


Further if <£ 0 and A 0 are the potentials of the external field we have 

H x = - c(a 1 , p 1 ) - ps m x (? e x (tt\ A 0 ), 

where p l is the momentum of the electron and p„ is one of Dirac’s matrices, 
and therefore 

(«\ k) e~ i<k ’ - c (a 1 , grad e~^^) - Hje-^ «■>'*” - H v 

t Fock, foes eft., equation (84). • 
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Similarly we get 

(a s , k) <?«*-*•>'*'■ = - [H^e i * T ' ,,ne - HJ. 

So we have from (13) 

£ (n a |G a (k)| n 2 °) K |G 1 (k)| «,») - (« 2 , * | L G, (k) G x (k)| » 2 V) 

= (£) 2 e 1r {<*• ” a l(a1 ’ a8) e ~ <(k,x, ~ 1,) " te i »i°.o 

+ . % u! l(§n. ~ E <) ( nu „ 2 | e -<(k.« | -«.)/*r| „o f „„o)j _ ( 14 ) 

To carry out the integration over k we first transform to polar coordinates 
(k, 0, <f>), taking the axis along the vector — x 2 , so that 

(k, Xx — Xa) = k |xx — x 2 | cos 0. 


Substituting this in (14), integrating over the angles and putting the 
result in (12) we obtain 


,, d 


where 


ih j t a <? (») = (»i> «* |W| «x°. « 2 °), 

W = - ra£s f sin — I -t-+-!--} 

L nr Jo c (v -j- v 2 + iy v — v t + /yi 

X j(a\ a a ) - dv - v] 

+ ££? f" sin — { g ~ <<, ' +l ' l) ‘ + 

nr Jo c \v + v a + iy v — v x -f *Y' 


(15) 


where we have put 


x {(«>,«*)(16) 


|x x - x 2 | = r 
E, - E„. = - *vi 
E«t — E n> . = Av 2 
k — hv 


(17) 


When r is large compared with atomic dimensions, sin vr/c varies very 
rapidly and the main contribution to W arises from the terms with 
denominator v — v A + iy, and comes from the region v v 2 . In the 
case under discussion r is of the order of the atomic radius and it is no 
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longer true that the whole of the integral comes from the small region : 
v - v x . Physically this corresponds to the fact that if the two particles 
are at a distance of many wave-lengths apart, their interaction may be 
pictured as the emission of a light quantum of definite frequency, 2wv x , 
by the first with subsequent reabsorption by the second particle. More 
strictly, if we made a suitable experiment there would be a definite prob¬ 
ability of finding a light quantum in the field—but its frequency would 
only vary within a very narrow range. (Such an experiment, of course, 
would upset completely the interaction.) If, on the other hand, the two 
particles are only separated by a distance of the order of a wave-length, 
then there is a certain probability of finding quanta of any energy. This 
is as we should expect since we are severely restricting the region in. 
which we are looking for a light quantum, with the result that the 
momentum and energy of the quantum become indeterminate. 


3—Evaluation of the Interaction 


Let us evaluate first the last term in the expression (16) for the inter¬ 
action, 




V + v 2 + jy 


+ 


v — v x + /y 



v,v 


1 Y 2 




As is usual in perturbation theory we consider only times large compared 
with the periods of oscillation of the system, so that vjf, v a t> 1. With 
this proviso, the term with denominator v + v a -f /y in the above may be 
neglected, and the other term integrated from — oo to + oo. By 
integration over a suitable contour this yields 


Ii = 


£l£*r(a 1 a*)--O — e -«K,-Wr/*l jw,~v>+*y)i ( 18 ) 

r L (v x —iy) 2 JL J * v / 


provided t > rjc. 

A difficulty occurs with the term v x v 8 /v*, because this has an infinity at 
v = 0. This infinity arises because we integrate over v (= kjh) first, 
whereas we should really integrate over z x , x a first. To avoid this 
difficulty we may deform the contour slightly so as to avoid passing 
through the origin. If we make the contour pass above the origin we 
have a residue 


— 2i g x g t m 

l, c(v x -iy) 


or zero if the contour passes below the origin. There is no essential 
ambiguity, however, as this residue does not contain x x or and 
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vanishes when we integrate over the coordinates of the electrons. We 
have therefore omitted it. 

All the terms of (16) have now the same time-factor, 
exp i (v 2 - v r + ii) t. 


and we shall see that this enables us to put v 2 = v 1 in the integrals without 
involving any appreciable error. On integrating to find o 0 2 (n) we have, 
in fact, the time-factor 


v a — V! + iy * 


(19) 


f K ^ -f- A K f j ^ 

\a* (w)| 2 dE nt , which is pro- 

E«, 

portional to the probability of finding the system in a state where the 
atomic electron (Xj) has an energy between E„, and E„, -(- AE ni . (The 
nuclear electron is in a discrete state of energy E Bi .) Using (19) we 
have, 

\ W(»)fJE. - const j/M ^ 

where /(v 2 ) is a slowly varying function of v 2 . For /v x > 1 and y/ v x < 1 
this is effectively a 8-function, and only that part of the integral in the 
immediate neighbourhood of v 2 — v x contributes to the result. The 
first condition is satisfied provided t is large compared with the periods 
of the atom or nucleus, and the second implies 


±L 


< 1 . 


( 20 ) 


Now y — 1/2t, where t is the life-time of the nuclear electron in its 
upper state. Further 

t . AE — ii, 


where AE is the uncertainty of the energy in the upper state, so that our 
condition (20) becomes 


AE 
- E*. 


< 1 . 


This is just the condition for the emission of a 0-ray of definite energy, 
and from observations on the breadth of 0-ray lines Dr. Ellis estimates 
that the fraction above must certainly be less than 2 x 10“ 4 , 
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We may therefore put v, = v x in the slowly varying part of the first 
term of (16) without affecting our final answer. Omitting the time-factor, 
we shall write this term as 


i.=-aar sin f * . + ■, } 

nr Jo C I V -f + iy V — V 2 -f iy) 

X { (a 1 , a*) - 1 + (1 - ^*)} rfv + V. (21) 

When r is large the main contribution to this integral comes from the 
region v s. v x , and corresponds to the emission of a quantum of fre¬ 
quency 2rcv x , and its reabsorption. For small values of r this is no 
longer true. 

The integral (21) may then be considered in two parts. The term with 
[(a 1 , a 2 ) — 1] may be integrated and yields, on including the time-factor, 

[1 - (a\ a 2 )] . e «v,-,. + w (22) 

together with a term of order AE/(E n ,. — E ni ) in comparison, and which 
may therefore be neglected. 

We are left with the term in (1 — v 1 v 2 /v 2 ) and the Coulomb field, and 
we shall show that the sum of these two is also of the order 


AE/(E ni - E„,0. 

The Coulomb term may be written 




gjgg _ £i£ 4 f e**- «■-»»>/* - 
„ I I 7,8 


2tc he J k % 


_££.f*smr? rfv , 
nr Jo c v 


(23) 


adopting the notation given by (17). Omitting the time-factor, the two 
terms may be written 


aaf 

nr Jo 


((» 


1 


+-L_)(l-:£)_?} sm^rfy, ( 24 ) 

+ v i + *Y v — v x -f iyA v*/ v) c 


where we have again put v, — v x for reasons explained above. The 
integral is equal to 


"ft 


v - Vl I V + Vl 
V* (V + V, + ii) V 4 (v — ~ x + Jy) 


| sin — rfv. (25) 


As before we neglect the singularity at v = 0, which gives rise to terms 
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which vanish when we integrate over the coordinates of the two electrons. 
The integral (25) can then be shown to be of the order y/ v i or 
AE/(E Bl . — E Bl ), so that it may be neglected; 

The expression (16) for W is therefore the sum of the two terms (18) 
and (22), and reduces to 


[1 - (a 1 , a 2 )] 
l*i - x 2 




. exp i (E ni - E Bl . + E n> - E b> . + iAy) tfk. 


(26) 


In the first bracket of (18) we have put v t = v a and have neglected y in 
comparison with v t for reasons given above. 

The equation (10) can therefore be put in the form of equation (11) 
where U is given by 


u = H — ( gl 7 tt2 )] |x,— X.I/MO ( 27 ) 

1*1 - x 2 | 

Now | x x — x 2 1 is of the order of atomic dimensions, so that 
| Xj — x a |/c is roughly the time for a light ray to traverse the atom. 
This is very small compared with 1 /2y, the life-time of the nucleus in its 
excited state. Hence we may neglect y in the above expression, and it 
then reduces to the formula of Moller (II, equation (15) ) for the inter¬ 
action of two free electrons. It might appear that we could neglect y 
from the start, but this is not so. In order to obtain an unambiguous 
result for the expression (21) we must retain y, and a negative value of y* 
however small, would give the expression (22) with r replaced by —r. 
This would correspond to advanced potentials in the final result. It 
follows from Moller’s derivation that the use of the above expression for 
the interaction is equivalent to the following procedure. We imagine the 
first particle to jump from its initial to its final state, and calculate 
the retarded electromagnetic potentials due to this transition. This 
field is then considered as acting on the second particle and producing a 
transition in that. For two free electrons it can be shown that this 
apparently unsymmetrical treatment yields a result which is symmetrical 
in the two particles, as we should expect it to be. This is most easily 
seen as follows. For free electrons we may put y — 0. and if we write 


exp / [(E*. - EJ r/Ac] = cos [(E„,. - EJ r/Ac] + i sin [(E„,. - E„,) r/Ac]> 

then we can show that the sine term vanishes on integrating over the 
coordinates of the electrons. In other words its matrix dements are 
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all zero, and we are left with the cosine term only, which is symmetrical,, 
for 

cos [(E Bl . - EJ rjhc] = cos [(E v — EJ rjhc], 

since we have seen that we may put v x — v a . To prove this, we suppose 
that the electron fo) is free, so that its wave functions in the initial and 
final state may be written, omitting constants, 

gw.*,)/* an<j 


respectively. If <f>° (x 2 ) and <£(x a ) be the corresponding wave functions 
for the electron (Xj), then the matrix elements of the sine term may be 
written, omitting constants 

f [ <j>* (x a ) <f>° (x a ) sin {(E ? i » ~ E W | ). JM dx 1 dx t . (28) 

JJ |*i — *s| 

We have further 

-EJ. fa-x,|/Ac) = 1 U,,.^ 8 /_s _ (E n ,* - E Wl ) a \ . 
|Xj. — x a | 2ni V c* 1 

(29) 

which is easily verified by transforming the integral to polar coordinates 
and integrating over the angular part. Substituting (29) into (28) we 
obtain 


f(x a ) 8(p* - !iZ )(W-fc,»,)X d^dxtdp. 


From the Fourier integral theorem we have 


(30) 


dx 1 = (2*) s S ( Pl <> - p x + p). 
So that the integral (30) is zero unless 
P 8 = (Pi° - Pi ) 8 - 


from the other 8-function. For a free particle it is impossible to satisfy 
this equation between the momenta and energies of the two states, so 
that the integral (28) always vanishes. The symmetrical cosine term 
which remains gives the same interaction as that obtained by Mailer 
(III, equation (81) ) on taking the mean of retarded and advanced 
potentials in his correspondence theory method. 
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We have seen that owing to the time-factor (19), we may put v x = v a or 
E m . — E Bl — E„, — E fll . in the integrals for the interaction* excepting, of 
course, in the time-factor itself. The interaction (27) may therefore be 
written, neglecting y, 

U = g l g 8 [1 ~ («*» « 2 )1 g<(K n> -K B> .). I*i— X,|/*o (32) 

l*i “ *«l 

This is just the expression we should obtain if, using the Mailer method, 
we allow the second particle to jump up first and take advanced potentials. 
The expression for U can be made formally symmetrical by writing it as 


where 


U s=r e l e 8 [1 ~ ^ g1 ’ giE |*,-*,|/*c 

1*1 - *s| 


E = |E„,« — E m | = |E ni . — E„,|. 


We therefore conclude that in a radiationless transition the inter¬ 
action of two particles may be calculated by the Mailer method whether 
they be bound or free. It is always necessary to take retarded potentials 
of the charge and current distribution if these are produced by a tran¬ 
sition where the electron loses energy. 

In connexion with this we should point out that the calculations of 
Bethe and Fermi (loc. cit.) really correspond to the use of advanced 
potentials in this case. Corresponding to our equation (8) their equation 
(20) would read, in our notation, 


a i («> k) = (w |G (k)| m 0 ) 


g\[k 4- K n — 

E + E« - £»/ 


This is incorrect, because («, k) — 0 when t = 0, and would lead to 
the expression (16) without the last two terms, and hence to an inter¬ 
action 

U' = g l g I J l ~ jg£l g8 )l |*,-*,|/fc 

1*1 - Xtl 

We should get this interaction if we were to use Mailer’s method and 
take advanced potentials. Actually the result Bethe and Fermi obtain 
for free particles is the same as Mailer’s (with retarded potentials) because 
the last two terms of (10) combine to give a sine term, which we have 
seen to have zero matrix elements for free electrons. 


Ip conclusion, the author thanks Dr. C. Mailer for his assistance, and 
for many pleasant and valuable-discussions; 
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4 —Summary 

The interaction of two particles is considered according to the methods 
of Quantum Electrodynamics, and to fix ideas we have considered the 
interaction of a particle in the nucleus of an atom with an electron in the 
K-shell. In this form the work is applicable to the theory of internal 
conversion. The nuclear particle is taken to be initially in an excited 
state, and in order to obtain an unambiguous result it is necessary to take 
into account its finite life-time in this state. We then obtain a result 
which agrees with that found by Moller using correspondence methods. 
In terms of the latter theory our results show that for bound particles it is 
essential to take the retarded potentials due to the transition where the 
first particle jumps down, and then consider these as perturbing the second 
particle. On the other hand, for free particles it is immaterial whether 
we take retarded or advanced potentials, and by taking the mean the 
result may be put in the symmetrical form which we expect for free 
particles. 


The Flexure of a Prism with Cross-Section Bounded 

by a Cardioid 

By W. M. Shepherd 

(Communicated by L. N. G. Filon, F.R.S.—Received August 12, 1935) 

1—Statement of the Problem and Fundamental Equations 

This paper contains the first solution in finite terms of de Saint Venant’s 
flexure problem for a prism with cross-section of uniaxial symmetry. 

We take rectangular axes O (xyz), such that the generators of the 
cylindrical surface of the prism are parallel to Oz, which passes through 
the centroids of the cross-sections. Let us suppose that the load is 
applied at the end z = 0 in the negative direction of the axis of y. Then 
apart from rigid body displacements, the displacements are given by* 

W 

u — — gj oxyz - xyz, 

gE {F« (•**-/) - i**) + 
w =+ * yz * ~ + 

* Love, “ Mathematical Theory of Elasticity,” p. 334. The notation is a little 
different. 
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The stresses are given by 

xx = yy = xy~ 0, 
zz = jyz, 

£ ’ = ief {|- ( 2 + -’ ) ^} + ^ {H-j-}. 

In these equations W is the total terminal load, I is the second moment 
of the cross-section in the plane 2 = 0 about Ox, E is Young’s modulus, 
a is Poisson’s ratio, and |x is the rigidity. The function <f> is the “ torsion 
function ” for the section and r is the twist which must be determined 
from the condition that there is to be no terminal couple applied to the 
prism about Oz. 

The flexure function x (a function of x and y only) must satisfy the 
equations 

V*x = 0, (1.1) 

throughout the interior of the cross-section, and 

- Ixy (2 + a) + m {x 2 - (x 2 - /)}, (1.2) 

at all points of the boundary of the cross-section. The outward normal 
is denoted by v and (/, m, 0) are its direction cosines. 

The two problems arising (i) when the plane of symmetry is the same 
as the plane of flexure, and (ii) when those planes are at right angles, 
will be considered separately, 


2—Flexure in the Plane of Symmetry 

The axes of reference and the cross-section are shown in fig. 1. G is 
the centroid of the section and C is the cusp. The relations between the 
two sets of coordinates (r, 6) and (x, y) are 


since 


x = r sin 0, y = r cos 0 -f la, 
CG = K 


The polar equation of the cardioid is 

r * c(l'~ cos 6) or r — 2a sin 2 10. 



502 W. M. Shepherd 

The direction cosines of the outward normal (v) are (/, m, 0) where 


On substituting in (1.2) we obtain the boundary condition in the form 
ij |* - - 2 (2 + a) cos y sin* | sin 6 [2 sin* ® cos 0 + |] 

+ sin ~ J^4 sin 4 - sin* 0 (1 — \a) + (2 sin* |0 cos 6 + -g)*J, (2.1) 


where 



In order to satisfy this condition consider the harmonic function 

Xi ~ r n sin «0, 

which gives « 

= — n (2a)" -1 sin*" -2 ^0 cos (n + i) 0. 


( 2 . 2 ) 


In a similar way from the function 

Xa = r” cos hO (2.3) 

we derive ~ 

= n (2a)" -1 sin*" -2 *8 sin (n + *) 6. 

<7V 

If X is to be a sum of terms of these types we must express the right-hand 
side of (2.1) as a linear function of 

sin 4 J0sin^, sin*}0cos30, 8in*f0sin~, sinJ0cos20, sin^. 
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This process is not difficult, although somewhat laborious, and we may 
rewrite equation ( 2 . 1 ) in the form 

jljJ— -3sin*i0smy —j sin 

c^e + fiS + JMsin^. (2.4, 


The corresponding value of x is 

X = — ir 3 cos 30 — ?far 2 cos 20 + — fllP. aV sin ~ 

12 V2 2 


+ 


as,+ 31g) fl v C o»e. 


(2.5) 


To make x single valued we must take 0 < 0 < 2 tc and #■* always positive. 
In this case, on account of the symmetry, t vanishes. 

The shears which may now be deduced from the value of x are most 
conveniently written in the forms 


7z = [_ d ±M r* cos 0 - ar {* cos 20 + * (1 +<r)} 

+ ( 5 + s 2-*oV* sin — + (5 a 2 cos oj. 

62 = j^— r 2 sin 0 + iur sin 20 + ^ — 2‘ Mr 1 cos —■ 

- il ±2f> a * sin 0 . 


( 2 . 6 ) 


(2.7) 


From these expressions the values of rz and 0 r at about 50 points in the 
half cross-section have been calculated and, using these, the lines of 
principal shear in the section have been drawn in the left-hand side of 
fig. 1. Poisson’s ratio is taken to be 0-3 for this purpose. 

The cross-sections are distorted from their original plane state and are 
also tilted so that they cross the Strained line of centroids at an angle 

cos -1 (22a), where yz 0 is the value of yz at the centroid. In this case 
s 0 = ££o = _ "s = W 0-2929. (2.8) 

(i n* 


The contour lines of the distorted cross-section referred to the tangent 
plane at the centroid are shown in the right-hand side of fig. 1. The 
.intervals between consecutive lines are equal. 
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The tangential shear at the boundary of the cross-section is given by 


zs — rz cos £6 + 0z sin £0 


Wfxa 4 

El 


1 +2<r 50 , 1 4 

— r -cos T + — 


2<j 30 

2 2 


i+i^cos 6 


l] <M>' 


In fig. 2 (the curve marked A) zs is plotted against 0. It is from this 
graph that the points where the lines of principal shear touch the boundary 
(i.e., where zs vanishes) are found. 



3—Flexure at Right Angles to the Plane of Symmetry 

The axes of reference and the boundary of the cross-section are shown 
in fig. 3. The relations between the two sets of coordinates are now 

x = r cos 8 4- y — r sin 0 

and the direction cosines (/, m, 0) of the outward normal are given by 

, . 30 30 

/ — sin -j , m = — cos y. 

The boundary condition for x (1*2) takes the form 

^ = 2 (2 4- <t) sin ^ (2 sin 2 $0 cos 0 + $) sin 2 £0 sin 0 

38 

- cos ^ {(1 - *e) (2 sin 2 ±9 cos 0 + *) 2 + 2 <t sin* sin* 0}. (3.1) 
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where 

|s - .in i® ^ - co» *611|. 

If X is to be a linear function of terms of the types (2.2) and (2.3), the 
right-hand side of (3.1) must be expressed as a linear function of 

sin‘}0cos—sin? JO sin 30, sin® JO cos y, sin J0 sin 26, 


COs4p cosjfl. 



The term cos $8 in is obtained by putting n — i in (2.3). It is found 
that (3.1) may be written in the form 

I |X = _ 3 sin< cos— - V ««* *0 cos - (5 ± 2a) sin i0 sin 20 
or cv * 2 2 8 

-g6^i CM ^ + a+^co. f9 , 

The corresponding value of x is 
X - if* sin 36 + tf or* sin 20 - < 5 | '3?) 2'* aV» cos ^ 

+ ( 86 .. + 2 j £ ) fli r S in 8 + Q± 2~* eh* cos |8, (3.2) 

Again** must take 0 < 6 < 2n and r* always positive. 

' 21 
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In this case, owing to the lack of symmetry about the plane of flexure; 
there is a twist so that the torsion function enters into the problem. 

If <f> is the torsion function and 4* is the conjugate function defined by 
the relations 

d<f> _ dty d<f> _3J; 

ebc ~ dy ’ dy dx* 

then ^ is a plane harmonic function satisfying the condition 

-4 = i(* 2 4- y 2 ) 4- constant, 

at all points of the boundary of the section. 

The function <f> has been found by the present writer and the result 
published elsewhere,* in a slightly different form. The line of cusps 
was in that case taken as the axis of z. The stresses are not affected by 
the change of axes and the displacements in the two cases only differ by 
a rigid body displacement. 

The function <4 for the present purpose is found to be 
+ = a'n sin ^0 -f \ar cos 0, 
and the corresponding value of <f> is 

<f> — 2~* a 1 ri cos £0 — \ar sin 0. (3.3) 

This gives rise to stresses 

xz = (ix {2~ i a i r -1 cos ^0 — r sin 0} 
yz = [at {2" s a«r~4 sin $0 4- r cos 0 + $a}. 

It is now necessary to determine t from the condition that there is to be 
no couple applied about the axis of the cylinder, i.e., from the equation 

jj(xyz — y xz) dx dy «* 0, 

in which the integration is to be carried out over the interior of the cross- 
section. 

The condition may be written 

~I? if V*|y ~ y lx + ^ ax *** ~ ~ + ( 2 + °) *y*} dx dy 

+ (AT jj {** + y* + x ^~y ^}dxdy^0, (3.4) 


* ' Engineering,’ July 12,1929, p. 39. 
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'He. 




and we obtain 


W u , 7T (3 + 4or) 
El 48 


+ (at |5te a 4 = 


0 , 


T 


__ W (3 + 4o). 
El a 51 


(3.5) 


Having found x, & and t we may find the shears which are given by 

rz = ^ \— < 3 -± 2 ?) s in 0 - sin 26 - ^ —■ 2a 2 2+j'r‘cos ~ 

El L 4 8 2 

+ A (3 + 4a) a 2 sin 0 + (3 + 4a) 2~ i a i r * cos ^0 j (3.6) 

<fz - ^ [- <i^a) rJ cos 0 + {(93a + 6) _ i cos 20 j ar 

+ — sin ~ + T V (3 + 4a) a 2 cos 0 

o 2 

- rV (3 + 4a) 2~Wr~t sin }o]. (3.7) 

In the same way as before the lines of principal shear have been found and 
are shown in the lower half of fig. 3. Again Poisson’s ratio has been 
taken to be 0-3. 

The distortion of the cross-section is investigated in the same way as 
before and we now find that the quantity s 0 is given by 

So = ZIq = _ ^ W 0 . 3039 (3.8) 

(A (A (AO* 

This value is slightly greater than that obtained in the first problem. 
The contour lines of the distorted cross-section referred to the tangent 
plane at the centroid are again drawn at equal intervals and are shown in 
the upper half of fig. 3. 

The tangential shear at the boundary of the cross-section is given by 
jtj bb rz cos $6 + 6 z sin J0 

= Wp 3e _ ai + 2«)«,» 26 + Qi+2i 6 

+ ( 3 t .^ rjcosccie. (3.9) 
In fig. 2 (the curve marked B) 7s is plotted against 6. 
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It is to be noticed that the shear only becomes infinite at cusp in the 
second problem. 

If, instead of using the condition that there should be no couples 
applied about the axis at the ends, we assume that there is to be no twist, 
the load W must be applied not at the origin but at a point where 



4—Comparison of the Results with Those for Other Sections and 
Correction to a Previous Paper 

The prism considered in this paper approximates in its elastic properties 
to a circular cylinder in which a slit in an axial plane has been cut. The 
cylinder with a slit in an axial plane has been considered by the present 
writer in a previous paper* and the results may be roughly compared. 
Before making a comparison it is necessary to correct an error in the 
previous paper. In that paper equation (17.11) should read 



This changes the sign of the twist in the following two pages of the paper 
and invalidates the results of those two pages. The necessary alterations 
are easily made by the reader. Changing the sign of t in Table X we 
obtain 

A B C D E 

0 0-3014 0-4239 0-0695 0 

The displacement of the point C, when k = sin 30°, is given by 

= 0-9076. 

E 

Figs. 11 and 12 require alteration according to the revised Table X. 

For the purpose of comparison let us chose a so that the area of the 
cross-section is equal to that of a circle of unit radius, i,e., to the area of 
the cross-section used in the previous paper. The area of the caidioid 
is so that a must be taken to be 0*8165. Using this value the twist 
given in equation (3.5) becomes on using the equation I = chs 

T = ^0*0734. 

E 

• ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 607 (1932). 
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Now the corrected values of the twist are ^ 0-1176 for a slit of depth 
W 

0-2929, and ~ 0 -4534 for a slit of depth 0-5, and the twist is zero when 
fc 

there is no slit. From these three values a rough graph may be drawn 

W 

from which it will be seen that a twist of amount -g 0-0734 corresponds 

to a slit of depth about 0 -24. The dotted line in fig. 3 shows the non* 
indented boundary on this supposition (AC — 0-12AB). 

If, as above, we put a % = 2/3 in the values of given in equations 

w w 

(2.8) and (3.8) we obtain the values — 0-4394 and —0-4559. For the 

M- (A 

W 

circular section of unit radius the value is* — 0-4407 which is in close 

(a 

agreement with the results above (<r is as before taken to, be 0-3). 

* Love, “ Mathematical Theory of Elasticity,” p. 339. 
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A New Attack upon the Problem of Fatigue of Metals, 
using X-Ray Methods of Precision 

By H. J. Gough, D.Sc., F.R.S., and W. A. Wood, M.Sc. 

{Received November 22, 1935) 

[Plates 7-17] 

The failure of metals by fatigue has been investigated by applying 
precise methods of X-ray diffraction to a systematic study of the changes 
produced in the crystalline structure under various conditions of test. 

The material used for the experiments was a normalized mild steel 
(0 1% C). The fatigue tests were of three distinct types involving, 
respectively, {a) cycles of reversed torsional stresses, ( b ) cycles of reversed 
direct stresses, and (c) cycles of alternating direct stresses where the 
superior stress of the cycle was maintained at a constant value of tensile 
stress exceeding the static yield point of the material. In addition, 
comparable observations have been made of the changes in structure 
arising from the application of static tensile and static torsional stresses 
of various intensities including those causing fracture. 

It has been shown, first, that failure by fatigue and failure under static 
stresses are characterized by changes in crystalline structure which are 
the same in kind. These changes include (i) a dislocation of the normally 
perfect grains into components which vary in tilt up to about 2° from the 
orientation of the parent grain; (ii) the formation of ctystallites, approxi¬ 
mately 10 4 to 10~ 6 cm in size, exhibiting a much wider divergence in 
orientation than the parts of a dislocated grain; and (iii) the presence of 
lattice distortion in the crystallites. In a specimen subjected to static 
stresses, these effects appear abruptly at the yield point and progressively 
become more marked as the stress is increased to the value at which 
fracture occurs; at fracture, the whole of the specimen behaves to the 
X-ray beam as a medium of crystallites showing marked lattice-distortion 
and oriented completely at random. In a specimen subjected to repeated 
cycles of a range of stress ultimately leading to fracture, the same pro¬ 
gression of changes in structure takes place; at the point where fracture 
commences, the changes at e most marked, being there of the same order 
as in fracture under static stress ; in the remainder of the specimen, the 
changes proceed to a degree which depends on the extent by which the 
range of stress employed exceeds the minimum range require^ to produce 
failure. 
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It has been shown, further, that the crystalline structure of a specimen 
subjected to repeated cycles of a range of stress less than the range 
necessary to cause fracture exhibits no appreciable progressive change 
after any initial change which may occur on first application of the load; 
the structure tends to a steady state as the number of cycles is increased. 
The conditions giving rise to a marked initial change are those where the 
superior stress of the cycle exceeds the static yield point of the material. 
The absence of a further progression in these changes provides a criterion 
which distinguishes the behaviour of a specimen under application of 
cycles of a safe range of stress from the behaviour of a specimen subjected 
to cycles of a range of stress leading to failure by fatigue. 

The main object of the investigation was to discover the characteristics, 
as revealed by X-ray methods of precision, of specimens after their 
subjection to various numbers of cycles of unsafe and safe ranges of 
stress. As it was especially desired to correlate the X-ray data obtained 
with the various fatigue limits of the material, specimens were subjected 
to selected ranges of stress so chosen that the fatigue limits were accurately 
determined. Endurance tests of the usual type were made, each specimen 
being subjected to one range of stress only in order to avoid complications 
such as those due to “ understressing ” or “ overstressing ”: these 
interesting aspects of fatigue phenomena were reserved for future investi¬ 
gation. Each specimen was submitted to X-ray examination after 
fracture or, alternatively, after a number of cycles had been endured 
without fracture sufficiently great as to indicate clearly that eventual 
fracture was unlikely; these X-ray data, in comparison with the original 
state of the metal, revealed the total change in characteristics which had 
taken place during the test. Further specimens were also employed to 
examine the progressive changes which took place during various cyclic 
histories. For this purpose, some specimens were subjected to ranges 
of stress just exceeding the safe range, while others were tested under a 
range just less than the safe range; these tests were interrupted at regular 
intervals, usually corresponding to a total history of 1, 10 s , 10 4 , 10®, 10 s , 
and 10 7 stress cycles, an X-ray examination being made at the conclusion 
of each stage. These remarks explain sufficiently the general scheme 
adopted. 

Three distinct series of fatigue tests have been made: these were chosen, 
out of many others available, as representing two distinct types of major 
interest *. 

Type 1 —Having a constant mean stress, the superior and inferior cyclic 
stresses being equal in value and opposite in sign— When a stress cycle of 
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this type is employed, in which the range of stress is the variable (the 
mean stress of the cycle having constant zero value) the stress limits, at 
the safe range, are usually less, numerically, than the values of the static 
yield points. Hence, the fatigue characteristics are not unduly com¬ 
plicated by the effects of appreciable plastic deformation; little change 
usually occurs in the size and shape of the specimen as a whole. 

In the first series of tests belonging to this first general type, alternating 
torsional stresses were employed. The applied stress ranges were 
estimated in the usual manner which assumes elastic conditions, but there 
is little doubt that, owing to the non-uniform stress conditions and the 
effects of plastic strain, some stress redistribution occurred. 

A second series of tests was, therefore, made employing cycles of 
reversed direct stresses (tension to compression), the mean stress of the 
cycle again being maintained constant at zero value. 

Type 2 —Having a constant maximum stress, both the applied range and 
the mean stress of the cycle varying accordingly —These tests were made 
to determine whether the effects of cyclic stressing and of a stress exceed¬ 
ing the value of the static yield point of the material could be distinguished 
when these conditions are superimposed simultaneously on the same speci¬ 
men. Using direct stresses, each applied load cycle was so chosen that its 
maximum tensile value was maintained constant at a value (reckoned on the 
original area of the specimen) of 20 tons per sq in; the upper tensile 
yield point of the material was 16^—17 tons/sq in. From this constant 
value of 20 tons/sq in the specimen was unloaded cyclically to a pre¬ 
determined value; under such conditions, provided the lower applied 
stress exceeds a certain value, fracture does not occur. Each specimen 
used in this series naturally suffered considerably yielding on the first 
application of the maximum stress of the cycle. 

With regard to the fatigue machines employed, the alternating torsional 
tests were made using the improved Stromeyer machine, operated at a 
constant frequency of 1000 stress cycles per minute. The direct stress 
fatigue tests were carried out, at a frequency of about 2200 stress cycles 
per minute, in a 30 cwt capacity model of the Haigh fatigue testing 
machine to wliich special axial loading shackles have been fitted at the 
Laboratory. Both machines were closely adjusted so that each test was 
stopped immediately after cracks had developed in the specimens but 
before they had completely fractured. 

In addition to the fatigue tests mentioned above, and for comparison 
purposes, an experiment was made to ascertain the effect on the crystalline 
structure of the application of a series of static tensile loads. 
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The diameter of each specimen was always determined at the com¬ 
mencement and conclusion of the test and sometimes at intermediate 
stages; this was done using projection methods to avoid causing possible 
damage to the surface by contact with a micrometer. 

Turning to the X-ray technique employed, this was devised, after 
preliminary tests, with the object of revealing mainly the following 
types of change in the physical state of the metal: (1) variations in the 
number of reflecting crystallites per unit volume; (2) lack of uniformity 
of crystallographic orientation from point to point within a grain; (3) 
incidence and development of lattice distortion. The spectral lines 
obtained from the material in the unstressed condition were most sensitive 



Fig. 1—S, specimen; OS, incident beam passing through flat photographic film holder 
pierced at O; film holder perpendicular to OS; SP, beam reflected backwards 
meeting film at P; SPi, second reflected beam; SN, normal to crystal planes 
producing above reflexion SP; SN„ corresponding normal to second reflected 
crystallite; 0$N - OSN^ - 90° - 6. 

to the above changes. They were not continuous, but broken up into 
separate reflexions; each reflexion, normally a small sharp spot, being 
the contribution to the line of a suitably inclined crystal in the volume 
penetrated by the incident X-ray beam. 

The disposition of the X-ray spectrographs adopted for the work is 
indicated in fig. 1. The photographic film recorded as complete circles 
the spectra reflected through angles greater than 90°. Referring to 
fig. 1, use has been made of the angle 8 between the normals SN and SNx- 
This angle is found from measurement, on the photographic film, of the 
angle PdPi = 4 thus 

sin 8/2 - iM' - ON sin */2 
— cos 6 sin 1 ^/ 2 . 
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or, if 8 and <]> are small, 

8 = cos 0 . 4'* 

The incident radiations used were the Fe K wave-lengths which gave 
the (220)a and (310) {E diffraction rings on which most of the measurements 
were made. 

Number of Crystallites in Unit Volume —The number of crystallites in 
a given volume—that penetrated by the incident X-ray beam—was 
compared for the various specimens by comparison of the counts of the 
reflexion spots forming the respective (220) rings. The (310) was used as 
a check. The number of spots was assumed to be propoitional to the 
total number of potential reflecting crystallites in the volume studied; 
these were sufficient in number to justify the assumption. 

Repetition photographs were made on selected specimens in order to 
estimate the variation in the counts to be expected from the heterogeneity 
of the material and experimental error. The deviations were of the order 
of ± 4%. 

Preliminary experiments were made to ascertain the approximate size 
of the crystallites for which the reflexions would become sufficiently 
numerous, with the apparatus used, to produce a continuous line. This 
was done by photographing under the same conditions a coarse-grained 
steel of known grain size. The average number of (220) reflexions 
observed for a steel of linear grain size 10 -2 cm was 10; on the assumption 
that the depth of penetration of the X-ray beam was of the order of 
thickness of one crystal, this would lead to 10* strong reflexions for a 
grain size of 10^*; it was considered that this number would produce a 
line which was continuous but not entirely even in intensity. A grain 
size of 10~ 4 cm, however, would produce upwards of 10 s reflexions at 
which the (220) line would be continuous and uniform in intensity. It 
would also be sharp; because the broadening due to the fine-grain effect, 
applying Scherrer’s formula to the experimental conditions used, would 
be 0-02 mm measured on the film for a grain size 10~ 4 cm, 0*2 mm for a 
grain size 10~* cm, and 2 mm for 10 ~* cm. This change in breadth would 
be negligible at a grain size of 10~ 4 cm. This result that, with the appara¬ 
tus used, the continuous uniform line corresponds to a grain-size of the 
order of 10~ 4 cm is of considerable significance in the interpretation of 
the work. 

Uniformity of Individual Crystallites— Changes in the uniformity of 
the crystallographic orientation from point to point within an individual 
crystallite cause a lengthening of the reflexion spots along an arc of the 
diffraction ring. This effect, obtained with monochromatic radiation, 
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is well known as the “ asterism ” effect usually observed in the trans¬ 
mission of white radiation through a deformed metal; it is attributed to 
the dislocation of the mosaic of crystallites which normally constitutes a 
grain. The monochromatic method has the advantage of imposing no 
limit on the thickness or shape of a specimen in order to secure the effect 
on a focussed reflexion spot. It is seen from fig. 1 that an increase in 
length of a spot producing a change ^ in the angle subtended at the 
centre of the diffraction ring is related to a movement of the normal of 
the reflexion planes giving rise to that spot through an angle 8 

where 8 — 4* cos 0. 

This was used to estimate the deviation of the (220) planes from parallelism 
in the mosaic of the grains giving the elongated type of reflexion. 

The same effect is evident in a second way. Using a given slit system, 
one obtains from a normal perfect crystallite either the a t reflexion or 
the a 2 , produced by the K a x and K a 2 components of the radiation, but 
not both at the same time, provided a suitable spectral line is chosen; 
then, as dislocation of the crystallite occurs, producing a tilt of the re¬ 
flexion planes varying from point to point, one obtains both a x and a % 
components in the form of a doublet definitely from one grain. The 
smaller the angle of reflexion the more sensitive is the indication. Thus 
for the (220) planes the appearance of the doublet, assuming a parallel 
incident beam, would indicate a tilt of 0-4° between the planes at different 
points of the mosaic; for the (211) planes the tilt required would be 0-2° 
and for the (200) planes 0-1°. 

Where possible, the appearance of elongation of the spots and of the 
doublets was noted and counts made on the (220) ring of the reflexions 
affected; in this way an estimate of the proportion of grains showing 
incipient breakdown was obtained. 

Lattice-Distortion —The ladial broadening of the reflexion spots is 
usually attributed to the presence of distortion in the lattice of the 
crystallites; this attribution has been accepted here, although it should 
be remembered that there is yet no way of distinguishing with certainty 
this broadening from that due to very fine grain—the “ Scherrer effect ”. 
The appearance and proportion of grains showing the effect was noted 
for each specimen from the (220) ring. 

Material 

The material used was a normalized mild steel (Reference Mark: 
HEP) which had the following chemical composition:—C 0*12%, Si 
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0-185%, Mn 0*61%, S 0-012%, P 0-016%, Ni 0-06%, Cu 0-075%. This 
material, as supplied by the manufacturer, was stated to be in the nor¬ 
malized condition but was submitted to preliminary X-ray examination, 
to examine if it was in the optimum condition as regards the degree of 
freedom from distortion which was desired for the purposes of the 
experiment. It was found that the steel was not fully free from lattice 
distortion; it contained a number of undistorted grains in the state 
required but, in addition, a proportion of grains still showing partial 
distortion. Investigation then showed that the following heat-treatment 
was sufficient to produce the required optimum condition:—normalize 



(a) 


J\ y 

?n Thds/ineh _J Parallel 



0 >) 

Fio. 2—Form and dimensions of fatigue specimens, (a) Specimen for alternating 
torsional fatigue tests; ( b ) specimen for direct stress fatigue tests. 

by heating at 950° C for 15 minutes followed by cooling freely in air at 
a rate, through the critical range, ’of about 20° C per minute: the separa¬ 
tions of the ferrite and the eutectoid points were both well marked on the 
curve. All the specimens used in the investigation have been subjected 
to the heat-treatment described. 

The fatigue specimens employed were machined, to the form and 
dimensions shown in fig. 2, from bar of i inch diameter. In order to 
reduce to the utmost the damage caused to the crystalline structure by 
the workshop processes involved, a very careful and lengthy technique 
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employing 13 operations was employed, of which it is only necessary to 
record that the turning operations were made in cuts diminishing from 
0 010 inch to 0-002 inch followed by successive grinding in cuts diminish¬ 
ing from 0-0002 inch to 0-0001 inch concluding with polishing operations 
using emery paper of four grades down to No. 0000. All specimens 
were then etched in a solution of copper ammonium chloride and treated 
later with a solution of sodium cyanide. The success of this method of 
preparation and etching was such that subsequent X-ray examination 
failed to disclose any signs of deterioration of the state of the crystalline 
structure. 


Preliminary Mechanical Tests 

As the static properties of the material are of interest in a consideration 
of the fatigue characteristics, careful static tensile, compression, and 
torsional tests, using extensometers of precision, have been made. The 
principal results of these tests may be summarized as follows:— 

(1) Tensile Test (specimen 6A27, diameter 0-562 inch)—Limit of 
proportionality, 10-9 tons/sq in; yield stress, 16*5 tons/sq in; ultimate 
strength, 26-7 tons/sq in; Young’s Modulus, 30 x 10* lb/sq in; elonga¬ 
tion on 2 inches, 43£%; reduction of area at fracture, 69^%. 

(2) Compression Test (specimen 6A29, diameter 0 -749 inch)—Limit of 
proportionality, 9-3 tons/sq in; yield stress, 15*7 tons/sq in; Young’s 
Modulus, 29-8 x 10® lb/sq in. This test was not continued to the 
fracture stage. 

Fig. 3 is a combined diagram showing the first part of the load-elonga¬ 
tion diagrams obtained in the above static tensile and compression tests. 

(3) Torsion Test (specimen 6A28, diameter 0-297 inch)—Limit of 
proportionality, 7-4 tons/sq in; yield stress, 10-0 tons/sq in; modulus of 
rigidity, 11 -4 x 10® lb/sq in; modulus of rupture, 31 -0 tons/sq in. Total 
twist at fracture 2382° (on a length of 3 inches). 

(4) Tensile Test to Fracture using Dalby Autographic Recorder (speci¬ 
men 7A22, diameter 0-500 inch). 

The complete diagram is reproduced as fig. 4. The principal recorded 
data are as follows: upper yield stress, 16-8 tons/sq in; ultimate tensile 
stress, 26-5 tons/sq in; breaking stress (on final area), 58*0 tons/sq in; 
elongation at fracture (on 4-inch gauge length), 32%; reduction of area 
(at fracture), 69%, Attention is drawn to the drop of stress at the yield 
point, a usual characteristic of mild steel. 
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Fro. 3—First portions of static tension and compression diagram (specimens 6A27 

and 6A29). 



Extension % on 4-inch gauge length 

Fra. 4—-Complete tensile stress-strain curve from Dalby Recorder record (specimen 

7A22). 
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Results of Alternating Torsional Fatigue Tests and X-Ray 

Examinations 

The results of the tests, together with a record of the X-ray examina¬ 
tions made on the specimens used in the fatigue tests, are summarized 
in Table I: the fatigue data are plotted—using logarithmic scales—in 
fig. 5 to give the usual type of stress-endurance curve. 

Table I— Results of Alternating Torsional Fatigue Tests 




Applied 

Number* 

Reference 

Mean 

range of 

of stress 

mark of 

stress 

shear 

cycles Remarks 

specimen 

of cycle 

stress 

endured 



tons/sq in 

millions 

2A33 

\ / 

±14-7 

0-032 C X-rayed before and at conclusion of 


fatigue test. 

±13 0 0 087 C X-rayed before and at conclusion of 

fatigue test. 

±11 0 0 -373 C X-rayed at conclusion of fatigue test. 

±10-0 0-881 C X-rayed at conclusion of fatigue test. 

0 / ± 9-7 0-557 C X-rayed after 10 8 , 10*. 10*. and 5-57 x 

10 8 cycles. 

± 9-5 0-992 C X-rayed at conclusion of fatigue test. 

± 9 -0 15 -403 U X-rayed at conclusion of fatigue test. 

± 9-0 10 • 132 U X-rayed at conclusion of fatigue test. 

± 9-0 10 250 U X-rayed after 10*. 10*. 10*, 10*. and 

V 1025 X 10'cycles. 

Deduced limiting range of shear stress — 18i, or ±9i tons/sq in. 

*Note .—C denotes specimen cracked; U denotes specimen without cracks or other 
signs of fracture at end of test. 

The safe fatigue range of the material, under alternating shearing 
stress has the approximate value of, say, 18J, i.e., ± 9£ tons/sq in. In 
this connexion it may be recalled that the static torsional limit of pro¬ 
portionality of the material—as revealed by an extensometer of fairly 
high precision—has the value of 7-4 tons/sq in, with a yield point of 
10*0 tons/sq in; the fatigue limit thus has an intermediate value. 

Additional X-ray photographs were also taken of an unstressed speci¬ 
men (reference number 2A43) also of specimens 2A33 and 2A34 before 
the fatigue tests were made on the latter. A further specimen (Reference 
2A41) of the same form—fig. 2—was submitted to one application of a 
static torque equivalent to a nominal shear stress of 11 *0 tons/sq in and 
then X-rayed; this was done to indicate the change in structure caused 


2A34 

2A35 

2A36 

2A45 

2A37 

2A39 

2A40 

2A42 



Semi range of cyclic stress tons/sq in 
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by a stress just exceeding the static yield point. An X-ray examination 
was also made of specimen 6A28 after this had been fractured under uni¬ 
directional static torsional straining. 

Results of X-Ray Examinations 


(i) The changes in the X-ray spectra of the specimens as the stress 
range increased are shown by the photographs reproduced in Plate 7. 



Fio. 5—Results of alternating torsional fatigue tests. • denotes specimen which 
failed under applied test; denotes specimen which did not fail. Note:— 

zero value of mean stress of cycle throughout. 


This series, being the first examined, was obtained with a standard circular 
camera and gives strip sections across the (211) and (220) reflexion 
rings; the remaining series were obtained with the arrangement of fig. 1 
which gives the complete (220) ring. The photographs correspond to the 
central point on each specimen. 

It was found by comparison that the spectra of the specimens subjected 
to safe ranges of stress (specimens 2A39 and 2A40) were essentially of 
the same type and similar to the spectra obtained before test; the character¬ 
istic feature was the spotted nature of the lines and the absence of con¬ 
tinuous line between the individual spots . 
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On the other hand, the spectra from the specimens fractured under unsafe 
ranges differed from the above to an extent which increased with the 
magnitude of the applied stress range. The essential difference lay in 
the formation of the lines: the reflexion spots, hitherto separated, became 
elongated doublets joined by a continuous line; as the stress range 
increased, the continuous line grew in intensity at the expense of the spots 
until in specimen 2A33 the line was wholly uniform; at the same time 
the visibility of the a x and a a doublet forming the lines decreased owing 
to continued broadening. 

The interpretation placed on these changes was that, whilst under 
cycles of a safe range no appreciable change occurred, under unsafe 
ranges of stress the grains broke down and were reduced to a state which, 
to the X-ray beam, was equivalent to a few of the original grains with an 
additional high proportion of randomly oriented crystallites of the 10 * 
cm type. This proportion increased, showing lattice distortion of the 
components, as the stress range increased. 

A remarkable feature was the abruptness of the change in the spectrum 
on passing from the safe to the unsafe range. This point was brought 
out in detail in the following results on specimens 2A42 and 2A45 which 
Were examined at various stages of the cyclic history as stated in Table I. 

(ii) Specimen 2A42 (tested under a safe range of stress)—A comparison 
of the spectra secured at the successive stages in the cyclic history showed 
minor changes only and confirmed the preceding observations on the safe 
specimens. The (220) ring consisted of separate spots, free from con¬ 
tinuous line, and was of the type to be expected from the large grains of 
the material. A count of the spots on the (220) ring was made at each 
stage with the results shown in Table II; the differences in the counts were 
considered to be within the limits of experimental error; within those 
limits therefore the grain size was unchanged. 

Table II 

Specimen 2A42. Count of Reflexion Spots (a t and a a) on (220) ring 



Count 

Deviation 



of 

from 

^Mean 


reflexions 

mean % 


After 10* cycles . 

.. 364 

-“3*2 


10* . 

. 390 

+3-7 


10* .. 

. 378 

+0-5 

► 376 

10* . 

....... 390 

+3-7 


1 025 X 10* . 


-4-3 J 



Representative photographs are reproduced in Plates 8 and 9. 
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(ill) Specimen 2A45 (tested under an unsafe range of stress)—This 
specimen, as illustrated in the photographs of Plates 9 and 10, showed 
marked changes as the number of cycles increased. The main change 
was the growth of continuous line intro which the elongated reflation 
spots tended to disappear. A count was therefore made of the spots 
which persisted and stood out from the continuous line. The difference 
between this count and the original figure before breakdown was pro¬ 
portional to the number of crystallites giving rise to the continuous line; 
the figure before breakdown was taken as 376, the average of the measure¬ 
ments on 2A42. The difference is expressed in Table IIJ as a percentage 
of the grains originally present and indicates the approximate proportion 
of grains which have dissociated into the 10~ 4 cm type of crystallite 
(cf- p. 514). 

Table III 

Specimen 2A45. Count of Strong Reflexion Spots (a v and a a ) persisting 

on (220) Ring 



No. of 

Proportion of grains reduced 


reflexions 

to 10' 4 cm type % 

After 10* cycles . 

. 262 

30 

10* . 

. 188 

50 

10* .. 

. 168 

55 

5-57 x 10* „ . 

. 106 

72 


(iv) Specimens 2A43, 2A41, 6A28—Specimen 2A43, representing the 
unstressed state, gave 340 reflexion spots to the (220) ring (see Plate 10), 
all of which were small and sharp and free from any accompaniment of 
continuous line. A comparison of this figure with the corresponding 
one for specimen 2A42 indicated that in the latter a small increase (10-6%) 
occurred. The stress applied to 2A42 had therefore resulted in some 
breakdown of the grains; but, in contrast with specimen 2A4S, the grains 
so produced were still large and perfect. 

Specimen 2A41 had been subjected to a static torsional couple equi¬ 
valent to a nominal fibre stress of 11 tons/sq in; it gave a spectrum 
(Plate 10) indicating a marked change from that of the unstressed specimen. 
The change was of the nature noted for the fatigued specimen 2A45, and, 
treated in the same way, gave for a count of the reflexion spots persisting 
on the (220) ring the value 150. Subtracting this from 340, the value for 
specimen 2A43 unstressed, we find that, in the same volume, 190 large 
grains, or 56%, have disappeared. This spectrum showed that the changes 
leading up to fracture by fatigue were the same essential type as those 
associated with plastic deformation due to static loading. 
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Specimen 6A28 had been tested to destruction under static torsional 
straining; it gave a spectrum (Plate 10) consisting entirely of a uniform 
continuous line in which the a x and a a rings were coalesced to form a 
single diffuse circle. This indicated that as plastic deformation under 
static torsional loading proceeded up to fracture the progressive deteriora¬ 
tion of the structure continued until, as far as the X-ray beam was con¬ 
cerned, the material behaved as a randomly-oriented medium of line 
grains, 10~ 4 cm approximately, each distorted to the maximum. 

(v) Conclusions —The application of stress cycles of ±9-7 tons/sq in 
results in a progressive change in structure. The change involves a dis¬ 
location of the grains into components which are tilted by amounts, 
estimated from the elongation of the reflexion spots, up to 2° approxi¬ 
mately from the parent grain. In addition, finely divided crystallites of 
the order of 10~ 4 cm are produced and oriented at random. These 
changes are not a secondary effect of the large fatigue cracks because 
they begin at an early stage before such cracks are visible. This dis¬ 
location of the grains into small units which reflect independently an 
incident X-ray beam distinguished quite sharply the unsafe from the safe 
range of stress when cycles of reversed torsional stress are concerned. 

Results Obtained Using Cycles of Alternating Direct 

Stresses 

The results of the alternating torsion experiments recorded above, 
certainly gave interesting and promising results. To obtain even more 
useful information it was apparent that a simpler stress system should be 
employed, also, that it should be one in which stress cycles having a 
mean stress other than zero value could be used. For these reasons, 
attention was then turned to a study of the changes produced by cycles 
of direct stresses (tension and compression) with the results to be now 
described. 

Fatigue Tests in which the Mean Stress of the Cycle is 
Maintained Constant at Zero Value v 

The results of these tests, together with a record of the X-ray examina¬ 
tions made on the specimens used in the fatigue tests, are summarized 
in Table IV. The fatigue data are plotted—using logarithmic scales— 
in fig. 6 to give the usual type of stress-endurance curve. 

The safe fatigue range of the material, under reversed direct stresses, 
has the value of 24*6, i.e., ±12*3 tons/sq in. The static tensile tests, 
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Table IY—Results of Alternating Direct Stress Fatigue 







Tests 





Applied 

Number* 

Reference 


Mean 


range of 

of stress 

mark of 


stress 


shear 

cycles Remarks 

specimen 


of cycle 


stress 

endured 





tons/sq in 

millions 

7A13 

\ 


/ 

±16 

0*044 C X-rayed at completion of fatigue test 

7A14 




±14 

0 *432 C X-rayed at completion of fatigue test. 

7A15 




±13 

1 -656 C X-rayed at completion of fatigue test. 

7A19 


0 j 


±12*75 

1 000 UtX-rayed after 10», 10 4 , I0 6 , and 10* 





cycles. 

7A16 




±12*5 

3 *686 C X-rayed at completion of fatigue test. 

7A17 




±12*25 

12 *500 U No X-ray examination. 

7A18 

/ 



±12 

21*522 U X-rayed at completion of fatigue test. 


Deduced limiting range of direct stresses: 24-6, or ±12*3 tons/sq in. 


*Note ,—C denotes specimen cracked; U denotes specimen remained without 
cracks or other signs of failure at end of test, 
t Test purposely discontinued at this stage. 



Number of stress cycles 


Fio. 6—Results of alternating direct stress fatigue results. • Specimen which failed 
under applied tests; #-* specimen which did not fail. Note zero value of mean 
stress of cycle throughout 
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(e) 2A42 after 10* cycle* of ±9 0 tons/ (d) 2A42 after 10* cycles or ±9-0 tons/ 

•q. In. tq. in. 

(Safe range of stress) (Safe range of stress) 


Photographs (a), (6), (c), and (d) show steady state of structure attained under cycles of 

a safe range of stress. 


Effect on structure of cycles of reversed torsional stresses—{continued) 





(e) 2A42 after I0 7 cycles of ±9*0 tons/ 
sq. in. (unbroken) 

(Safe range of stress) 


(/) 2A45 after 10 s cycles of ±9*7 tons 
sq. in. 

(Unsafe range of stress) 



(g) 2A45 after 10 4 cycles of ±9 7 tons/ 
sq. in. 

(Unsafe range of stress) 


( h ) 2A45 after I0 6 cycles of ±9-7 tons/ 
sq. in. 

(Unsafe range of stress) 


Photograph (e) shows final state after 10 7 cycles of a safe range of stress. Photographs 
(/)» (g)» and (A) show progressive deterioration in structure under cycles of an unsafe 

range of stress. 



Effect on structure of cycles of reversed torsional stresses (continued) 
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I & 
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(i) 2A45 after 5 57 x 10* cycles of ±9 7 
tons/sq. in. 

(Unsafe range of stress) 






(>) 2A43 (unstressed) 


.0 'jM 


(k) 2A41 after yield in static torsion 


»g.v 


mi 


(/) 6A28 after fracture in static torsion 


Photograph (/) shows final state when fatigue cracks are produced under cycles of unsafe 
range of stress. Photographs (/), ( k ), and (/) show changes in structure produced by 
static stress; they are of same type as those produced by fatigue stressing. 


Effect on structure of cycles of reversed torsional stresses and static torsional stresses 




{a) 7AI8 unbroken after 21*522 x !0« 
cycles of ± 12 tons/sq. in. 

(Safe range of stress) 


(A) 7A16 after fracture under 3 -686 cycles 
of i 12*5 tons/sq* in. 

Mid-point of specimen (away from fatigue 






(e) 7A15 after fracture under 1 • 656 x 10« (/) 7A15 at fatigue crack 

cycles of dr 13 tons/sq. in. at mid¬ 
point of specimen (away from fatigue 
crack) 



ig) 7A14 after fracture under 0*432 x 10 4 (A) 7A14 at fatigue crack 

cycles of ±14 tons/sq. in. at mid¬ 
point of specimen (away from fatigue 
crack) 


Effect on structure of cycles of reversed direct stresses—(continued) 



(k) 7AI9 after 10* cycles of ±12*75 tons/ 
sq. in. 



(wi) Enlarged portion of ( /) showing single 
nature of spots 


(/) 7A19 after 10* cycles of ±12*75 tons/ 
sq. in. after removal of surface by 
etching 





(n) Enlarged portion of {k) showing 
multiple nature of spots 


Effect on structure of cycles of reversed direct stresses—(continued) 
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(e) 7A6 after fracture under 0*442 x 10" 
cycles of 22 tons/sq. in, range of stress 



(g) 7A3 after fracture under 0 216 x 10 - 
cycles of 24 tons/sq. in. range of stress 



(/) 7A5 after fracture under 0-312 x 10" 
cycles of 23 tons/sq. in. range of stress 



( h ) 7A1 after fracture under 0 088 x 10* 
cycles of 26 tons/sq. in. range of stress 


Effect on structure of cycles of direct stresses of which the superior stress was main¬ 
tained at a constant nominal value of 20 tons/sq. in.—(continued) 
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Soc., A, vol.J54, Plate 16 



(/) *7A11 (unbroken) after 10 7 cycles of 
20 tons/sq. in. range of stress 
(Safe range of stress) 


O') *7A12 after 10* cycles of 21 5 tons/ 
sq. in. range of stress 
(Unsafe range of stress) 




(k) *7A12 after 10* cycles of 21-5 tons/ (/) *7A 12 after fracture under 3 *846 x 10* 
sq. in. range of stress cycles of 21 tons/sq. in. range of stress 

(Unsafe range of stress) (Unsafe range of stress) 

* Taken with smaller slit system (see text). 


Effect on structure of cycles of direct stresses of which the superior stress was main¬ 
tained at a constant nominal value of 20 tons/sq in—(continued) 
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Proc. Roy. Soc., A, vol.154, Plate 17 



(c) 22 tons/sq in, above yield point id) After fracture at 27 *2 tons/sq. in. 


Photographs (a), (b\ (c), and (</) show changes in structure due to static stress, which arc 
of the same type as those due to cycles of stress of ranges leading to fracture. 

Effect on structure of various intensities of static tensile stress 
(Specimen 7A4 using narrow slit system) 
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previously recorded, gave the values of 10-9 tons/sq in and 16-5 tons/sq 
in, respectively, for the limit of proportionality and yield point of the 
material. Careful comparisons of the diameters of the fatigue specimens 
of this series before and after test showed that no appreciable change 
occurred during the test (except in the immediate vicinity of the fatigue 
cracks). 

Results of X-ray Examination 

In the experiments on the specimens used in the alternating torsional 
tests previously described, the greatest strain should occur on the surface 
and so the incident beam, which penetrates up to approximately 1 /10 mm 
has a favourable chance of striking at once a part of the specimen likely 
to be affected. In the test specimens for direct stresses, the strains should 
be distributed more uniformly throughout a volume, which is much 
larger than that examined by the beam. It was decided, however, to 
examine always the same point, half-way along the length of each speci¬ 
men, and then to secure supplementary photographs from the vicinity 
of the fatigue cracks and such other points as required. 

(i) The effect on the X-ray spectra of increasing the range of stress is 
shown in the selection of photographs reproduced in Plates 11, 12, and 13. 

It was found first that the spectrum of specimen 7A18, subjected to 
cycles of a safe range of stress, was practically identical with that of the 
unstressed material and also with that of a specimen, referred to in a 
later series, to which had been applied a static tensile stress of 12 tons/sq 
in; the feature of the spectrum in each case was the sharpness of the 
reflexion spots forming the (220) ring and the absence of continuous line 
to join them up. This confirmed the previous result that in the safe 
range no change in structure occurred which influenced appreciably the 
X-ray spectrum. 

In the unsafe range, however, the formation of the spectral lines again 
differed distinctly. * The (220) ring obtained from the mid-point of the 
specimens showed changes in the number of reflexion spots, blurring 
and elongation of individual spots, formation of the a x and a t doublets 
and the production of continuous line; these changes were progressively 
more marked with greater values of applied range of stress. It was 
possible for specimens 7A16 and 7A15, tested under unsafe ranges of 
stress, to count the number of reflexion spots and to estimate that pro¬ 
portion of them which exhibit elongation; the results are compared with 
the specimen 7A18 in Table V. 

Specimens 7A16 and 7A15 therefore show an increase in the number of 
reflecting grains per unit volume as well as the dislocation of individual 
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grains. Specimens 7A14 and 7A13, subjected to still greater ranges of 
stress, gave spectra in which the intensity of the continuous line relative 
to the spots had increased so much that similar counts were not attempted. 
In specimens 7A16 and 7A15 all grains were not affected equally; there 
were indications that grains with crystallographic axes, inclined at certain 
angles to the axis of the specimen, were affected selectively (this is prob¬ 
ably due to a resolved shear stress effect). The effect of increased stress 
range, however, was to increase the proportion of grains giving the 
modified type of reflexion, and to carry the changes further in the grains 
already affected. 



No. of («, and 

Table V 

Increase 

Proportion 

Estimated 

Specimen 

a jj) reflexions in 

over 

of elongated 

tilt producing 


(220) ring 

7A18 % 

spots 

elongation 

7A18 

360 

— 

0 

.— 

7A16 

450 

25 

12 

±0*5° approx 

7A15 

520 

44 

20 

±1 0° approx 


The above results followed from examination of the specimen at the 
middle portion of the test length; this section was always at some distance 
from the crack* so that the observations showed that the changes 
described occurred throughout the specimen. Separate photographs 
were taken at the fatigue crack itself. These showed an intense local 
effect; the (220) ring was invariably a continuous ring of practically 
uniform intensity, indicating that the original grains were almost entirely 
dissociated into fine crystallites of the 10 4 cm type. The effect was so 
similar for each specimen that it probably represented a typical secondary 
result of the propagation of the large cracks. 

Photographs were also taken of an area about 2 to 4 mm away from 
the cracks. These also showed enhanced changes; but they were not so 
extreme as those at the crack itself. They were more marked also in the 
specimens 7A13 and 7A14 which had been subjected to relatively great 
ranges of stress; the progressive change with stress suggested that this 
second local effect was not necessarily due to the crack but indicated 
certain stages of breakdown which occur prior to the final cracking 
stage. 

(ii) Specimen 7A19 (examined at various stages of test under an unsafe 
range of stress)—A selection of photographs obtained from this specimen 

* In general, the major fatigue crack occurred near to the fillet radius of the test 
portion; probably a small stress-concentration effect. 
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are given in Plate 13. It was found that the main changes took place after 
10"’ and then 10 8 cycles, the spectrum after 10 s cycles showing little 
change. The variations were an increase in the number of (220) reflexion 
spots accompanied by the formation of elongated and blurred spots 
connected by continuous line; they indicated that the final state at 
fracture would be that described for specimen 7A15 (Plate 12). 

After 10® cycles a detailed examination was made at different points 
over the surface and variations were found which were greater than those 
characterizing the initial material. An example is shown in Plate 13 ( n ) 
which is of special interest in showing an early stage in the changing line 
formations; compared with the photographs taken after 10 s cycles, in 
which the small spots tend to extend laterally along the (220) ring, it was 
found that the spots appeared to have rotated, forming occasional (a lt 
a 2 ) doublets, and giving an impression of radial spreading. The sharpness 
of most of the doublets proves definitely that this stage corresponds to the 
breaking up of the grains into separate crystallites and not to a bending of 
the lattice planes. 

The observations made on this specimen also show that the breakdown 
due to fatigue is a “ local ” effect; all crystals are definitely not affected 
to the same extent. 

A further examination at different depths after the surface had been 
etched away showed no appreciable divergence from the state of the speci¬ 
men at the surface. The conditions of crystal breakdown appeared to 
extend through the whole volume. It is possible, however, that the 
variations might be greater than those observed because the etching 
would remove preferentially the finely divided crystallites which produce 
the continuous type of line. 

(iii) Conclusions —The unsafe range is distinguished from the safe 
range by changes in the structure of the grains which affect the X-ray 
spectrum. These changes start with the dislocation of the grains and 
end in their complete breakdown to a degree depending on the applied 
range of stress. The changes are similar to those recorded for the 
torsional tests but show a slower gradation with increasing ranges of 
stress; this is probably due to the value of the fatigue limit being, 
relatively, more removed from the static yield point in direct stress than 
in torsion. 


2 N 3 



Applied range of cyclic stress tons/sq in 
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tensile value of 20 tons/sq in, the specimen being cyclically unloaded 
from this value by a predetermined range of nominal stress. 

The results of the fatigue tests, together with a record of the X-ray 
examinations made on the specimens used in the tests, are summarized 
in Tab e VI. The fatigue data are plotted—using logarithmic scales- 
in fig. 7 to give the usual type of stress-endurance curve. 

The deduced value of the limiting range of stress, under the conditions 
of test, is 20*7 tons/sq in, corresponding to a cyclical variation of stress 
from 20 tons/sq in in tension to 0*7 tons/sq in in compression. 


Table VI—Results op Dirbct Stress Fatigue Tests Employing a Constant Nominal Value of the 
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In every test, the specimen suffered a sharp yield when the stress cycle 
was first applied. A few notes may be included to describe the behaviour 
of a few typical specimens; it is unnecessary to give an account of the 
behaviour of every specimen. 

(a) Specimen 7A1 (failed after 88,000 cycles of stress varying from 
20 tons/sq in tension to 6 tons/sq in compression). Yielded sharply at 
first application of cycle and continued to extend at a decreasing rate. 
After 60,000 cycles, rate of yielding still diminishing but appreciable. 
At 80,000 cycles, rate increasing. At 86,000 cycles, a number of cracks 
suddenly became visible and increased in size accompanied by a rapid 
increase in rate of yielding. Machine shut down at 88,000 cycles—large 
cracks on surface of specimen. 

( b) Specimen 7A9 (failed after 1,946,000 cycles of stress varying from 
20 tons/sq in tension to 1 ton/sq in compression). Yielded sharply at 
first application of cycle followed by rapidly decreasing rate of extension; 
after 20,000 cycles yielding entirely ceased; no further movement during 
subsequent 10 6 cycles where observation of specimen was terminated. 

(c) Specimen 7A12 (failed after 3,846,000 cycles of stress varying from 
20 tons/sq in tension to 1 - 5 tons/sq in compression; test interrupted at 
intervals). A static stress of 20 tons/sq in was first applied in a testing 
machine; a sharp yield occurred with a reduction in area of the specimen 
of 5-3%. After an X-ray examination, the fatigue test proper was 
commenced. No further extension of the specimen whatever was 
observed during its subsequent fatigue history. After the specimen failed 
no further measurable change had occurred in the diameter of the speci¬ 
men (except possibly in the immediate vicinity of the crack). These 
observations possess some special interest as indicating that, in a specimen 
subjected to a range of cyclical stress which is fairly close to the limiting 
range, the distortion of the specimen is determined mainly by the superior 
stress of the cycle. Under the conditions of the test described, the dis¬ 
tortion is practically completed at the first loading. Alternatively, 
should cyclic stresses of high frequency be applied without interruption to 
a virgin specimen, apparently a large number of cycles is required before 
a similar stable state is reached. But this seems to occur merely because 
the rapid rate of loading retards the development of the plastic deforma¬ 
tion. 

(d) Specimen 7A10 (withstood, without failure, 10,000,000 cycles of 
stress varying from 20 tons/sq in tension to 0-5 tons/sq in compression; 
test not interrupted). Yielded sharply at first application of cycle, followed 
by small further yield at very rapidly diminishing rate; extension entirely 
ceased at 10,000 cycles. 
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(e) Specimen 7A11 (withstood, without failure, 10,000,000 cycles of 
stress varying from 20 tons/sq in tension to zero; test interrupted at 
intervals). A static stress of 20 tons/sq in was first applied in a testing 
machine; a sharp yield occurred, with a reduction in area of the specimen. 
No further extension whatever occurred during the subsequent fatigue 
history. 

Table VI shows that the nominal value of the limiting range of stress 
is 20-7 tons/sq in, while a corresponding value of 24*6 tons/sq in was 
obtained for the same material, when cycles of reversed direct stresses 
were employed in the previous tests. This variation in resistance to 
fatigue is, of course, well known but, hitherto, has been merely accepted 
as an experimental fact; it represents one of the problems on which it 
was hoped some light would be thrown by the present type of investiga¬ 
tion. 

Two explanations may be offered. The value of the limiting range may 
be a function of the mean stress of the cycle as such, i.e., the straining 
effects of the mean stress and the range of stress are additive. 

Alternatively, it may be considered that only the range and the superior 
stress of the cycle are of importance. The total deformation of the 
specimen is largely determined by the superior stress of the cycle; certain 
damage is thereby caused to the crystalline structure. The range of 
stress required to produce fatigue failure then depends only on this amount 
of previous damage. Using the data of Table III, the fatigue range 
reckoned on the reduced area following the initial deformation gives a 
value of 21 -8 tons/sq in under pulsating tensile stresses as against 24*6 
tons/sq in when reversed stresses are employed. Under the second 
explanation, this reduction is due to the damage caused by the greater 
value of the superior stress. 


Results of X-ray Examinations 

Since each specimen has been subjected to a stress cycle whose superior 
stress has a value of 20 tons/sq in, which exceeds the value of the static 
tensile yield stress (16-J-17 tons/sq in), the X-ray spectra show the abrupt 
modifications caused by plastic deformation of the material. The effect 
of the deformation on the spectra of specimens 7A10 and 7A2, tested 
under safe ranges of stress, was therefore noted and compared with 
those of the specimens tested under unsafe ranges of stress in order to 
determine whether superposed effects could be found diistinguishing the 
latter specimens from the former. 
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(i) A comparison of the (220) rings from specimens 7A10 and 7A2 
showed that the structure of these specimens was essentially the same at 
the end of the fatigue tests, being identical with that of a specimen deformed 
by a single static tensile load of 20 tons/sq in, e.g., at the end of the first 
stage of the test on specimens 7A11 and 7A12. It was thus definitely 
established that the application of repeated cycles of a safe range of stress 
does not have any final influence on the structural changes resulting from 
the initial plastic deformation due to a single application of the superior 
stress of the cycle. 

The next comparison made was one between the structure of specimens 
subjected to cycles of safe and unsafe ranges of stress as examined after 
the fatigue test was completed; these showed definite differences. The 
effect of the initial plastic deformation on the spectrum had been to 
elongate the reflexion spots and to increase the intensity of the con¬ 
tinuous line which joined them together; the effect of the application of 
unsafe ranges of stress was to continue this process still further. Thus, 
in the extreme case of specimen 7A1, fractured under cycles of a stress 
range varying from 20 tons/sq in tension to 6 tons/sq in compression, the 
(220) ring consisted of a continuous line almost entirely free from out¬ 
standing reflexion spots. 

Photographs illustrating these changes are given in Plates 14 and 15. 


Table VII 



Nominal applied 

No. of reflexion 

Reduction in No. of 

Specimen 

range of stress 

spots persisting 

spots compared with 


tons/sq in 

on (220) ring 

specimen 7A2 % 

7A1 

260 

6 

98 

7A3 

24 0 

88 

71 

7A5 

23 0 

108 

64 

7A6 

22*0 

136 

55 

7A7 

21-5 

170 

43 

7A9 

21*0 

200 

33 

7A10 

20-5 

300 

0 

7A2 

20*0 

300 

— 


The progression of the changes is indicated in Table VII where values 
are given, for the various specimens, of the counts made on the reflexion 
spots persisting on the (220) ring; these values were subtracted from a 
corresponding count obtained from the spectrum of specimen 7A2 
(which had been tested under cycles of a safe range of stress) and the per¬ 
centage reduction estimated. This percentage reduction then indicates 
that proportion of the large grains, left after the initial plastic deformation, 
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which further disappear as a result of the application of the unsafe ranges 
of stress. 

These results show that the application of unsafe ranges of stress has 
the effect of dislocating further the grain aggregates which are left after 
the initial plastic deformation and of producing an additional amount of 
crystallites which are of the 10~* cm type and are randomly oriented; 
the X-ray data have thus distinguished sharply between the specimens 
tested under unsafe and safe ranges of stress. 

(ii) Specimen 7A11 (subjected to a safe range of stress and examined 
after 1, 10®, 10*, 10 5 , 10®, and 10 7 cycles) attd specimen 7A12 (subjected 
to an unsafe range of stress and examined after 1, 10®, 10*, 10®, 10®, and 
2-846 x 10® cycles). 

In addition to photographs taken with the standard slit system, others 
were taken of these specimens using a smaller slit which passed a narrower 
X-ray beam and therefore covered a smaller area on the specimens. As 
a result, fewer grains contributed reflexions to the (220) ring and the 
nature of the individual reflexions could be more easily seen. Repre¬ 
sentative photographs are shown in Plate 16. 

It was found that in specimen 7A11 the spectrum after 10 7 cycles was 
essentially the same as that after 10® cycles so that no final change in structure 
was detected. The spectra obtained at the intermediate stages, however, 
appeared slightly to fluctuate; those secured after 1, 10*, and 10® cycles 
were a little different from those after 10®, 10®, and 10 7 cycles; they differed 
in that the intensity of the reflexion spots relative to that of the con¬ 
tinuous line joining them was slightly more marked after 1, 10*, and 10® 
cycles. It should be emphasized that this effect was very small; but it 
is recorded as indicating that between narrow limits the crystal structure 
could recover partially from the effect of the initial plastic deformation as 
a result of the application of cycles of a safe range of stress. 

In specimen 7A12, the spectrum after 10® cycles was very similar to that 
obtained after the same number of cycles from specimen 7A11; but that 
after 2-846 x 10® cycles was definitely different from this, and also from 
the final state of the latter specimen. At this stage—after fracture— 
the intensity of the continuous line had increased relative to that of the 
outstanding reflexion spots while the number of these spots had diminished. 
This change implied a distinct breakdown of the crystal structure in 
excess of that produced by the preliminary plastic deformation. The 
spectra obtained after 10*, 10®, and 10® cycles were of an intermediate 
type between that after 10® cycles and that at fracture, indicating a pro¬ 
gressive change as the number of cycles of stress was increased. 
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Effects on Crystalline Structure Caused by the Application 
of Static Tensile Loading 

To afford a basis of comparison with the X-ray data obtained from the 
specimens subjected to direct stress fatigue tests, X-ray photographs were 
taken, using a new specimen, at various stages of a static tensile test to 
destruction. The specimen used, reference 7A4, was of the same form 
as that used in the direct stress fatigue tests —see fig. 2b. The loads were 
applied in a single lever machine of the usual type, the specimen being 
held in special axial loading shackles. 

The specimen was first X-rayed in the unstressed state. It was then 
placed in the machine and loaded gradually up to a nominal stress of 
5 tons/sq in. After maintaining the load for 5 minutes, the specimen was 
removed from the machine and its diameter re-determined by projection; 
it was then submitted to a further X-ray examination. This process was 
repeated successively, using various chosen values of nominal stress, 
until fracture occurred. 

It will be sufficient to record the applied nominal stresses, expressed in 
tons/sq in, in the order they were applied, the figure given in brackets 
denoting the total percentage reduction in area of cross-section as deduced 
from the diameter measured after each test. 

0 (0%), 5 (0%), 10 (0%), 12 (0%), 14 (0%), 15 (0%), 16 (2-2%. specimen 
yielded here), 17 (2 3%), 18 (2-7%), 19 (3-1%), 20 (3-5%), 22 (4-9%), 
24 (5-0%); the specimen fractured at a nominal stress of 27-2 tons/sq in, 
with a reduction of area at the fracture, of 69%. 


Results of X-ray Examination 

The results described in the preceding sections indicated the desirability 
of a detailed study of the changes in the X-ray spectrum produced in a 
specimen subjected to plastic deformation by the application of static 
straining forces. It was necessary to acquire more definite information 
than that available in the literature of this subject concerning the order 
in which the changes took place; such experimental data is of interest in 
respect of the theoretical treatments of plastic deformation recently 
advanced by G. I. Taylor, Orowan, and Polanyi, in addition to its relation 
to the present fatigue aspect. 

The specimen 7A4 was therefore examined at various stages after 
various static tensile loads had been applied for a period of 5 minutes and 
then removed. Typical photographs are given in Plate 17; these were 
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obtained with the narrower slit system used on specimens 7A11 and 7A12; 
other photographs were obtained with the standard slit. 

It was found that up to 14 tons/sq in tensile stress, no measurable 
change occurred in the photographs. The photograph obtained at 14 
tons/sq in was in essence the same as in the preceding stages; it showed, in 
addition, a trail of continuous line attached to one or two spots which 
themselves had become blurred. This point is of interest in indicating 
that the first effect of the static loading, using stresses less than the yield 
stress but exceeding the limit of proportionality, is the dual one of dis¬ 
locating an occasional grain and producing a small amount of finely 
divided crystallites of the I0 4 cm type. 

The next change was at the yield point, reached at a tensile stress of 
16 tons/sq in. Here the (220) ring altered very abruptly; every spot was 
elongated along the circumference of the ring to some extent, indicating 
that every grain was dislocated into components tilted up to a maximum 
of approximately 2° from the original grains; in addition, the con¬ 
tinuous line joining them stretched completely round the ring. The 
point of interest was that the changes applied to every grain simultaneously; 
this observation contrasts with results on some of the fatigue specimens, 
subjected to unsafe ranges of stress, which showed changes in a few grains 
only at one time, others being unaffected. 

The effect of further loading was to increase the lateral spreading of 
those spots which hitherto showed least effect, and to increase the intensity 
of the continuous line to an extent which resulted in the progressive 
submergence of the reflexion spots most affected. Finally after fracture 
and in the “ necked ” portion of the specimen, all individual spots were 
submerged in a uniform diffuse continuous line which indicated that the 
specimen behaved to the X-ray beam as a randomly oriented system of 
small crystallites each of which had suffered distortion of the crystal 
lattice. 

These results are of importance in indicating the nature and mechanism 
of the breaking down of the original crystal structure as the material 
undergoes plastic deformation. 


General Discussion of Results 

In discussing the results obtained, attention may first be directed to 
the three conditions of the crystals which have been observed in the 
various stages of transition: these will be termed (a) the perfect grain, 
(b) the dislocated grains, and (c) the crystallite. Of these stages and the 
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conditions which are responsible for transition through these stages, 
more data than has hitherto been available appears to have been obtained. 

The perfect grain is defined as a crystal which gives rise on the X-ray 
photograph to a single sharp spot and which, therefore, within the limit 
of measurement, possesses the same crystallographic orientation at every 
point within its volume. In the present experiments this type of grain 
occurs in the initial unstressed state of the aggregate and has a size of the 
order of 10 -2 cm. 

The dislocated grain is defined as a grain which reflects on to the X-ray 
photograph a spot which is elongated along an arc of the reflexion ring, 
and which, therefore, is composed of fragments which depart in orienta¬ 
tion from that of the original grain by an amount corresponding to the 
extent of the observed elongation. The present observations indicate that 
the component parts of such grains may be oriented relatively to each 
other at angles up to a maximum of about 2°. The dislocated grains, 
therefore, may be enclosed by general boundaries which are materially 
the same as those of the parent perfect grain; they differ from the perfect 
grain however in respect of the “ loosened ” internal structure shown 
up by the X-ray method. 

The crystallite is the term applied to the very small crystal fragments 
which give rise in the X-ray photograph to a sharp continuous line extend¬ 
ing along the circumference of the reflexion ring to an extent much 
greater than the simple elongation due to a dislocated grain. This 
extensive spread of intensity indicates a wide variation in orientation of 
the crystallites; it is of a different nature from the reflexion from a dis¬ 
located grain, the reflexion from which, though slightly elongated, is 
strong and isolated and obviously comes from a single if imperfect 
grain. The uniformity and sharpness of the continuous line indicate 
that the size of the crystallites is of the order of 10~ 4 to 10' 5 cm. A tail 
of such continuous line attached to the strong reflexion from a dislocated 
grain indicates that widely oriented crystallites form simultaneously with 
the initial dislocation of a grain and probably exist at the boundaries or 
between the component parts of such grains. 

The use of these terms simplifies the description of the effects of stress 
in the crystalline structure as disclosed in the present investigation. We 
consider first the changes produced by the application of simple static 
tensile loading. 

Under stresses up to the limit of proportionality, the original perfection 
of grain is maintained. At stresses intermediate between the limit of 
proportionality and the yield point, a few individual crystals only begin 
to break up, producing a small proportion of dislocated grains and crystal- 
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lites; the bulk of the material persists in the form of perfect grains. At 
the yield point, an abrupt change takes place. When yielding has been 
completed, every one of the original crystals has suffered dislocation in the 
manner described; the material now consists entirely of dislocated grains 
and a small proportion (by volume) of crystallites. With increased 
intensities of loading, each grain becomes more dislocated, to an increasing 
degree, with the production of a larger proportion of crystallites. At the 
breaking point, in the immediate neighbourhood of the actual fracture, 
the metal consists entirely of randomly-oriented crystallites. In addition, 
at the completion of this stage, a radial broadening of the diffraction 
ring sets in which is usually attributed to the introduction of actual dis¬ 
tortion of the atomic lattice. 

Thus, under static loading, plastic deformation proceeds—under 
suitable straining forces—until the process of grain dislocation is com¬ 
pleted. Plasticity appears to be associated with the progressive dis¬ 
location of an increasing number of grains; when this process is carried 
to an advanced stage as shown by the production of a high proportion of 
randomly oriented crystallites, fracture takes place. In the neighbour¬ 
hood of the fracture the material is composed entirely of a system of 
small crystallites oriented at random and showing marked indications of 
lattice distortion. We may conclude that fracture under static stressing 
is associated with a limiting amount of dislocation and lattice distortion 
of the crystallites. 

Consideration may now be given to fatigue failure, taking as the most 
general case, a stress cycle whose superior stress is maintained constant 
at a value exceeding the static yield point of the material. Let this 
superior stress be first applied statically, or the stress cycles be applied 
at such a slow rate that sufficient time elapses to permit the completion* 
of all the plastic deformation due to this stress. As a result, crystal break¬ 
up into a smaller grain size takes place, together with the production of 
crystallites. 

The specimen may then be cyclically unloaded and reloaded to and 
from a lower stress, the applied range of loading thus produced being 
just insufficient to lead to fracture; in other words, cycles of a limiting 
safe range of stress (strain) are in operation. After a very considerable 
number of such stress cycles have been applied, an examination will show 
practically no further deterioration in structure, the state of grain dis- 

* The effect of high frequency stressing in retarding this deformation and causing 
yielding to be spread over a considerable number of cycles has already been discussed 
in the foregoing. 
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location and the number of crystallites produced remaining essentially 
as after the first application of the superior stress of the cycle. When the 
structure is examined at intervals during the tests, slight differences— 
representing sometimes a deterioration, sometimes a recovery—are 
observed: these may represent slight changes due to the periods of resting 
between the tests or to the effect of the cyclic stresses as such, they were 
not distinguishable in the present tests. But the main conclusion is that 
the application of cycles of a safe range of stress (strain) is unable to cause 
progressive damage to the state of the structure, a stable state has been 
set up. 

If the range of applied loading exceeds the fatigue range, the total 
damage caused is dependent on the amount by which the applied range 
is in excess of the safe range, but the characteristic nature of the changes 
which occur in the neighbourhood of the ultimate fatigue crack are 
exactly similar under all unsafe ranges of stress. Under an applied 
range of stress just exceeding the fatigue range, the course of fatigue is 
as follows. 

The principal changes are confined to a portion only of the dislocated 
crystals. This change in structure does not occur at once but represents 
the summation of progressive changes which take place during the cyclic 
history of the specimen. Finally, a state is reached in which this pro¬ 
portion of the grains has undergone complete break-down into strained 
crystallites; when this is reached, fracture occurs. At greater ranges of 
applied stress, an increasing number of crystals are reduced to fragmenta¬ 
tion (values of up to 98% are recorded in Table VII). But it is concluded 
that in the neighbourhood of the actual fatigue fracture, or areas of latent 
fracture, the original structure is completely destroyed, by conversion 
into crystallites, and that this occurs under all unsafe ranges of stress. 
A definite condition of structure is thus associated with fatigue failure, 
which condition is precisely similar to that which characterizes fracture 
under static loading (and possibly all other forms of loading, such as 
impact, etc., although these have not yet been investigated); this is a 
fundamental conclusion which appears to be warranted by the present 
investigation. 

To the primary problem of the “ real structure ” of crystals, the present 
research contributes some further data. Previous observations of many 
kinds and by many workers point to the existence in crystals of a more 
or less imperfect mosaic of crystallites which tend to the statistical average 
of 10 4 cm in size. Also in X-ray work on metals deformed by cold- 
work, one of us has pointed out the contrast between the ease with which 
large grains may be reduced to the crystallite stage and the difficulty of 
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carrying this breakdown to a much lower order of size. The present 
work confirms the significance of this stage not only in metals deformed 
statically but also in metals fractured by application of cyclic stresses. 
On purely experimental grounds, the observations appear to indicate the 
presence of incipient lines of weakness within the boundary of a grain 
which allow of, first, dislocation and, finally, disintegration into the units 
referred to as crystallites. 

This investigation has been carried out as part of a general research 
into fatigue, financed by the Advisory Council of the Department of 
Scientific and Industrial Research, and under the general scientific super¬ 
vision of the Executive Committee of the National Physical Laboratory. 
The authors desire to record their thanks to these bodies for the research 
facilities afforded and for permission to publish the results. Also to 
Dr. C. H. Desch, F.R.S., who kindly undertook the heat-treatment and 
etching of the samples used, to Mr. P. L. Thorpe, of the Engineering 
Department of the National Physical Laboratory, for assistance afforded 
in the observations made, and to Mr. M. W. Coy of the Engineering 
Department Workshop Staff who prepared the specimens with great 
care. 
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Studies in Thixotropic Gelation 
I—The Mechanism of Thixotropic Gelation 

By J. L. Russell and Eric K. Rideal, F.R.S., Laboratory of Colloid 

Science, Cambridge 

(Received November 28, 1935) 

Thixotropic gels can be converted into sols by applying a suitable 
mechanical stress, e.g., by shaking, and set to gels again at a definite rate 
when the stress is removed. We define a gel as any system consisting of a 
disperse phase in a liquid dispersion medium, having a measurable 
rigidity. 

The actual transition, in a thixotropic system, from sol to gel or from 
gel to sol is not in general accompanied by any change in volume, although 
the gel itself may subsequently contract (syneresis). The average distance 
between the constituent particles is therefore the same in the sol and the 
gel. It is necessary to explain how, under the circumstances, rigidity 
can develop in the previously fluid sol. The most widely accepted theory 
appears to be that the particles in the gel are surrounded by thick envelopes 
of orientated water molecules, or “ lyospheres ”; that these envelopes 
are destroyed by shaking and re-form on allowing to stand; and that 
rigidity arises when the lyospheres are large enough to make contact 
with each other throughout the system. 

This theory has been put forward, in somewhat varying forms, by 
Ostwald,* Hauser,f and Freundlich.J The chief evidence which has been 
adduced in its favour is: 

(1) The transition from sol to gel has been observed ultra-micro* 
scopically in bentonite suspensions, in which most of the particles were 
comparatively large, by Freundlich§ and Hauser.11 In neither case did 
the visible particles show any signs of approaching each other during 
gelation, and many of them appeared to remain visibly separated from all 
others in their neighbourhood. The only noticeable change during the 
transition was that the Brownian motion of the particles slowed down and 
eventually ceased. 

* ‘ Kolloid. Z.,’ vol. 46, p. 263 (1928). 

t * J. Rheology,' vol. 2, p. 5 (1931). 

J ‘ Kapillarchemie,’ vol. 2, p. 624 (1932). 

§ • Kolloid Z.,' vol. 46, p. 289 (1928). 

|| * Kolloid Z.,’ vol. 48, p. 57 (1929). 
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Similar observations were made by Schalek and Szegvari* on Fe s O s 
sols. It was concluded that gelation was due to the formation of rigid 
water envelopes extending from one particle to the next. The average 
separation between particles in a 14% bentonite gel was calculated by 
Freundlichtobe 120 m}x. In Hauser’s suspensions, in which thixotropy 
was observed at concentrations down to 0 06%, the average separation, 
and hence the thickness of the water envelopes according to the theory, 
must have been correspondingly greater. It may be mentioned that 
Rabinersonf obtained fairly rigid V 2 O s gels at a concentration of only 
0-0045%. 

The main objection to this view is that it ignores the possibility that 
gelation may be determined by finely dispersed material lying below 
the limit of visibility in the ultramicroscope, when the observations would 
give no information as to the nature of the process. 

(2) Ostwald and Haller! and Werner§ claim to have established the 
existence of thick lyospheres from measurements of the sediment volume 
of colloidal particles in different electrolyte solutions and in different 
organic liquids. They found that the volume varied considerably 
according to the electrolyte concentration and the dispersion medium, 
and they assumed that the differences were due to the varying thicknes* of 
the lyospheres under the different conditions. In this way Ostwald and 
Haller deduced thicknesses up to 1 (x, and Werner up to 3 (x. The 
significance of these conclusions is seriously impaired, however, by the 
fact that in their experiments increased sediment volume was associated 
with increased degree of flocculation of the suspension, and was therefore 
more probably due to orientated coagulation of the particles than to an 
increase in the thickness of the lyospheres. Buzaghli avoided this source 
of error to some extent by using a dilute suspension of very thin glass 
plates. From his results he calculated the thickness of the lyosphere in 
water to be 0 • 3 |x greater than in N/10 BaCI 2 . It seems probable, however, 
that this difference could be equally well explained as due to a closer 
packing of the particles consequent on the reduction of their K potential 
by the electrolyte. 

The chief alternative explanation of thixotropy yet advanced is that 
it is due to orientated coagulation of the colloidal particles. Usherf 

* ‘ Kolloidzschr.,’ vol. 33, p. 326 (1923). 
t ‘ Kolloidzschr.,’ vol. 68, p. 305 (1934). 
t ■ Kolloidchem. Beih..’ vol. 29, p. 354 (1929). 

§ ‘ Ber. deuts. chem. Ges.,’ vol. 62, p. 1525 (1929). 

|| ‘ Kolloidchem. Beih.,’ vol. 32, p. 114 (1931). 

II ‘ Proc. Roy. Soc.,’ A, vol. 125, p. 143 (1929). 
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showed by means of microphotographs that under suitable conditions 
relatively large particles could coagulate to form chains and open net¬ 
works, and he suggested this as a cause of gelation. Bary* expressed the 
view, though without producing much experimental evidence in support 
of it, that all thixotropic systems were mixtures of a lyophilic and a 
lyophobic constituent and that gelation was due to a mutual orientation 
of the two types of particles with respect to each other. 

The uncertainty attaching to the interpretation of the available data 
made it desirable to obtain more detailed information on two of the 
relevant points; firstly on the effect of small quantities of finely dispersed 
gel-forming material on a lyophobic suspension, and secondly on the 
approximate distance apart of the colloidal particles in a thixotropic 
system. 

Experimental 

The thixotropic material employed was an alumina sol prepared by 
a modification of Crum’s method. Basic aluminium acetate was boiled 
for a few hours in water, decanted from sediment, and electrodialysed 
between cellophane membranes at 110 volts for 6 hours. The alumina 
was deposited by this means on the cathode membrane as a gel, which 
was readily peptized by shaking up with distilled water. The sol thus 
obtained contained about 1 gm litre A1 2 0 3 and proved to be highly 
dispersed; only a very slight sediment being observed after standing for 
a month. An amorphous silica suspension with particles 0-5 g-2 n 
diameter and a quartz suspension 20 jx— 160 pt diameter were used as 
lyophobic non-thixotropic materials. The amorphous silica was pre¬ 
pared by grinding dried silica gel, and was kindly supplied by Cape 
Explosives Ltd. 

The Coagulation of Amorphous Silica Suspension by Alumina 

Sol 

Portions of 5 cc of 0 • 5% amorphous silica suspension were shaken up 
with 5 cc of alumina sol of varying concentrations and the rate of settling 
was compared with that of a corresponding silica suspension to which no 
alumina had been added. The results are given in Table I. 

One part of alumina to 12,500 of silica produced noticeable coagulation; 

1 to 2000 brought the suspension to its isoelectric point; 1 to 50 produced 
a stable electropositive suspension which sedimented at exactly the same 
rate as the original electronegative suspension. 

* * C.R. Acad. Sci. Paris,’ vol. 196, p. 183 (1933). 
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The Effect of Electrolyte on Alumina/Silica Mixtures 

Similar experiments were carried out in which the alumina/silica 
systems were mixed with 0-5 millimols per litre Na s HP0 4 (see Table II). 

The gel formed with 250 mg/litre A1 2 0 3 was too weak to support its 
own weight on inverting the tube, but it was strong enough to hold up the 
silica particles without showing any sign of settling. Hence in a silica 
suspension of concentration 2500 mg per litre, a definitely thixotropic 
character may be given to it by the presence of 10% of gel-forming 

Table I —Effect of Alumina Sol on Amorphous Silica 

Suspension 


Concn. of 

Concn. of 

SiOj /Al a 0 3 

Coagulation 


silica 

A1 tfOg 

by 

after 


mg/litre 

mg/litre 

weight 

60 min 


2,500 

0-2 

12500 

i 

Electro-negative 


0*5 

5000 

iii 

M 


1 

2500 

V 


,, 

2 

1250 

V 

Electro-positive 


5 

500 

iii 



10 

250 

ii 

,, 


20 

125 

ii 



50 

50 

o 


M 

100 

25 

o 



v denotes complete coagulation; o no coagulation, and the other numbers inter¬ 
mediate states. 

material. The remaining results show that less than 1% may be sufficient 
to change the normal lyophobic coagulation into a very definite floccula¬ 
tion. This fact is brought out much more strikingly in the next series of 
experiments. 

The Effect of Electrolyte on Alumina/Quartz Systems 

Mixtures of coarse quartz particles (20 (z-160 jz diameter) with alumina 
sol formed thixotropic gels at suitable electrolyte concentrations. The 
present series of experiments was designed to obtain accurate measure¬ 
ments of the volume occupied by these gels under different conditions. 
For this purpose special settling tubes were made up by cementing a 
microscope cover-slip on to the end of a piece of uniform Pyrex tubing, 
the rim of which had previously been accurately ground. Tubes of 
uniform bore were thus obtained, in which the volume of the gel was 
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directly proportional to its height. The cross-section of each tube was 
almost exactly 1 sq cm. The height of the gel was measured by means of 
a cathetometer. 

The first series of determinations was carried out using suspensions 
containing 50 gm/litre quartz, 250 mg/litre alumina, and varying quanti¬ 
ties of Na*HP0 4 . The total volume of suspension for each experiment 
was 4 cc. The weights of quartz and alumina present were thus 200 mg 
and 1 mg respectively. The quartz alone, in the absence of alumina or 

Table II—Coagulation of Alumina, Silica, and Alumina/Siuca 
Mixtures with 0-5 Millimols/Litre Na s HPO t 


Concn. of 
SiO, 
mg/litre 

0 

Concn. of 
AlgO, 
mg/litre 

250 

SiO a /Al a O s 

by 

weight 

Effect of adding electrolyte 

Weak but stable thixotropic gel. No 
settling after 3 days. 

2500 

0 


No coagulation. At higher electro¬ 
lyte concentrations typical lyo- 
phobic coagulation occurred and 
a compact granular coagulum was 
formed. 

2500 

250 

10 

Weak but stable thixotropic gel. 
No settling after 3 days. 

2500 

100 

25 

Instantaneous heavy flocculation. 
Completely settled after 30 mins. 

2500 

50 

50 

Instantaneous heavy flocculation. 
Completely settled after 30 mins. 

2500 

20 

125 

Instantaneous flocculation. Floes 
were small and rather granular. 
Settling almost complete after J 
hour. 


electrolyte, settled completely in about 2 minutes and occupied a sediment 
volume of 0 -127 cc. It showed no signs of gelatinization. The effect of 
alumina, at suitable electrolyte concentrations, was to produce thixo¬ 
tropic gels occupying a larger volume than the original quartz sediment. 
For example, using 0-75 mM /litre Na 2 HP0 4 , the suspension immediately 
after shaking up became flocculated, and settled rapidly for about 1 
minute. Later, the sediment became homogeneous and gelatinous in 
appearance, and its volume after a comparatively short time approached 
a constant value. The sediment volume after 2 minutes was 0-665 cc. 
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after 5 minutes 0-575 cc, after 30 minutes 0-535 cc, and subsequently 
remained practically unchanged. After 30 minutes the sediment had the 
appearance of a uniform gel. If the supernatant liquid was siphoned off, 
the gel was found to be thixotropic and to have a high rigidity. 

The variation in sediment volume with electrolyte concentration is 
shown in fig. 1. The volume was determined 30 minutes after mixing. 

All the systems with more than 0-20 mM Na 2 HP0 4 were thixotropic, 
but a definite zone of maximum gel volume occurred at about 0-75 mM. 
A similar maximum has been found in thixotropic clay suspensions (see 
Part II, p. 550) and in bentonite suspensions (Freundlich, Schmidt, and 



Fig. 1. 

Lindau*). It thus appears that thixotropic gelation in alumina/quartz 
systems is essentially similar to that in other colloidal systems which 
have been studied. 

A further series of experiments was carried out in order to find the 
effect of smaller amounts of alumina on the sediment volume and gel¬ 
forming properties of the quartz. In each series 200 mg of quartz were 
used, the concentration of Na 2 HP0 4 was 0-75 mM/litre, and the total 
volume of the suspension was 4 cc. Gel-formation was most con¬ 
veniently tested for, when the volume was small, by tapping the tube 
sharply and observing whether the sediment quivered. The results are 
shown in fig. 2. 


• ‘ Kolloidchem. Betti.,’ vol. 36, p. 43 (1932). 
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The sediment was distinctly gelatinous with quantities of alumina 
from 0-05 mg upwards. Between 0-05 mg and 1*0 mg the increase in 
sediment volume was directly proportional to the increase in alumina 
content. This is to be expected since the weight acting on the gel, being 
almost entirely due to the quartz particles, remains sensibly constant as 
the alumina content varies. Below 0 05 mg the sediment volume 
decreased disproportionately rapidly, probably because the alumina was 
no longer sufficient to coat the quartz particles completely. The effect 
of 0-002 mg of alumina was just measurable, but results at this con¬ 
centration were somewhat erratic. If no alumina was present, the sedi- 



0 0-2 0-4 0 6 0-8 to 1-2 

Weight of Al,O a (mg) 

Fio. 2. 


ment volume of the quartz was still significantly greater than that of the 
original quartz suspension in pure water. This can be explained, following 
Buzagh,* on the supposition that the adhesion capacity of the particles 
is increased by the presence of the sodium phosphate, and hence 
that they tend to adopt a more open packing. The more firmly the 
particles adhere to one another, the less tendency will there be for them 
to slip down into a close-packed arrangement. 

Discussion 

The effect of traces of gel-forming material on the coagulation of 
quartz particles with 0-75 millimols/litre Na 2 HP0 4 is summarized in 
Table III. 

* • Kolloidchem. Beih.,’ vol. 32, p. 114 (1931). 
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It appears therefore that a relatively coarse lyophobic colloid may under 
suitable conditions be converted into a gel if it contains only 0*025% of 
gel-forming material. With 0-5%, the gel shows definite thixotropic 
properties and may have a volume several times greater than that of the 
original sediment. Hence no conclusions concerning gel structure can 
be drawn from observations in the ultramicroscope unless it is certain 
that even the most minute traces of highly dispersed material are absent. 
It is doubtful whether this condition is fulfilled in any of the known 
thixotropic systems. 


Table III 


Quartz/ Concentration 


Weight of 

Weight of 

alumina 

Sediment 

of quart 2 in 

quartz, mg 

alumina, mg 

by weight 

vol., cc 

sediment 
% by weight 

200 

0 

.— 

0 149 

73 

200 

005 

4000 

0-199 

62 

200 

1-0 

200 

0-535 

30 


The data reproduced in fig. 2 show that over the linear portion of the curve 
the volume of the gel increased by 0-355 cc/mg of alumina added; the 
effective concentration of the alumina in the gel phase being therefore 
2-8 gm/litre. Hence, if the density of solid alumina is taken as 2-0, a 
given volume V of the solid must occupy a volume of 710 V in the gel. 
By making suitable assumptions as to the nature of the ultimate alumina 
particles, it is possible to estimate the order of magnitude of the water 
envelopes required according to the lyosphere theory. For instance, if 
the particles were spheres of diameter d with an open cubical packing 
the averag e distance between neighbouring particles would be about 

- Id. The effective mean diameter of the particles was in all 

probability not less than 100 A. The thickness of the lyosphere must 
therefore have been at least 300 A, corresponding to at least 100 water 
molecules. This does not represent the complete lyosphere round the 
particle, but only that part of it which is sufficiently rigid to support the 
weight of the large quartz particles. By using a lower concentration of 
fine silica particles a gel was obtained in which the final concentration of 
alumina was 0-25 gm/litre (see Table II). Under these conditions the 
mean separation of the particles would be about 16 d and the thickness of 
the lyosphere at least 250 water molecules. 

These dimensions are smaller than most of those postulated by previous 
workers, but we consider nevertheless that they are much too large to 



548 


J. L. Russell and E. K. Rideal 


be accepted. It has already been shown that the evidence which has 
been advanced in their favour is not convincing. In addition there are 
the following objections:— 

(1) The molecules in the lyosphere should presumably be orientated 
to some extent. If this were so, the dielectric constant of a thixotropic 
gel in an aqueous dispersion medium ought to be considerably lower than 
that of pure water. Kistler* and Kallmann and Kreidlf showed that the 
dielectric constants of various thixotropic gels differed by less than 2% 
from that of pure water. The amount of adsorption, if any, must, 
therefore, have been much less than would be required by the theory. 

(2) The transition from sol to gel in a thixotropic system occurs without 
any measurable thermal changes. But if, as the theory postulates, a 
large proportion of the water molecules become immobilized, a not 
inconsiderable temperature change would be anticipated. 

(3) There is no theoretical basis for the assumption that the forces 
required to bind the lyospheres really exist. These forces would seem to 
be very much greater than any which are generally supposed to be present 
in solutions. 

The alternative theory, which is here submitted as offering a satis¬ 
factory explanation of all the known facts, is that thixotropic gelation is 
due to orientated coagulation. This theory presupposes that the ultimate 
particles of which the gel-forming material is composed are anisotropic 
or anisometric, or both, and that the charge and the adsorbed water 
molecules, if any, are unequally distributed in consequence. Hence if 
the charge and hydration are gradually reduced by the addition of increasing 
amounts of electrolyte, a point should be reached where adhesion will 
occur if two particles come together at one particular orientation with 
respect to each other, but not if they collide in any other way. In this 
way, regular orientated structures will be built up throughout the system. 
If the particles are rod-like they will presumably form a 3-dimensional 
network; if they are plates, some type of “ honeycomb ” structure is to 
be expected. Since only very limited areas of the surfaces are in contact, 
any stress, such as shaking, which tends to destroy the orientation, will 
tend to destroy the structure. When the stress is removed the structure 
will form again. 

With higher electrolyte concentrations random coagulation will occur 
and more compact irregular floes will be formed, which cannot be com¬ 
pletely dispersed again by shaking. 

* ‘ J. Phys. Chem.,’ vol. 35, p. 815 (1931). 
t' Z. phys. Chem.,’ vol. 159 A, p. 322 (1932). 



Thixotropic Gelation 549 

The evidence which can be advanced in support of this theory is:— 

(1) Nearly all thixotropic sols show strong stream double refraction, 
and therefore consist of particles which are both anisotropic and markedly 
anisometric. Aschenbrenner* showed, for an alumina sol, that the 
stream double refraction reached a maximum at electrolyte concentra¬ 
tions at which thixotropic gelation occurred. 

(2) The action of electrolytes on colloidal systems in the thixotropic 
zone is closely analogous to that in the flocculation zone. Freundlicht 
and his co-workers have shown that the relative efficiencies of different 
electrolytes in producing gelation and flocculation in a given system are 
the same, and also that the variation with electrolyte concentration of the 
rate of setting in the one case, and of the rate of coagulation in the other, 
can be expressed by the same general formula. 

(3) There is no sharp distinction between gelation and flocculation. 
The one process passes continuously into the other as the concentration 
of colloid or of electrolyte is varied. 

(4) In all known thixotropic systems it can either be shown, or else 
reasonably assumed, that there is a certain amount of highly dispersed 
anisotropic material present, to which the gel-forming properties of the 
system can be ascribed. 

Summary 

Thixotropic gels have been prepared by the addition of small amounts 
of alumina to silica suspensions. One part of alumina to 4000 of 
relatively coarse quartz particles was sufficient to produce gelation. With 
larger amounts of alumina the increase in volume of the gel was directly 
proportional to the weight of alumina added. 

The possible mechanisms of gel-formation are discussed. The theory 
proposed in the present paper is that thixotropic gelation is due to 
orientated coagulation of the colloidal material, or of some part of it. 

* * Z. phys. Chem.,’ vol. 127, p. 415 (1927). 
t ‘ KoUoidzschr.,’ vol. 46, p. 289 (1928). 
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Studies on Thixotropic Gelation 
II—The Coagulation of Clay Suspensions 

By J. L. Russell, Ph.D. 

(Communicated by E. K. RideaL F.R.S.—Received November 28, 1935— 
Revised February 24, 1936) 

The coagulation of very dilute clay suspensions by electrolytes has been 
studied in detail by Tuorila* and others, but strong suspensions have so 
far received very little attention. The work of Bradfield,f Schofield and 
Keen,} and Schofield and Scott Blair§ on clays, and of Freundlich, Schmidt, 
and Lindau[| on bentonite have dealt with certain aspects of the subject, 
but no complete investigation of the effect of electrolytes on moderately 
strong suspensions has been made. Information on this question should 
be of particular interest, both on account of the peculiar, and in some 
respects almost unique properties of clay, and also because of its possible 
relevance to the practically important problem of the influence of electro¬ 
lytes on soil structure. 

Experimental 

The material used in most of the experiments was a separated Oxford 
clay saturated with sodium ions, which had been prepared and kindly 
supplied by E. W. Russell.^ The clay was stored in a dry condition and 
the suspensions made up as required, by shaking a portion in distilled 
water for a few hours. 

The experimental procedure which was adopted in the present work, 
except where otherwise stated, was as follows:— 

The bulk suspension was made up to the required concentration (usually 
1%), and was then left to age for at least three weeks before being used. 
The coagulation experiments were carried out in test-tubes |-inch diameter, 
selected to have as nearly as possible the same internal diameter. 5 cc 
each of clay and electrolyte suspension were used. The electrolyte was 
added rapidly to the clay by means of a calibrated pipette with a broken 

• * Kolloidchem. Beih.,’ vol. 27, p. 44 (1928). 

t ‘ J. Phys. Chem.,’ vol. 32, p. 202 (1928). 

J ‘ Nature,’ vol. 123, p. 492 (1929). 

§ ‘ Trans. Faraday Soc.,’ vol. 27, p. 629 (1931). 

II 1 Kolloidchem. Beih.,’ vol. 36, p. 43 (1932). 

f The method of preparation is described in ’ Phil. Trans.,’ A, vol. 233, p. 366 
(1932). 
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tip, which delivered in about 2 seconds. The mixture was then shaken 
vigorously for about 1 second in order to ensure uniform mixing. Each 
portion of clay suspension was withdrawn directly from the bulk sus¬ 
pension, and was used once only. Closely reproducible results were 
obtained by this technique. The effect of varying the experimental 
conditions will be discussed later. 

The Coagulation of 0-5% Oxford Sodium Clay with Sodium 

Chloride 

No coagulation occurred with sodium chloride concentrations less than 
about 0*05 N. Above this three distinct types could be produced by 
suitable variation of the electrolyte concentration. These will be pro¬ 
visionally designated by the letters A, B, and C respectively. Coagulation 
A occurred at concentrations between 0*05 N and O il N NaCl. The 
suspensions broke up into a number of very small floes, which were 
somewhat granular in appearance and which settled more or less in¬ 
dependently of each other. With 0 *05 N NaCl coagulation was very slight 
after 24 hours; with 0 • 11 N NaCl it was nearly complete after 1 hour, 
although the supernatant liquid remained permanently slightly turbid. 
Between O il and 0*12 N NaCl a sharp transition to a different type— 
coagulation B—occurred. The suspension developed a certain degree 
of rigidity and elasticity, and settled as a homogeneous mass. The 
supernatant liquid was quite clear, except sometimes in the early stages 
of settling, and the boundary between it and the settling suspension was 
very sharp. The upper surface of the suspension often preserved the 
concave shape of the liquid meniscus. If a scratch was made on its 
surface, the impression was retained for an indefinitely long period. A 
banded structure often appeared after some time consisting of alternate 
horizontal layers of lighter and darker colour. These were rather 
irregularly spaced, usually 4-2 mm thick, and showed no systematic 
variation with height throughout the suspension. The rigidity could be 
completely destroyed by shaking up, but reappeared on allowing to stand. 
The system was therefore a thixotropic gel. 

The gel settled rapidly at electrolyte concentrations slightly higher than 
the transitional one, and tended to break down into the A form. At higher 
concentrations this tendency disappeared and the rate of settling decreased 
until it reached a minimum with 0*20 N NaCl. Above this it again 
increased until, with about 0*4 N NaCl, the suspension broke up into 
large irregular floes which settled rapidly in a confused mass (coagulation 
C). The stability of the gel, which for present purposes will be defined 



552 


J. L. Russell 


qualitatively as being inversely proportional to the rate of settling, thus 
reaches a definite maximum within the B range. The quantitative 
results are shown in fig. 1. Curve I represents the time required for the 
supernatant liquid to become almost completely clear in the A range, 
and for the upper boundary of the suspension to settle 3 mm in the B and 
C ranges. Curve II represents the height of the sediment after 24 hours; 
the original height of the suspension being very close to 6-0 cm in each 
case. 

The stability of the gel depended to some extent on the method of 
mixing the clay and electrolyte. The influence of this factor in the 



Fig. 1.-A range;-B range;.C range. 

coagulation process was determined in certain cases by parallel experi¬ 
ments in which the suspensions were left unshaken after running in the 
electrolyte. Owing to the rapidity with which the pipette delivered, good 
mixing could be obtained by this method with dilute electrolyte solutions. 
With more concentrated solutions however, the mixing was less efficient 
on account of their higher densities. It was found that shaking had 
little effect in the A range; it increased the stability of the gel between the 
lower limit of the B range and the point of maximum stability; at higher 
electrolyte concentrations it greatly decreased the stability and increased 
the tendency to flocculation. Similar effects were obtained, but to a less 
extent, if the system was only shaken gently after mixing. With vigorous 
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shaking, slight variations in its intensity and duration had no appreciable 
influence. 

The gels in the B range, although thixotropic, were not completely 
reversible. After repeated re-dispersion they gradually became more 
unstable and eventually broke up into floes. The less stable the original 
gel was, the more easily it could be flocculated in this way. Near the 
limits of the B range a single re-dispersion was sometimes sufficient to 
destroy the gel structure almost completely. On the other hand, in the 
region of maximum gel stability there was no measurable falling off of the 
stability until the process had been repeated about ten times; at least 
24 hours being allowed between each re-dispersion. In this region 
therefore, the thixotropy was very nearly reversible. The changes may 
be due chiefly to a gradual coarsening or crystallization of the colloidal 
material, such as occurs in many colloidal systems in presence of electro¬ 
lyte. No direct evidence has been obtained on this point. 

It will be observed that the stability of the gel reaches a maximum at 
the same point whether it is defined in terms of the rate of settling, as in 
the present paper, or in terms of the resistance of flocculation on repeated 
shaking. This point appears therefore to have a genuine significance for 
the gel structure. 

Table I— Coagulation of 4% Oxford Sodium Clay with NaCl 


Concentration 

of 

Type 

of 


Distance (in mm) settled in time 

_______ 


NaCJ 

coagulation 

- 

3 hours 30 hours 

7 days 

33 days 

005 

A/B 

NS 

NS 

3 

5 

0*075 

B 

»* 

it 

3 

11 

010 

B 

>» 

it 

i 

15 

015 

B 


it 

34 

13 

0-20 

B 

»> 

1 

21 

15 

0*50 

B 

20 

24 

26 

25 

1*0 

B 

17 

21 

23 

23 



NS - 

no settling. 




The effect of electrolyte on a more concentrated suspension of the 
same clay is shown in Table 1. The chief effects of increasing the clay 
concentration were that the range of electrolyte concentration within 
which gelation occurred was extended, and that the rate of settling was 
greatly decreased. The difference between the A and B types of coagu¬ 
lation was also more indistinct. With 0-05 N NaCl the coagulation 
started as type A but a distinct rigidity was subsequently developed and 
after a fortnight the suspension showed a rather indefinite B type. At 
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high electrolyte concentrations (in the former C range), no flocculation 
occurred but the gel underwent a rapid syneresis which was nearly com¬ 
plete after 3 hours. The gel contracted upwards instead of downwards 
leaving clear liquid at the bottom of the test-tube. This was probably 
due to the fact that a large number of air bubbles were imprisoned in the 
gel during shaking. 

The effect of electrolyte on suspensions more dilute than 0-5% was 
also determined. The B range decreased both in extent and in stability 
as the concentration decreased, in accordance with the tendencies already 
described. It was still distinctly visible in 0 05% suspension. 

The Influence of Different Cations on Coagulation 

The effect of adding different electrolytes to the clay is shown in Table 
II. Columns 2 and 3 give the minimum electrolyte concentrations 
required to produce coagulation A and B respectively. Column 4 gives 
the concentration required for maximum stability, i.e., for minimum rate 
of settling in the B range, and column 5 the time required to settle a 
given distance at this concentration. 


Table II- 

-Effect 

of Different Electrolytes 
Sodium Clay 

on 0*5% Oxford 

i 

2 

3 

4 

5 

Electrolyte 

A (min) 

B (min) 

B (max) 

Rate of settling 

NaCl 

0 05 N 

0*12 N 

0*20 N 

3 mm in 10 hours 

KCl 

001 

003 

0*07 

1 „ in 10 „ 

HCI 

0*003 

0*004 

0*004 

1 i » in 26 M 

CaCl, 

0*003 

0 004 

0*005 

3 „ in 21 „ 


These results provide an illustration of a rule which has been found to 
apply for all clay suspensions so far examined; namely that the stability 
of the gel in the B range tends to be greater, the smaller the electrolyte 
concentration required to produce gelation. 

Similar experiments using clay saturated with K or Ca ions have not 
yet led to satisfactory results, owing to the difficulty in dispersing these 
clays by the methods employed. 

Two other clays—a Gault clay from Cambridge and Oolitic clay from 
Gloucester—were examined by the same methods and were found to be 
essentially similar to the Oxford clay in their behaviour with electrolytes. 
We may conclude that the three types of coagulation are characteristic 
of soil clays in general, and are not an accidental property of the Oxford 
clay. 
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The existence of these different types suggests that the clay is made up 
of two components, of which one is comparatively inert and behaves as 
a lyophobic suspensoid, and the other has the properties of a more 
lyophilic colloid which gelatinizes at suitable electrolyte concentrations. 
On this theory the A type of coagulation is produced by electrolyte con¬ 
centrations sufficiently high to coagulate the suspensoid partly or com¬ 
pletely, but not sufficient to gelatinize the lyophilic material. The transi¬ 
tion from the A to the B type represents the electrolyte concentration at 
which the latter can just form a continuous gel structure which, being 
weak, is carried down or broken up fairly quickly by the suspensoid 
particles. As the electrolyte concentration is increased still more, the 
gel becomes more and more stable and is therefore increasingly capable 
of supporting the coarser particles, and also its own weight, until the 
point of maximum stability is reached. A further increase in con¬ 
centration above this causes the gel itself to contract by syneresis, or to 
break up into floes. 

Table III —Coagulation of Coarse and Fine Fractions of 
Oxford Sodium Clay with NaCl 

Unfractionated Coarse Fine 

Concentration clay (0-5%) fraction (0-19%) fraction (0-31%) 


VM 

NaCl 

™™_r 1 ■" V 

Type of 


.. . .. 




coagu¬ 

lation 

Rate 

Type 

Rate 

Type 

Rate 

0*05 N 

A 

li/24 hrs 

A 

v/20 min 

— 

— 

0*10 

A 

iv/2£ hrs 

A 

v/20 min 

A 

iii/24 hrs 

0*15 

B 

3 mm/6 hrs 

A 

v/20 min 

—• 

— 

0*20 

B 

3 mm/10 hrs A v/20 min 

ii ~ slight coagulation. 

iii — moderate coagulation. 

iv *=» almost complete coagulation. 

v ~ complete coagulation. 

B 

3 mm/9 hrs 


In order to test this theory the clay was divided into two fractions by 
repeated centrifuging. The coarser fraction consisted of particles 
approximately 2 pt—0*2 p, diameter and the finer fraction of everything 
below this. The effect of the NaCl solutions on each of these fractions 
is shown in Table III. 

The results are in accordance with the theory. The coarse fraction, 
which clearly contained only the suspensoid constituent, showed no 
signs of gel formation and exhibited more markedly lyophobic properties 
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than the original clay. The fine fraction contained all the gel-forming 
material and probably also some of the suspensoid. The coarser material 
was evidently stabilized to some extent by the finer, since it was much more 
sensitive to electrolyte after being separated. It is not possible to decide 
definitely on the available evidence, whether the suspensoid and gel¬ 
forming substances are chemically or mineralogically distinct, or whether 
the different properties are due simply to different particle size. The 
great difference in the coagulation values of the two fractions suggests 
that the former is the more plausible hypothesis. 

Further evidence as to the relation between these two postulated 
components of the clay was obtained by examining the ageing effects in 
an electrolyte-free suspension. When a concentrated suspension was 
diluted, e.g., from 8% to 1%, its subsequent behaviour underwent a 
marked alteration with time. If electrolyte was added immediately after 
dilution the B range was narrow and very poorly developed, the gel 
showing a strong tendency to break down into the A or C forms. If 
however the diluted (1%) suspension was kept for varying periods up 
to 10 or 14 days before adding electrolyte, the extent of the B range and 
the stability of the gel increased considerably. At the same time the 
sensitivity of the suspension to electrolytes in the A range increased. 
A similar effect was obtained when the aged 1% suspension was further 
diluted to 0-2%. This process, which was nearly complete after 10 
days, can be explained on the assumption that the gel-forming material 
exists partly as a coating on the suspensoid particles and partly as a fine 
dispersion throughout the liquid medium, and that the two forms are in 
equilibrium. The first effect of diluting the suspension, on this view, 
would be to dilute the dispersed phase and hence to reduce the capacity 
for gel-formation. As equilibrium was re-established, part of the material 
coating the suspensoid particles would become peptized, with the double 
effect of increasing the sensitivity of the suspensoid to coagulation in the 
A range, and of increasing the stability of the gel in the B range. 

The results of repeated centrifuging (see Table III) admit of a similar 
explanation. The effect of repeatedly sedimenting and re-dispersing the 
coarser fraction in pure water would be to peptize more and more of the 
protective coating, and hence to isolate the more electrolyte-sensitive 
suspensoid in a relatively pure form. 

The behaviour of the clay suspensions in the B and C range is satis¬ 
factorily explained by the theory of thixotropic gelation put forward in 
Part I. On this theory the lower limit of the B range represents the 
lowest electrolyte concentration at which orientated coagulation can 
occur; the resulting structure being very weak. As the electrolyte 
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concentration increases up to the value for maximum stability, the 
coagulated particles adhere more firmly to one another while remaining 
regularly orientated; hence the strength of the structure increases. At 
higher concentrations there is an increasing tendency to random coagula¬ 
tion, leading in the first place to an increase in the rate of contraction of 
the gel, and eventually to completely disorientated flocculation. This 
explanation is supported by the fact, previously noted, that vigorous 
shaking, which presumably produces a more complete disorientation of 
the suspended particle, increases the tendency to flocculation. 

The Mechanical Properties of Clay Gels 

A close correlation should exist between the internal structure of the 
clay gels and their behaviour under mechanical stresses. A series of 
experiments was undertaken in order to find out whether this behaviour 
was consistent with the present theory. The viscosity and rigidity of 
the gels were investigated by means of an apparatus consisting of a small 
glass vane, 1-5 cm square, attached by means of a phosphor-bronze 
suspension carrying a small mirror, to a graduated torsion head. When a 
determination was to be made, the vane was completely submerged in the 
clay suspension and the torsion head was given a known twist—usually 
of 8°. The rate at which the vane moved round to its final equilibrium 
position was then measured by means of a beam of light reflected from 
the mirror on to a scale. The apparatus was similar in principle to those 
used by Schwedoff* and by Hatschek and Jane,f but differed in that a 
vane was used instead of a cylinder for shearing the suspension. The 
possibility of slipping was thus eliminated. In a true liquid the rate of 
rotation of the vane, R, should be directly proportional to the applied 
torque, and hence to the angular displacement, D, of the vane from its 
final null position, provided that R is small 4 This relation was found 
to hold for glycerine, within the limits of experimental error. The 
typical relation for a clay suspension in the B range was entirely different 
as can be seen from fig. 2, which shows the curve for a 0 • 5% Oxford sodium 
clay with 0-15 N NaCl. The initial torque was applied 15 minutes 
after mixing. D and R are plotted on logarithmic scales, D being expressed 
as millimetres displacement on the scale, and R in millimetres per second. 
25*5 mm were equal to 1° of rotation. 

• * J. de Physique,’ vol. 8, p. 341 (1899). 

t ‘ Kolloidzschr.,’ vol. 39, p. 300 (1926). 

f In practice, measurements were confined to a range of angular velocities between 
0-04° per second and 0 0001° per second. 
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The curve consists of two distinct parts, ab and bed. ab represents the 
initial type of movement after the torsion head had been rotated, and 
while the vane was still not too far from its starting point. The relation 
between D and R over this part of the curve can be accurately expressed 
by the formula: 

log D = 0-25 log R + C 


or 

where 


kR = D 4 , 
k = 1-7 x 10*. 


( 1 ) 



The apparent viscosity at any point is proportional to D/R, and is there¬ 
fore inversely proportional to the cube of the applied torque. 

The second part of the curve shows sharp discontinuities at b and c. 
The first of these evidently represents the yield point, and the second the 
breaking point of the gel structure. The rapid decrease in viscosity 
beyond c is thus due to a partial transformation from the gel to the sol 
form. At d the gel structure appears to start forming again. 

The general formula kR = D n was found to hold for i% clay sus¬ 
pensions at all electrolyte concentrations within the B range, n varied from 
about 3-5 to 4*2 as the experimental conditions were altered, but usually 
was very close to 4-0. The chief effect of varying the electrolyte con- 
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centration was to alter the value of k in the formula, and the point at 
which the break b occurred, k, which is a measure of the “ hardness ” of 
the gel, increased continuously with electrolyte concentration throughout 
the range. The extensibility, or amount to which the gel could be 
stretched before yielding, reached a maximum at the electrolyte con¬ 
centration corresponding to maximum gel stability as already defined. 
At higher concentrations the gel, while still increasing in hardness, 
became more “brittle 

If the formula (1) remains valid as the torque approaches zero the 
suspension has no permanent rigidity. In practice it was impossible to 
test the formula for small torques owing to the very high values of apparent 
viscosity corresponding to them, and to the limited time available for 
measurement before the gel had begun to settle appreciably. No positive 
indication of the existence of permanent rigidity could be obtained 
however, at the lowest measurable rates of rotation. 

The mechanical properties described in this section are readily explained 
on the theory of gel structure already put forward. The steady increase 
in hardness of the gel with electrolyte concentration is presumably due 
to a corresponding increase in the attractive forces causing coagulation. 
The maximum extensibility of the gel occurs, as is to be expected, in the 
region of maximum stability, where orientated coagulation is most highly 
developed but random coagulation has not yet set in. The clearly 
marked breaking point obtained under the given experimental conditions 
provides further evidence for the existence of a definite and relatively 
uniform structure. 

The author wishes to thank Professor E. K. Rideal, F.R.S., for much 
helpful advice and encouragement; also the Agricultural Research 
Council for a scholarship held throughout the course of this work. 

Summary 

Moderately strong clay suspensions undergo three different types of 
coagulation, according to the electrolyte concentration. These are 
designated by the letters A, B, and C, and occur at low, medium, and 
high electrolyte concentrations respectively. Type A is a partial floccula¬ 
tion and of a somewhat lyophobic character. Type B is thixotropic 
gelation. Type C is complete flocculation of a definitely lyophilic 
character. 

The properties of the suspensions indicate that the clay consists partly 
of a highly dispersed gel-forming material and partly of a coarser material 
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without any marked capacity for gelation. The colloidal properties of 
each constituent are influenced to some extent by the presence of the 
other. 

The apparent viscosity of the thixotropic clay gels was found to vary 
inversely as the cube of the applied stress. The gels showed a well- 
defined breaking point if stretched beyond a certain limit. There was no 
evidence of permanent rigidity at low stresses. 


The Calculation of Atomic Weights from Nuclear 
Reaction Energies 

By H. A. Wilson, F.R.S., Rice Institute, Houston, Texas 
( Received January 23, 1936) 

In a previous paper* the atomic weights of several light elements were 
calculated from nuclear reaction energies using the known values of the 
atomic weights of He 4 and H 1 . In the present paper it is shown that the 
atomic weights can be obtained from the reaction energies without making 
any use of atomic weights determined by other methods. 

Any atom may be supposed formed by the combination of neutrons 
and hydrogen atoms according to the reaction equation 

riH 1 + (w - z) ,/! x = ,A W + ,E B , 

where ,E W denotes the energy of formation of the atom ,A“. If we 
consider N different elements including jH 1 and </i l then we have N — 2 
energies of formation. If the energies of formation are known then the 
energy of any nuclear reaction may be calculated. For example, the 
energy E of the reaction 4 Be® + l H 1 = 3 Li« + 2 He 4 is given by the 
equation *E 9 + 0 — a E a + 2 E 4 — E. Since there are only N — 2 
energies of formation there cannot be more than N — 2 independent 
reaction equations. Thus, for example, the seventeen reactions con¬ 
sidered in the previous paper involved thirteen elements and were equivalent 
to eleven independent reaction equations, so that there were six relations 
which the equations satisfied. If g 0 1# is one of the N elements then we 

* ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 497 (1935). 
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may take 8 O le = 16 and so have N — 1 atomic weights to be deter¬ 
mined. Since there cannot be more than N — 2 independent reaction 
equations there are not enough equations to enable the atomic weights 
to be calculated, but only one more is required. 

Ellis and Henderson* have recently determined the energy of dis¬ 
integration of radiophosphorus with considerable accuracy and this 
enables the difference q/i 1 — jH 1 to be obtained. This gives us one more 
equation so that we have N — 1 independent equations to determine the 
N — 1 atomic weights. Ellis and Henderson found 

uP 30 = uSi 3 " + e- + e+ + 0-00 31. 

Putting e - + e + — 0 0011 we get 

16 P 30 = 14 Si 30 + 0 0042. 

We may therefore take ^P 30 — 14 Si s0 4 - 10 ? since 10 ? = 0-00415. In a 
previous paper (loc. tit.) it was shown that an atomic weight ,A" may be 
supposed equal to wO + 6 ) + sq where s is an integer, so we should 
expect ijP 30 — 14 Si 30 to be equal to a multiple of q. 

The equations 

15 iH 1 + 15 o/i 1 = ^P 33 + 15 E 30 


14 jH l + 16 ^ - 14 Si a0 + ^E 30 

give 

X - iW ~ l4 Si® - jjP 30 + i 4 E 30 - jjE 30 

so that 

- xH 1 = x 4 E 30 - jjE 30 - 10?. 

The reactions 


and 
give 
so that 


] 3 A1 - 7 + jHe 4 c, u Si M -f jH 1 + 0-00222f 
16 P S0 + o " 1 = 13 AI 27 + 2 He 4 + 0-0022* 
1& P S0 4- o” 1 - xxSi 30 4- xH 1 4- 0-00442, 
jjE 80 ~ j.E 30 — 0-00442. 


The energy 0-00442 is equal to 10-65? so we take it to be 11 ? since it 
should be a multiple of q. The energy 0-0022 is only roughly known and 
since it was obtained by estimating the energy of neutrons by that of 
recoil protons it is more likely to be too small than too large. We assume 
that it should be 6 ? = 0-00249. Taking 14 E S0 — W E 30 — 11? we get 

0* 1 _ ,H» - ?. 


• ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 714 (1935). 
t Duneanson and Miller, ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 396 (1934). 
t Meitner and Jaeckel, ‘ Z. Physik,’ vol. 91, p. 493 (1934). 
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If 0-00442 were taken to be 10 q we should get o^ 1 — 1H 1 — 0 but it seems 
probable that 0 n 1 is slightly greater than 1 H 1 so that we shall provisionally 
adopt ori 1 — jH 1 = q as the probable value. Ellis and Henderson ( loc. 
cit.) got „ n 1 — xH 1 — 0-00024 which is equal to q within the limits of 
error. If an atomic weight t A"' is equal to w (1 + b) -(- sq then we should 
expect o ri 1 — jH 1 to be equal to a multiple of q. 

We shall use the 17 reactions considered previously (loc. cit.) together 
with five of the reactions which Bethe* used to get the relation between 
He 4 and O 18 , namely: 


5 B 10 + 2 He 4 = 6 C 13 + jH 1 + Iq 

(18) 

6 C 12 + xH 2 = e C 13 + jH 1 4- lq 

(19) 

7 N 14 + jH 2 = e C 12 + s He 4 + 35 q 

(20) 

7 N 14 + 2 He 4 = 8 0 17 + jH 1 - 3 q 

(21) 

8 0 18 + xH* - 8 0 17 + xH 1 + 5^ 

(22) 


The energies are given as multiples of q = 0-000415 atomic weight units. 

The 22 reaction equations with the equation ^n 1 — jH 1 ~ q are equi¬ 
valent to 17 independent equations and involve 18 atomic weights. 
Taking 8 0 18 = 16 the equations can be solved for the other 17 atomic 
weights. The values obtained in this way are given in Table I. The 
first 13 agree with the values obtained previously (loc. cit.) with He 4 = 
4-00342 and H 1 = 1 -00791. The atomic weights are equal to m'( 1+6)+5(? 
with b = 0-00002594. 


Table 1— Atomic Weights with O 18 = 16 



1 00833 

Li* 

6-01634 

B u 

11-01149 

H 1 

1 00793 

Li? 

7-01720 

C i* 

12-00363 

H a 

201416 

Be* 

8 00726 

C 18 

13-00698 

H 8 

3-01626 

Be* 

9-01393 

N 14 

14-00742 

He 8 

3*01709 

Be 10 

10-01520 

O 16 

16-00000 

He* 

4-00342 

B 10 

10-01437 

O 17 

17 00418 


These 18 atomic weights, calculated entirely by means of nuclear 
reaction energies all agree very nearly with the atomic weights of Bethe 
and of Oliphant, Kempton, and Rutherford, with the exception of the 
atomic weight of H 1 . Bethe got H 1 — 1 -00807 ± 0-00007 and Oliphant, 
Kempton, and Rutherford got H 1 = 1-0081 ± 0 -0001. The difference 
is about 1 in 5000 and the value 1-0081 has been supposed reliable to 
1 in 10,000. However since Aston’s value of He 4 was found to be in 


* ‘ Phys. Rev.,’ vol. 47, p. 634 (1935). 
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error by about 1 in 3000 it seems probable that the error in the mass 
spectrograph results may be greater than 1 in 10,000 so that H 1 = 1 *00791 
is not really incompatible with the corrected mass spectrograph deter¬ 
minations. The value 1-0081 is greater, and the value 1-00791 is less, 
than the value to be expected from density and chemical results by about 
1 in 10,000. 

An accurate determination of the energy of the neutrons from 1S A1 27 
would enable the value of the difference n 1 — H 1 to be settled. Aston’s 
new value H 2 = 2-0148 must be too large by about 1 in 3000, or else the 
reaction energies are much less reliable than has been supposed. 

It seems clear that the determination of atomic weights by means of 
nuclear reaction energies will eventually enable more exact values to be 
obtained than can be expected by any other known method. This holds, 
of course, whether the reaction energies are or are not exact multiples of 
q. They are most probably nearly but not exactly multiples of q. 


Summary 

It is shown that atomic weights with O 18 = 16 can be calculated from 
nuclear reaction energies without making any use of atomic weights got 
by other methods. The atomic weights of 18 light elements are calculated 
in this way and the values obtained are nearly equal to those of Bethe and 
of Oliphant, Kempton, and Rutherford which were obtained from mass 
spectrograph results corrected by means of nuclear reaction energies. 
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The Measurement of the Energy of Cosmic Rays 
I—The Electro-Magnet and Cloud Chamber 

By P. M. S. Blackett, F.R.S. 

(Received January 25, 1936) 


1—The Construction and Performance of the Electro-Magnet 

The energy of the cosmic ray particles has been determined from the 
curvature of their tracks in a strong magnetic field by Kunze,* and by 
Anderson.t Kunze used a power of 500 kw in a copper solenoid weighing 
1100 kg to give a magnetic field of 18,400 gauss over a chamber 16-4 cm 
in diameter. Anderson used an electro-magnet with heavy water- 
cooled copper coils and a relatively light iron yoke. A power of 440 kw 
gave afield of 15,000 gauss over a chamber 16-5 cm in diameter, the 
actual length of the tracks photographed being about 12 cm. 

In order to obtain a similar performance without the use of such a 
very large amount of electric power, an electro-magnet has been con¬ 
structed of a more conventional design, that is with an iron yoke which is 
heavy compared with the weight of the copper coils. The iron yoke 
weighs about 8000 kg and the copper coils 3000 kg. Figs, la and lb show 
the detail of the design, and fig. 2 shows a photograph of the magnet in 
use with the cloud chamber and subsidiary apparatus. The diameter of 
the pole face is 25 cm, and the gap can be varied from 5 to 20 cm by 
sliding one pole piece along the baseplate by means of a screw. 

The magnet is very efficient from the point of view of power consumption 
as it enables tracks 17 cm long to be photographed in a field of 14,000 
gauss using a power of only 25 kw. Apart from the measurement of the 
cosmic ray energies, the main object of the magnet and chamber was to 
study the showers, and in particular, to try to obtain showers originating 
in the gas. Since showers are of rare occurrence the apparatus must be 
run for long periods, and so the low power consumption of such a magnet, 
compared with that of a solenoid, becomes a very great advantage. 

The three parts of the magnet itself, the two pole pieces and the end- 
plate, were made of cast steel with the magnetic properties shown in 
Table 1. 

• ‘ Z. Physik,’ vol. 80, p. 559 (1933). 
t' Phys. Rev.,’ vol. 44, p. 406 (1933). 
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Table I—Magnetic Properties of Iron Yoke 

Induction, gauss.... 8000 10,000 12,000 14.000 16,000 18,000 20,000 

Magnetizing force, 

gauss. 2-1 3 1 4-9 9-7 31-5 111 295 



The angle of the coned pole pieces was chosen, as a result of tests on a 
one-fifth scale model, to give a nearly constant value of the induction all 
round the iron circuit, when working a large gap and full power. The 
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diameters of the front and back of the tapered part of the poles were 
chosen as 25 and 48 -3 cm, making a ratio of the cross-sectional area of 
the back to that of the front of the cone equal to 3-7. The length of the 
coned part is 33 cm, and so the semi-angle of the cone is 20°. Measure¬ 
ments of the average induction at the front and back of the tapered part, 
when working with a gap of 15 cm, and a power of 25 kw, gave 13,000 
and 12,000 gauss respectively. 



Fig. 2. 


On each coned pole piece are placed twelve flat sectional coils separated 
from each other by wooden distance pieces. Each coil was wound of 
copper strip 2-5 x 0-1 cm with paper insulation between layers, and 
was then impregnated and baked so as to form a rigid pancake coil. 

The twelve pancake coils on each pole are connected in series and have 
each a total resistance of 2-8 w. The two groups of coils are connected 
in parallel to the 200 volt D.C. mains, giving a current of about 70 amperes 
in each coil. A special rheostat was used for controlling the current and 
for breaking the circuit. 
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The total number of turns is 3800, giving a total of 270,000 ampere- 
turns at 70 amperes. 

Fig. 3 gives the field on the axis at a distance of 2-5 cm off one pole 
face for currents up to 36 amperes and for gaps of 5, 10, and 15 cm. 
Curve 1, fig. 4, shows essentially the same curve for the 15 cm gap, but 
extended up to a current of 70 amperes. 

For the case of low fields and a moderate gap, that is when the magnetic 
resistance of the iron is very small compared with that of the air gap, the 



Current amperes 

Fio. 3—Field on axis at a point 2-5 cm off one pole face. Plane pole faces, curve 1, 
gap 15 cm; curve 2 , gap 10 cm; curve 3, gap 5 cm. 

mean field along the axis of the gap is given approximately by the simple 
expression for a solenoid H = 4w»'/10/, where ni are the ampere turns, 
and where / is the length of the air gap. It can be seen from fig. 3 that 
the relation between H and i is in fact linear within about 1% up to a 
field of 10,000 gauss for a 5 cm gap and up to 7000 gauss for a 15 cm gap. 
The actual value of the field on the axis depends somewhat on the distance 
of the point from the pole face, especially for a large gap, but for the 
position considered, 2 5 cm off one face, the simple expression gives the 
observed slope of the curves within a few per cent up to the fields men¬ 
tioned. For larger fields, the field on the axis can be calculated approxi- 
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mately in the usual way by taking into account the magnetic resistance of 
the iron. * 

Curve 1, fig. 5, shows distribution of field across the pole face in the 
plane of the chamber (see § 3) for a gap of 15 cm, and a current of 
55 amps. It will be seen that the field is constant within about 2% up to 
a distance of 9 cm off the axis, and then falls off rapidly till at the edge of 
the pole face, that is at 12 -5 cm off the axis, the field is 30% lower than 
on the axis. 



Fig. 4—Curve 1, field in centre of chamber, 15 cm gap, plane face; curve 2, field 
in centre of chamber, 10 cm gap, hole empty, ring extensions; curve 3, field in 
centre of chamber, 5 cm gap, hole empty, ring extensions; curve 4, mean field over 
12 cm track, 5 cm gap, hole empty, ring extensions. 

2—The Cooling of the Magnet 

Air cooling was adopted for the coils in preference to water or oil 
cooling as it is clean, and because it allows the construction of the coils 
to be very simple. 

The coils are enclosed in a light brass casing (figs, la and lb, and fig. 2) 
and air is drawn up between the pancake coils by a 4 h.p. fan. The 
wooden distance pieces between the coils, shown dotted in fig. lb, are shaped 
so as to give a suitable air flow. The cooling could probably be somewhat 
improved by some slight alterations in their shape. With the present 
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arrangement the inner face of the coils just above the pole face gets 
considerably hotter than the rest of the coils. 

The fan produces a flow of about 1230 litres of air per second. To 
dissipate a power of 25 kw, the temperature rise of the air must be 19° C. 
The observed temperature rise was 17° C. Some heat is also dissipated 
from the casing. The mean temperature of the coils, as measured by 
their resistance at the end of the 3 hours’ test at 25 kw, was 33° C. 



Fig. 5—Field in plane of track, plane FG, fig. 6, curve 1 gap 15 cm, hole plugged 
(/ — 55 A); curve 2, gap 10 cm, ring pole piece extension (1 — 60 A), hole empty; 
curve 3, gap 5 cm, ring pole piece extension (/ — 63 A), hole empty. 

This figure can be compared with the following calculation. The cross- 
sectional area of the ducts between the coils is 1300 sq cm, so that the 
flow of 1230 litres per second corresponded to a mean speed of the air 
past the surface of the coils of 940 cm sec 1 . Since the total cooling 
surface of the coils is 330,000 sq cm, the power loading for 25 kw is 
0-076 watts/sq cm. Taking the cooling constant* for 940 cm sec -1 as 
0-0048 watts/sq cm/°C, the calculated temperature difference, T t , between 
the coils and the air is T* = 0-076/0-0048 = 16° C. 

The mean temperature rise T of the copper is the sum of the mean 

* For this calculation of the cooling and of the expected value of the cooling 
constant, 1 am indebted to the Research Department of Metropolitan-Vickers. 
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temperature rise of the air and the mean temperature drop from air to 
copper, that is T = T 2 + T s = 19 + 16 = 35° C, which is in close 
agreement with the observed rise of 33° C. 


3—The Cloud Chamber 

The counter-controlled cloud chamber is an improved form of that 
already described.* It is attached to an aluminium baseplate which 
slides on rails, to allow the chamber to be removed easily from its position 
between the poles to a position clear of the magnet, where all adjustments 
can be made. The chamber can be seen in fig. 2 in its position clear of 
the magnet. 

The base of the cloud chamber consists of a steel disc C, fig. 6, 25 cm 
in diameter, and 3 •! cm thick. This forms effectively an extension to the 
pole piece. A cosmic ray track passing through the centre of the chamber 
lies in a plane FG about 2 0 cm away from the face of this pole piece 
extension. 

The internal diameter of the chamber is 27 cm, and its depth 3-5 cm. 
The adjustment of the expansion is made by controlling the initial position 
of the piston by means of three screws with tapered ends projecting radially 
into slots in three pillars fixed to the back of the piston.f The piston 
is made tight either by the usual rubber diaphragm or by means of a 
corrugated nickel diaphragm. This allows of a movement of the piston 
of more than 5 mm, which is sufficient to give the required expansion. 

4—The Photographic System 

The tracks aTe photographed in three main ways:— 

(a) A mirror at 45° to the axis is used, as shown in fig. 4 of the former 
paper. In this way a rectangular portion of the chamber 10 cm 
broad by 22 cm high is photographed, using a gap of 15 cm. In 
this case the field in the plane of the chamber is given by curve 1, 
figs. 4 and 5. 

(b) The tracks can be photographed as shown in fig. 6 through a 10-cm 
hole in the pole piece, which is normally kept plugged. In this 
case an additional steel ring D, is fitted to this pole piece. 

A special stereo-camera fits into the hole in the pole. The 

* Blackett, ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 281 (1934). 

t The arrangement of screws is as in fig. 4 of the paper mentioned above, but it 
is the initial and not the final position of the piston which is now controlled. 
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lenses are Taylor, Taylor, and Hobson f/2,35 mm focus cine lenses, 
and are used at a magnification of 1/5*6, that is with an object 
distance of 23 cm. 

With this arrangement and a 10-cm gap, as in fig. 6, tracks 17 cm 
long are photographed in a mean field of 14,000 gauss. For this 
case the field is shown by curves 2, figs. 3 and 4. 

(<*) The same arrangement is used but the pole B is moved up till the 
ring D nearly touches the glass roof of the chamber. The effective 
gap is then 5 cm and the field in the plane of the chamber is given 
by curve 3, fig. 5. Curve 3, fig. 4, gives the field at the centre for 



Fio. 6. 

different currents, and curve 4, fig. 4, gives the mean field over a 
track 12 cm long. So with this arrangement, tracks 12 cm long 
can be photographed in a mean field of 17,000 gauss. Since in 
this case the field is markedly inhomogeneous owing to the effect 
of the hole, this arrangement is unsuited for exact energy measure¬ 
ments. 

Most of the work so far has been done with arrangement b. The 
importance of a wide angular field for the lenses is seen from fig. 6. 
The actual lenses were used up to an angle of 18° off the axis. Lenses of 
still wider covering power would have enabled still longer tracks to be 
photographed. 
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It is shown in the second paper that the accuracy of the energy measure¬ 
ment depends on the product H/ 2 of the magnetic field by the square of 
the length of the track, provided the error of measurement of deflexion 
remains constant. If the error increases linearly with the length of track, 
the accuracy of the energy measurements only increases as HI. In 
Table II are given the products HI and H/ 2 for the three different arrange¬ 
ments. 

Table II ' 


Arrangement 

gap 

Length 
of track 
/ 

H 

HI 

H/ a 

a 15 

22 

12,000 

2 6 x 10® 

5*8 x 10® 

b 

10 

17 

14,000 

2-4 

4*1 

c 

5 

12 

17,000 

20 

2*5 


It will be seen that on either assumption about the errors, case (a) 
gives the highest accuracy of energy measurement. The general con¬ 
clusion is certainly justified, that for the measurement of the highest 
energies with a given magnet, the optical system should be chosen to give 
the longest possible tracks. The loss in field due to the necessarily 
greater gap is more than compensated for by the increased length of 
track. Arrangement “ a ” has the further advantage, particularly over 
“ c ”, that it gives a much more homogeneous field. The arrangement 
“ b ” has only been employed in preference to “ a ” for temporary con¬ 
venience. 

The first problem studied with the cloud chamber and magnet was the 
energy spectrum of the cosmic rays. A complete description of this work 
is given in Part II of this paper. 

The cost of the magnet was provided by a grant from the Mond Fund 
of the Royal Society. The magnet was constructed by the Research 
Department of Messrs. Metropolitan-Vickers, Manchester, and I wish 
to express my appreciation of the invaluable work of Mr. P. P. Starling in 
connexion with its design and construction. 1 also wish to thank Dr. J. D. 
Cockcroft for much valuable advice. 

The magnet is housed, by permission of the University of London, in 
a special building erected by Birkbeck College on the University Site in 
Bloomsbury. 

I also wish to express my gratitude to Professor R. B. Brode of the 
University, Berkeley, California, for his invaluable collaboration in the 
work of the erection and use of the apparatus. 



The Energy of Cosmic Rays 


573 


Summary 

An electro-magnet weighing about 11,000 kg has been constructed for 
the purpose of measuring the energy of cosmic rays and for studying the 
cosmic ray showers. The magnet gives a field of 14,000 gauss in a gap of 
15 cm between pole pieces 25 cm in diameter for a power of 25 kw. The 
coils are air-cooled using a 4 h.p. fan. 

A special cloud chamber 27 cm in diameter by 3 cm deep, is placed 
between the pole pieces. Two different optical systems are used, one 
employing a mirror and a camera at the side, and the other employing 
a stereo-camera photographing through a hole in one pole piece. The 
various arrangements of gap and optical system are compared from the 
point of view of measuring cosmic rays of the greatest possible energy. 


The Measurement of the Energy of Cosmic Rays 

II—The Curvature Measurements and the Energy 

Spectrum 

By P. M. S. Blackett, F.R.S., and R. B. Brode, Birkbeck College, 

London 

(Received December 23, 1935) 

[Plate 18] 

1—Introduction 

Both the penetrating power of the cosmic rays through material ab¬ 
sorbers and their ability to reach the earth in spite of its magnetic field, 
make it certain that the energy of many of the primary particles must 
reach at least 10 u e-volts. However, the energy measurements by Kunze,* 
and by Anderson,f using cloud chambers in strong magnetic fields, have 
extended only to about 5 x 10® e-volts. Particles of greater energy were 
reported, but the curvature of their tracks was too small to be measured 
with certainty. 

* ‘ Z. Physik,' vol. 80, p. 559 (1933). 
t ‘ Int. Conf. Physics. London,’ p. 171 (1934). 
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We have extended these energy measurements to somewhat higher 
energies, using a large electro-magnet specially built for the purpose and 
described in Part I. As used in these experiments, the magnet allowed 
the photography of tracks 17 cm long in a field of about 14,000 gauss. 
The magnet weighed about 11,000 kilos and used a power of 25 kilowatts. 

The chamber itself was 26 cm in diameter with a depth of about 3 cm. 
The metal piston was made tight by means either of a rubber diaphragm 
or of a corrugated metal diaphragm. Oxygen was used in the chamber 
and the expansion ratio employed was either 1-14, using a 50% water, 
50% ethyl alcohol mixture to produce the vapour, or 1-11, using 50% 
ethyl alcohol, 50% propyl alcohol. 

A stereo-camera with 35 mm f/2 lenses was employed at a magnification 
of 1/5-7. The photographs are taken through a hole in the pole piece 
and the axis of each lens is parallel to the magnetic field. 

From the relation E= 300 Hp between the energy of an electron in 
electron volts, and the magnetic field and the radius of the curvature of 
the path, we see, for instance, that the radius of curvature of the track 
of an electron of 10 10 e-volts in a field of 14,000 gauss will be 24 metres. 
It is convenient to use the curvature o — 1 /p instead of the radius of 
curvature. Thus 

E = 300 H la. (1) 

Now the measurement of small curvatures depends essentially on the 
measurement of the displacement d of the centre of a circular arc of chord 
/; the curvature a is then calculated from the expression 



For a given probable error in the measurement of d, the probable error 
So of o is inversely proportional to /*. If we define arbitrarily the greatest 
detectable energy E m as given by writing So for o in (1), then E m =300H/8o 
oo H I s . It is therefore particularly important to have long tracks, and 
this necessitates a large cloud chamber. Since, however, the error in d 
tends to increase with the size of the chamber, the full advantage of a 
large value of / is difficult to realize. 

There are two main sources of error in the measurement of the very 
small curvatures of the tracks of very energetic particles; these ate the 
errors due to the optical system and the various distortions of the tracks 
in the chamber itself. The optical errors can be avoided by measuring 
the curvatures not on the plates, but on the re-projected images. Since, 
however, this is not always convenient, and since the chamber distortions 
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must be taken into account as well, all the measurements in this work have 
been done on the plates. 

2— The Distortion of Large Aperture Photographic Lenses 

In order to measure curvatures in a magnetic field it is essential to 
photograph nearly parallel to the magnetic field. This means, in practice, 
photographing nearly at right angles to the illuminating beam. Since 
the light scattered at this angle is very small,* it is necessary to use large 
aperture photographic lenses. 

It is, of course, possible to reduce the distortion by only using a small 
angular field about the lens axis, but this involves a large object distance 
and consequently long focus lenses to give a certain minimum size of 
image. Since the price of a lens of large aperture varies about as the 
square of its focal length, this method is expensive. Again, when photo¬ 
graphing, as is often convenient, through a hole in the pole piece of a 
magnet, the wider the angle of the lens that can be used the longer is 
the track that can be photographed. This is particularly important since 
E m oe P. It is thus in practice often necessary to use ordinary standard 
large aperture photographic lenses, and such lenses have in general 
relatively large distortions! of the order of jr% at an angle of 15° off the axis. 

The method of testing a lens was to photograph a number of very 
fine parallel wires,! and then to measure the curvatures of the images, by 
the method used by Anderson,§ that is, by using a travelling microscope 
with a micrometer eye-piece set at right angles, to obtain the two co¬ 
ordinates. The results are then plotted, using a greatly magnified scale 
for the small displacements, as in fig. 1, and the curvature is calculated 
from (2), taking three points from the curve.|| The accuracy of the present 
investigations did not justify the time for a least square solution. 

Several high quality lenses were tested and all were found to have dis¬ 
tortions of the same order, though the sign of the distortion was positive 
in some and negative in others. The lenses used in the experiments and 

• Webb, ‘ Phil. Mag.,’ vol. 19, p. 927 (1935). 

t The percentage distortion is defined as 100 Sr/r. Martin, “ Introduction to 
Applied Optics,” vol. 2, p. 175, Pitman, 1932. 

t Silk covered wire was used as this gives a better image than bare wire, owing to 
the random scattering of light by the rough surface. 

§ Anderson,' Phys. Rev.,’ vol. 44, p. 406 (1933). 

|| Very often a track does not lie symmetrically about the perpendicular OA', Fig. 3, 
ao that the plotted curve is unsymmetrical. In this case it can easily be shown 
that the curvature can still be calculated by (2), provided that the displacement d 
(fig. 1) is measured at the mid-point of /. 


2Q2 
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studied most carefully were the Taylor-Taylor-Hobson 35 mm f/2 cine¬ 
matograph lenses.* Fig. 1 shows the form of the distorted image of a 
straight line object placed 10° off the axis, plotted as a curve with the 
y coordinate magnified 200 times. If the curvatures of a number of such 
images are calculated and plotted against y 0 , the curve of fig. 2 is obtained. 

The size of the distortion can be seen from the fact that at 10° off the 
axis the radius of curvature of the image of a straight object is 1 *9 metres. 
With the magnification used of 1/5-7 this corresponds to an object 
radius of curvature of 10 metres and this is the curvature of an electron 
track of 4 x 10 8 volt energy in a field of 14,000 gauss. It is therefore 



Fro. 1—Graph of image of straight line object about 10° off axis. T.T.H. J'/2 lens; 
image distance 41 cm; magnification 1/5 6. Vertical scale is 200 times hori¬ 
zontal scale. 

absolutely essential to make accurate allowance for the lens distortion. 
For instance, if it were ignored, an electron of energy 8 x 10* e-volts 
might be mistaken for a positron of the same energy. 

Since these distortion curvatures must be allowed for accurately, it 
is useful to consider the nature of the distortion in some detail. 

3—The Nature of the Lens Distortion 

The position of the image of any point in the object space produced by 
a lensf will be displaced from that which it would have, if the image 

* Some of the photographs were taken with the T.T.H. 35 mm f/2 -5 lenses. These 
have distortion of opposite sign to f/2 lenses. 

t “ Dictionary of Applied Physics,” vol. 4, p. 403. Let the coordinates which a 
point would have in the absence of distortion be (x, y). Take x ■=■ 0, so that the dis¬ 
placement due to distortion is 8 y -= f(y). Since 8y changes sign with y, /O') must 
be expressible as a series of odd powers of y. 
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were an exact projection of the object, by a small distance 8r which can 
be expressed as a series of odd powers of its distance r from the axis. 
For our purpose two terms will be shown to be sufficient so that 

8r = flj/- 3 + a/'. (3) 

If the object be a straight line, the image will be curved. In fig. 3, O 
is the optical centre of the image, the point P (xv) is the “ true ” position 
of the image of a point in the object space, and p’ (x + 8x, y + 8y) is its 


x lO ' 3 



y 0 position of track on plate—distance from centre in centimetres 

Fig. 2—Apparent curvature of object due to distortion. ©Curvature of wires; 
• curvature of tracks with no magnetic field. 


actual position, on account of distortion. Since Sy = j> 0 8r/r, we have 
with (3), 8y = y Q (a t r* + a/ 4 ), which gives 


8y = A + Bx® + Cx S 

where 

A = a x y 0 3 + a*>-o 5 ) 
B = ai>’o + 2aay<>*[- 

C = J 


( 4 ) 


If we now denote by y instead of fry the coordinate of P' measured from a 
straight line parallel to PQ through A', then we have for the equation of 
P'A'Q' 


y = Bx* + Cx*, 


( 5 ) 
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when B and C are given by (4) in terms of the coefficients a x and a 3 and 
the distance of the image from the centre of the picture. 

Case /—When a 2 == 0, then C = 0 and so the distorted image is 
parabolic. Comparing the term Bx 2 with the approximate expression 
y — <tx 2 /2 for a circular arc, we find that the curvature a of the image is 
given by 

a = 2a L y 0 , (6) 


that is, the curvature increases linearly with the distance y 0 from the 
axis. 

The image of a straight object is concave outwards when a 1 is positive, 

that is, when the lens has positive or pin¬ 
cushion distortion; when a x is negative 
there is negative or barrel distortion. 

Case II —On the other hand, when 
a 2 y± 0, the distorted curve is not nearly 
circular. However, for small enough 
values of x, that is in the neighbourhood 
of A', the curve will be appreciably 
circular. But this “ central curvature ”, 
as it can be called, will not be a linear 
function of y 0 but will be given by 



a = 2ajy 0 + 4a 2 y 0 8 


(V 


When a l and a t are of the same sign 
the curvature of the image is a minimum 
at the centre A' and increases outwards 
along the image. When a, and a t are of 
opposite signs the curvature has a maximum at A' and decreases outwards, 
and may even change sign. 

The equations (4), (5), and (7) give the relation between the nature of 
the curvature produced by the lens and the variation of the “central 
curvature ” with distance from the axis, on the assumption that two 
terms in (3) are sufficient. Fig. 2, curve 1, shows that the relation between 
e and y 0 is not linear for the lenses used. Hence the curved images should 
not be quite circular; this is easy to verify. 

The predicted connexion between the variation of central curvature 
with y 0 , and the shape of a distorted image can be tested by obtaining the 
constants and a , both from fig. 2 using equation (7), and from fig. 1 
using (4) and (5). We obtain the results given in Table I. 
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The agreement is satisfactory considering the very small curvatures 
that must be measured, and shows that the two terms of (3) taken into 
account are sufficient. 

It would, of course, be very desirable to have large aperture lenses 
covering a semi-angular field of about 15° with no appreciable distortion. 
But if this is not possible, it would be convenient to have a lens which 
gave appreciably parabolic distortion, since the application of the cor¬ 
rection for such a distortion is much simpler than when the distorted 
images are not parabolic, since in the latter case the measured curvature 
depends not only on the position but also on the length of the track. 
It is therefore of great importance that a 2 as well as a x should be very 
small. * 

Table I 


fli a t 

From fig. 1 . - 6-2 x 10~* 0-30 x 10~ 3 

From fig. 2. - 5-7 x 10- 3 0-40x10-* 


Since the lens axes are arranged parallel to the magnetic field, the 
curvature of a track due to H will be in a plane at right angles to the axis, 
and so parallel to the photographic plate. If, under these conditions, the 
lenses were free from distortion, then the curvature of a track in any part 
of the field of the lens will be correctly reproduced. When the lens itself 
produces a curved image, the final image will have a curvature given by 
the algebraic sum of the distortion curvature and the real de-magnified 
object curvature, provided this latter is small. 

So, under these conditions, the distortion curvature is simply subtracted 
from the measured curvature to give the true curvature. 

4 — The Distortion Due to a Glass Plate 

In addition to the distortion due to the lens there is a distortion pro¬ 
duced by the glass plate forming the top of the cloud chamber. If a 
parallel plate of thickness t and refractive index fi is inserted at right 
angles to the lens axis between the object and the lens, then a ray making 
an angle 6 with the axis will be incident on the plate at an angle 6 also. 
The effect of this plate is to produce an angular displacement 80 given by 

80 — ( t/u ) sin 0 {1 — cos 0 ((jl 2 — sin® 0)~*}, (8) 

* We are indebted to Mr. A. W. Warmisham of Taylor-Taylor & Hobson, Ltd., for 
his comments on this part of the paper, and for informing us that a% is almost a 
constant for a given type of lens, while a x is easily within the designer's control. 
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where u is the distance from the object to the lens. If v is the image 
distance, then the effect of this angular displacement is to shift the image 
from the position 

r ~ v tan 0 (9) 

by an amount Sr = v sec 2 080, so that with (8) and (9) we obtain* on 
expanding and retaining the first two terms 

Sr = A u r + Air 3 

where 

A 0 — (tju) (1 — 1/n), 
and 

Ai - (tl2uv*),'(l - 1/fJL 3 ). 

By comparison with (3) and (6), the curvature due to the glass plate of 
the image of a straight line is 

a = 2Ai>’ = (ytjuif) (1 — 1 iy?). (10) 

For instance, the plate with the camera used (u = 23, « = 4-l cm, 
/ === 1-2 cm, (i ----- 1 • 5) introduces a positive distortion, which amounts in 
this case to about one-fifth of that due to the lenses alone and of opposite 
sign. The distortion due to the plate is found by measuring the dis¬ 
tortion of the camera system with and without the plate. The value 
found agrees with the value calculated from (10). 

In view of this distortion due to the plate, any lens which is specially 
designed to be free from distortion must be designed for use with a glass 
plate of some given thickness. 

Further, there is the possibility of compensating the distortion of a 
lens by using a suitable glass plate, but since the plate introduces a positive 
distortion, this can only be done when the lens distortion is negative and 
rather small. 

5—The Chamber Distortion 

The probable error of the measurement of the curvature of the image 
of a wire is about 3 x 10 _ *cm _1 . If this precision could be obtained with 
cosmic ray tracks, the greatest measurable radius of image curvature 
would be about 30 m, corresponding to an object curvature of 170 m, and 
so to a maximum detectable energy of 7 x 10 10 e-volts. 

Unfortunately, owing to the chamber distortion, we have only succeeded 
in attaining about a third of this precision on actual tracks, giving a value 
of E m of about 2 x 10 10 e-volts. To attain even this accuracy it is 

* The expansion must be carried out to include the r s term, if the effect of the plate 
on the coefficient a, is required. 
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necessary that the probable error of the determination of the displace¬ 
ment of the centre of a track 16 cm long should be less than 1 /10 mm, 
that is about one-seventh of the track breadth.* 

Between the passage of the ray and the instant of the photograph, a 
time of about 0-03 seconds with our apparatus, the gas in the chamber 
expands, and any irregularity in this expansion will distort the tracks. 
In addition the tracks will be distorted if the gas is not motionless before 
the expansion begins. Now convection currents are set up after an 
expansion, and persist for a considerable time after the piston is raised 
again. Convection currents are also produced by temperature differences 
between different parts of the chamber. If such currents reach velocities 
of the order of 1 cm/sec, serious distortion will result. 

There are also other sources* of irregular air motion causing dis¬ 
tortion. 

If there were no chamber distortions, the procedure would be to take 
as the real curvature of a track the difference between the measured 
curvature of the track and the optical curvature for the same value of y 0 , 
fig. 2. Owing to the chamber distortions another procedure must be 
adopted. This consists in using actual cosmic ray tracks, but with no 
magnetic field, instead of straight wires, to find the distortion. 

Whereas the optical distortions are the same for all tracks at a given 
distance from the lens axis, this is unfortunately not so for the chamber 
distortions. So it is, in principle, necessary to map the distortions not only 
as a function of the distance of the image from the lens axis, but also as a 
function of the direction of the track. And often, in actual fact, the 
chamber distortion increases rapidly with the inclination of the track to 
the vertical. This arises from the predominantly vertical direction of the 
residual convection currents. 

In view of this a considerable gain in precision is obtained by limiting 
the tracks employed to a nearly vertical direction; in these experiments 
within 5°. 

Curve 2, fig. 2, shows the total distortion curve for these tracks. The 
difference between this curve and the optical distortion curve (1) repre¬ 
sents the chamber distortions. Curve 2 is then used to correct the measured 
curvatures of tracks in a magnetic field, on the reasonable assumption 
that the distortions are not affected by the field. When this procedure is 
adopted, it is not absolutely necessary to measure the optical distortion 
alone, as the total distortion is found directly. Only, however, by 
measuring the optical distortion is it possible to know the magnitude of the 
chamber distortion. 

* Blackett, ‘Proc. Roy. Soc.\ A, vol. 146, p. 281 (1934). 
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It is mainly the chamber distortion which sets a limit to the precision; 
for, though in general smaller than the optical distortion, it may vary 
from day to day, so that each run with a magnetic field must be accompanied 
by one without. So not only is the mean total distortion curve displaced 
from the optical curve but the spread of the points is greater; both the 
displacement and the spread increase rapidly with the time T between 
the passage of the ray and the photograph, as can be seen from Table II. 
Hence the great importance of photographing early. 


Table II 


Object 

Straight wires. 

Probable error of 
object curvature So 
x 10“ 4 cm 

0-55 

E m for H 
« 14,000 
e-volts 

7 x 10 10 

Tracks. 

H-0 . 


2 x 10 l * 

T — 0-03 sec . 

20 

Tracks. 

H ^ 0 . 



T = 0*05 sec . 

60 

6 x 10* 


As neither the optical nor the chamber distortion were quite parabolic, 
it was necessary to measure the mean curvature over nearly the same 
length of track, both with and without the magnetic field. When the 
distortion is very far from parabolic, it is necessary to plot both no-field 
and with-field tracks on the same graph, and then to take as the true 
curvature, the curvature given by the curve corresponding to the differ¬ 
ence of the two curves, instead of simply the difference of their curvatures. 
This method was tested, but is laborious and was not used. 


6—The Results 

A considerable time was spent in developing this technique of accurate 
energy measurement, so that although more than a thousand photographs 
have been taken, only the later ones are suitable for accurate measure¬ 
ments. The results given here are therefore of a preliminary character. 
With the experience gained it is believed that the accuracy attainable with 
the existing apparatus can be still further improved. And far greater 
numbers of tracks are required to determine the spectrum satisfactorily. 
The results for 89 tracks in a mean field of 13,500 gauss, and 29 tracks 
in no field are shown in fig. 4, where a point is plotted to represent the 
corrected curvature of each track. In addition, measurements have beat 
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made of 99 tracks in a mean field of 11,000 gauss. These measurements 
are not so accurate as the others. 

Only single tracks passing through both counters were measured. 
Since we are only concerned with tracks of great energy, it is almost 
certain that every track is due to a downward moving particle; in this 
case, a positive curvature corresponds to a positron. The probable error 
8 <t of a measurement corresponding to the spread of the no-field points is 
indicated. 

a — curvature of tracks in units of 10* cm -1 



Fio. A —Curvature spectrum of tracks with and without a magnetic field. 

Table III—Number of Positive and Negative Tracks 

(A) 89 tracks in 13,500 gauss. 

(B) 99 tracks in 11,000 gauss (of lower accuracy). 

No. of No. of 

Energy of range positives negatives Total 



A 

B 

A 

B 

A 

B 

00 to 10 10 volts . 

. 5 

5 

1 

2 

6 

7 

10“ to 10* volts. 

. 27 

33 

37 

32 

64 

65 

< 10* volts. 

. 11 

13 

8 

14 

19 

27 

Total. 

. 43 

51 

46 

48 

89 

99 


The energy scale, assuming the particles to be electrons, is also given. 
The number of positrons and electrons in three energy groups is given in 
Table III. The total number of positives and negatives is about equal 
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in both sets A and B but the statistical error is large. The excess of high 
energy positives among the tracks over 10 10 e-volts is shown by both sets 
A and B and is probably real, though the statistical error is very large. 
This result is of great interest in connexion with the azimuthal asym¬ 
metry experiments. Table IV and fig. 5 give the energy spectrum given 
by set A taking positives and negatives together. The dotted curve, 
fig. 5, shows Anderson’s spectrum for single particles passing through 
both counters. This curve is made to agree with our curve at E — 3 x 10“ 



Fig. 5— Energy spectrum of cosmic rays. The arrows denote the probable errors 

of the energy determination. -© new measurement; +-Anderson; 

(cl calculated from g (E) oc 1/E*. 

e-volts. In addition to the tracks represented by the plotted points, 
Anderson reports 18 with energies greater than 4 x 10® e-volts. 

No significance can be attached to the new spectrum below about 
4x 10 8 e-volts, owing to the deflexion of the rays by the magnetic field 
.away from the counters. The difference between the dotted and full 
curves at low energies is probably due to the greater distance between the 
counters (33 cm) in our experiment, whereby many more low energy 
particles are missed. 

Not one of the 188 tracks showed a definitely heavier ionization, which 
would correspond to a proton with Hp < 2 x 10° gauss cm.* So none 

* Blackett and Occhialini, 4 Proc. Roy. Soc.,’ A, vol. 139, p. 699 (1933). 
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of the 28 tracks with Hp below this value was due to protons. It is not 
possible to distinguish between protons and electrons of higher Hp. 
In this discussion all the tracks are taken as electronic. 

Table IV— The Number of Observed Tracks of Both Signs 

The measurements of energy of set A are more accurate than that of set B 

Number observed 


Energy interval 
Er-E B x \0 9 

A 

B 

A + B 

Calculated No. 
oc 1/E! - 1/E, 

e-volts 

O-l 

19 

27 

46 

00 

1-2 

19 

23 

42 

106 

2-A 

29 

23 

52 

53 

4-6 

6 

11 

17 

[18] 

6-8 

6 

6 

12 

9*1 

8-10 

4 

2 

6 

5*4 

10“ 00 

6 

7 

13 

21 


The actual energies of the tracks in set A, for which E > 10 10 e-volts 
are as follows: 11 0, 12-0, 12 0, 17-0, 17 -6, 30, giving a mean energy of 
16-6 x 10“ e-volts. Those in set B are too inaccurate to make these high 
energies of much significance. 

7—The Effect of Errors on the Spectrum 

To discuss the significance of the high energy part of the spectrum, it is 
necessary to consider the effects of error of measurement of the curvature. 
If the true number of tracks with curvature between a and a + So, is 
f{a) 8o, the observed distribution F (a) will not in general be the same 
as/(a).* However, for the special case of/(n) = const, both true and 
observed distributions are the same. 

If the number of particles of energy E, E + dE is g (E) 8E, then since 
E oc 1 /<r, we have g (E) oc 1 /E a , for this special case of / (a) — const. 
Now it can be seen from fig. 4 that / (a) is, in fact, within the statistical 
error, nearly constant between the values: n = ±2x 10'* cm 1 . One 
concludes, therefore, that our experimental results are consistent with 
the assumption that, for energies above about 2 x 10* e-volts, the energy 
spectrum is approximately of the form g (E) oc 1 /E*. In the last column 

* A special case of the general problem of the distortion of distribution curves by 
errors of the abscissae has been given by Chadwick, Blackett and Occhialini, ‘ Proc. 
Roy. Soc.,’ A, vol. 144, p. 235 (1934). The general effect of the errors in the energy 
measurements is to make the observed curve flatter than the true curve. 
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of Table IV and in fig. 5 (squares) are given the numbers calculated from g 
(E) oe 1/E*. The number between 4 x 10® and 6 x 10 8 e-volts is made to 
fit the observed curve. 

If the apparent minimum at about o = 0, fig. 4, is taken as real, then 
the true spectrum will fall off more rapidly than as 1 /E*, at the higher 
energies. It will be seen from Table IV that the observed number with 
energy greater than 10 10 e-volts is lower than the calculated number. 
There is some indication that the energy spectrum may show some very 
interesting features when studied in more detail. But the material is as 
yet too little in quantity. There is a slight minimum in the spectrum, 
in the neighbourhood of 2 x 10 11 e-volts. This also appears in Anderson’s 
results, but it is not yet possible to say if it is real, or has merely a 
statistical origin. 

It must be borne in mind that whatever the true spectrum, one would 
always find the 1/E 2 spectrum provided the errors are large enough. 
What validity can be attached to the present conclusion lies in the demon¬ 
stration that the actual probable error of a curvature measurement, here 
estimated as 2 x 10 4 cm 1 , is small compared with the extent of the 
nearly constant distribution, that is small compared with 2 x 10 s cm -1 . 
If, however, the real errors were considerably higher than we estimated, 
then one could not even say for certain that any particles of E > 10 10 
e-volts were present, because all those which apparently possessed such 
energy might have really been of lower energy, and only fell into the 
higher energy range through the errors of measurement. On the basis 
of a given estimated curvature error, the measured energy spectrum can 
only be said to be significant up to energies of the order of the greatest 
detectable energy E m . This has been defined by writing the probable 
error 8® of the curvature for a in (l). The significance of Em can be seen 
thus. If a track has a measured energy E m and, say, a positive curvature 
then there is chance of 1 /4 for the following four possibilities: that the 
charge is positive and the energy is (a) less than E m /2, (b) between EJ2 
and E m , (c) between E m and infinity, and (d) that the charge is negative 
and the energy is between zero and infinity. One can conclude that the 
measured spectrum can be held to have considerable validity up to, say, 
E m /2, a small validity up to E m , and none at all above this. 

A discussion of these results will be given in a subsequent paper. 

One of us (R. B. B.) was enabled to do this work by the award of a 
Guggenheim Travelling Fellowship. We wish to thank Mr. R. E. Siday 
for his assistance with the measurement of the tracks and Mr. A. H. 
Chapman for his invaluable work in constructing much of the apparatus, 
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the cnamoer. i nere are too many ot them and they are too short tor more than very rough measurement to be made 
on a few of the tracks, but it seems that about 50 of the particles have energies greater than 10 s e-volts, so that 
the total energy of the shower certainly exceeds 5 10 ! * e-vo!ts and probably is as high as 10 10 e-volts. 
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for his help with the experiments, and for his assistance in measuring 
the tracks. The cost of the magnet and chamber was borne by a grant 
from the Mond Fund of the Royal Society. The magnet was constructed 
by the Research Department, Metropolitan Vickers, and the cloud chamber 
by Messrs. C. W. Cook & Sons, Ashby-de-la-Zouch. 

Summary 

To measure high energy cosmic ray tracks, a large cloud chamber is 
required in a high magnetic field. Such a chamber and magnet has been 
built. A full description is given in Part I. 

The optical and chamber distortions must be taken into account, as 
they may be many times larger than the real curvature of the tracks. The 
nature of the distortion due to large aperture lenses is discussed, together 
with the effect of the glass plate forming the front of the chamber. A 
relation is derived between the constants by which the distorted image can 
be represented, and the variation of the “ central ” curvature of an image 
with its distance from the centre of the plate. 

The preliminary determination of the energy spectrum of 188 vertical 
cosmic rays is made. The spectrum should have some significance up to 
energies of 2 X 10 10 e-volts, and is in reasonable agreement with the 
results of Anderson, whose measurements did not however extend beyond 
6 x 10® e-volts. The number of positives and negatives is about the 
same, except that the particles with energy greater than 10 10 e-volts 
seem to be mainly positive. 

The spectrum of both positives and negatives together is shown to be 
approximately of the form g (E) oc 1 / E 2 , for energies between 2 x 10® 
e-volts and 2 x 10 10 e-volts. Over this energy range the number of 
particles per unit energy interval of the spectrum varies by a factor of 100. 
At higher energies the number of particles probably decreases rather 
faster than this. For lower energies the numbers are much smaller than 
those given by this expression. Very low energy particles are not photo¬ 
graphed as they are deflected by the magnetic field away from the counters. 
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Self-consistent Field, with Exchange, for Beryllium 
II—The (2s) (2 p) 3 P and ‘P Excited States 
By D. R. Hartree, F.R.S., and W. Hartree 
(Received January 2, 1936) 

1—Introduction 

In a recent paper* we gave an account of the method and results of 
the solution of Fock’s equations of the self-consistent field, including 
exchange effects, for the normal state of neutral beryllium. The present 
paper is concerned with the extension of the calculations to the first two 
excited states, (1 s) s (2a) (2p) 3 P and 1 P, of the same atom. 

This extension was undertaken for two reasons. Firstly, before going 
on to attempt the solution of Fock’s equations for a heavier atom, we 
wished to get some experience of the process of solution of Fock’s 
equations for a configuration involving wave functions which overlap 
to a greater extent than the wave functions (l.v) and (2s) of the normal 
state, and for which exchange effects might be expected to be corre¬ 
spondingly greater; and secondly, for an atom with more than one 
electron outside closed («/) groups, so that a given configuration! gives 
rise to more than one term, the equations of the self-consistent field, 
when exchange effects are included, are no longer the same for the different 
terms, and it seemed likely to be of interest to examine the consequent 
difference between the radial wave functions for the different terms (here 
*P and *P), and the effect of this difference on the calculated energy 
separation between the terms. 

The self-consistent field without exchange was also calculated for this 
configuration, partly in order to provide estimates of various quantities 
required for the first stage of the approximation to the solution of Fock’s 
equations, and partly to see how good (or bad) an approximation it 
forms to the solution of these equations. 

2—Expression for the Energy in Terms of One-electron Wave 

Functions 

The specification of an atomic state by a configuration symbol such as 
(1 a)*(2s) (2 p) implies that we are thinking in terms of the approximation 

• ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 9 (1935). 

f We use the words “ configuration ”, “ term ”, and “ level ” in the sense defined 
by Condon and Shortley, “ Theory of Atomic Spectra ” (Cambridge, 1935), pp. xiii 
168, 189. 
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which regards the electrons as each occupying a wave function + of 
the central-field type 

'l' (*U) = - P (n«h\r,) S (l,m a \ 0,x (r.k), (1) 

T i 

where * stands for the set of quantum numbers n„ /„, m„, s„ specifying 
the wave function, and j for the set of four coordinates r t , 0,, <f>„ s, of 
electron j. For an atom consisting of complete groups, or complete 
groups and one electron, then, to this approximation, the wave function 
for the whole atom is the determinant 

T(A|R)= 'F(«Py...|123 ...) 

+ (* 11 ) ^ 01 1 ) . . 

+ («|2) + (P|2) . 


where A stands for the set («Py • ••) of occupied one-electron wave 
functions, and R for the set (123 ...) of electron coordinates. 

But when there is more than one electron outside complete groups, 
there are a number of degenerate wave functions, of the same («, /) but 
different (m, s ), which each electron in an incomplete group can occupy. 
In this case, a given electron configuration gives rise to a number of 
separate levels which, in Russell-Saunders coupling, can be grouped into 
terms each specified by a total “ orbital ” moment of momentum L and 
spin moment of momentum S, and, to the approximation contemplated, 
the wave function for any one of these terms is a linear combination 

V- I a C a V(A|R) (3) 

of such determinants, involving different members of the set of one-electron 
wave functions available to the electrons in incomplete groups. 

In a strict application of the variation principle to determine the best 
approximate wave function of the form (3), the coefficients C A would 
be regarded as adjustable parameters, whose values, as well as the 
behaviour of the wave functions P (nl\r), are to be determined so as to 
give a stationary value of the energy integral 

E = J 'F*H'F</Ty'( ( 4 ) 

But wfien, of the various terms arising from a given configuration, 
there is not more than one of each kind [i.e., with each (L, S) ], the 

VQL.C11V.—A. 
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coefficients C A for each of these terms are independent of the radial wave 
functions P {nl\r), and can be evaluated most easily without appeal 
to the variation principle.! In the further general discussion, it will be 
assumed that no more than one term of each kind is concerned; this is 
so for many of the simpler and more commonly occurring configurations. 
In such cases we need only apply the variation principle to determine the 
radial wave functions P(«/|r). 

For this application of the variation principle, it is only necessary to 
have the expression for E in terms of the radial wave functions, and 
Slater! has shown how, in such cases, this expression can be obtained 
without explicit determination of the coefficients C A . His argument, 
however, depends formally on the use of an approximation in which the 
radial wave functions are the same for all terms arising from the same 
configuration, and the use of his method and results in our work, in 
which the difference between the radial wave functions for the different 
terms is an essential feature, requires justification. 

The first step is to verify that the values of the coefficients C A do not 
depend essentially on the approximation just mentioned. Some methods 
of deriving these values (e.g., by an application of perturbation theory, 
starting from the set of wave functions ¥ (A|R) for the different sets A 
of available wave functions, as a degenerate set) do appear to use such an 
approximation, and if such a method is used, it is perhaps not immediately 
clear that the values of the coefficients still apply in the better approxi¬ 
mation with which we are concerned here. But there is a method, due to 
Gray and Wills,§ which depends essentially on the variation of the wave 
functions over the unit sphere only, and not on their radial variation, 
and so is equally applicable whether the radial wave functions for the 
different terms arising from a given configuration are the same or not, 
and it gives the same values for the coefficients in either case. 

Hence the expression for E for any particular term must involve the 
radial wave functions for that term, and definite numerical coefficients, 
only, and be independent of the radial wave functions for any other term. 
Hence, even with our better approximation in view, it is permissible, 
as a device for writing down easily and quickly the expression for E 
for any one term, to suppose temporarily that the radial wave functions 
for the other terms concerned are the same as for the one with which 

t See Condon and Shortley, op. clt., chap. 8. 

J ‘ Phys. Rev.,’ vol. 34, p. 1293 (1929); Condon and Shortley, op. dt., chap. 7. 

§ ‘ Phys. Rev.,’ vol. 38, p. 248 (1931). See Condon and Shortley, op. clt., chap. 8 
8 5 . 



Self-Consistent Field, with Exchange, for Beryllium 591 

we are concerned at the moment, and so to use Slater’s method and 
results. 

Using the notation of the previous paper, viz.: 


Z* (*/,«'/» = 

f f i n i\ r ') ?n (n'l'\r') (r'/r) k dr' 

Jo 

(5) 

£ 

IT 

fi 

Z* + j* P N («/|r') P N (n'lV) (r//•')* +1 dr' 

(6) 

i(«/)= 


(7) 

Ft («/,«',/') — 

r^inl\r)Y k in'l\ n’V\r) r~' df 

Jo 


= 

j" P N a («'/» Y* («/, n/|r) r- 1 dr 

(8) 

G* («/,«'/') = 

P Pn («/k) Pn («7'|r) Y* («/, «7'|r) r* dir, 

Jo 

(9) 


(suffix N indicating a normalized wave function), the expressions for the 
energies of the two terms arising from the configuration (ls) a (2s) (2p) 
with which we are concerned here are 

E = 21 (Is) + I (2s) + I (2/>) + F 0 (Is, Is) + 2F 0 (Is, 2s) + 2F 0 (Is, 2p) 

+ F 0 (2s, 2/0 - G 0 (Is, 2s) - iG, (Is, 2/0 =F K0 (2s, 2 p ), (10) 

the upper sign referring to the ®P and the lower to the *P term. 


3—Derivation of Fock’s Equations 

The easiest general way of deriving Fock’s equations from an expression, 
such as (10), for the energy in terms of radial wave functions is by formal 
differentiation with respect to each of these wave functions. 

If J is an integral, over the range r — 0 to oo, whose value depends on 
a fhnction fir) which occurs in the integrand of J [as, for example, 
P K (nl\r) occurs in the integrand of I («/)], and for any small variation 
tf{r) of fir), the variation of J can be put in the form 

= j"g(r)8/(r)dr, (11) 


2 R 2 
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[g (r) being independent of 8/ (r)], we will writef 

g(r)= aj/3/(r). (12) 

We will require these derivatives, with respect to the normalized wave 
functions P N (nl\r), of the integrals 1, F, and G defined above, and also 
of the integral 

f” P N (nl\r) P N («T|r) dr. 


From the definition (7) of I ( nl ) we have, 


(after integrating P P N (nl\r) ~ [SP N («/|r)] dr by parts twice j 
1 (nl) = - j * [8 P n (nl\r)] [ ^ ^ _ 3L}lL>] P N (nl\r) dr, 


so that from the definition (11), (12), we can write 


01 («0 -rf* | 2N_ /(/+l)lp (nM 

sp^TF)" Id? + T I Pn 


(13) 


Also from (8), for variations of both P (nl\r) and P («'/'(r). 


SF* («/, «7') = 2 (* [SP N («/|r)] Y k («'/', n'V\r) r 1 P N (nl\r) dr 

-o 

+ 2 P [8P n (n’l'\r)] Y k (nl, nl\r) r* P N (n’V\r) dr, 
Jo 


so that 

3F t (»/,«T) _., Y t (wT, »T) p , ■ ,, * 
?P N («/|r) 2 #■ N (|) 


if («'/') * (nl). 


(14) 

(15) 


t This formal derivative may not be completely defined by (11), (12), for if there is 

a function h (r) such that [ h(r)8f(r)dr~0 for all 8/(r), (11) is satisfied by 

Jo 

g (r) 4 bh (r), where b is arbitrary. In particular, if / (r) is a normalized wave func¬ 
tion Pn (nl\r), and we contemplate only such variations SP N that P# + 8 Pn is normal* 

( et> 

Pn SpNi/r ~ Os so that &J/dPs (nl\r) is undetermined to a multiple 

o 

of Pn («/|r). But it will be found that this indefiniteness is of no consequence in our 
application, as each arbitrary constant which arises in this way can be included in a 
corresponding Lagrange multiplier, introduced in the application of the variation 
principle in view of the limitation on the variations $P s contemplated. 
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but, putting («'/') = (nl) in (14) 

$F* (nl, nl) = 4 P° [SP N (n/|r)] Y* («/, «/|r) P N (n/|r) dr. 


0 


so that 

v¥ k {nl, nl) _ , Y k (nl, nl) p , , 

?P N («/ j r) 4 r 

(16) 

Similarly 

(17) 

dC tp n !’n l ? “ 2 Yt (w/ ’ ” T) P N {n'l'\r). 

and finally 



9 r® 

0P N («/|r) J o 

P N (nl\r) P N (n'l'\r) dr - P N (nT\r) if («'/') * (nl)} 

• (18) 


=* 2P n (nl\r) if («'/') = («/)! 


If all the radial wave functions P N (nl\r) are varied, remaining nor¬ 
malized, the total variation of E can be written 


8E “ s -Lra 8P - ( "' |r) ‘ fr - " 9) 

The form of the expression for the energy integral E derived from Slater’s 
method depends on the radial wave functions for the same / and different 
n being orthogonal, and if we wish to use this expression for E in (19), 
in order to derive Fock’s equations from the variation principle, we must 
impose a corresponding restriction on the contemplated variations of the 

Pff*S. 

Thus, using such an expression for E, the best radial wave functions are 
such as make SE, given by (19), zero for all SP N subject to the normal and 
orthogonal conditions, which give 

8 [* Pn ( / */| r ) Pn ( n 'l\ r ) dr — 0. 

Jo 

Multiplying each relation (20) by a Lagrange multiplier 
writing 

E' = E + £„„■( I"* P N (nl\r) P N (n'l\r) dr, 

Jo 

we have 

for all variations 8P S (nl\r) from normalized wave functions, without 
restriction, and hence 

0E' 

3P*(«'k) 


( 20 ) 

e nt. n-i, and 
( 21 ) 


0 , 


( 22 ) 
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for each (hi), and all r. This is a formal expression of Fock’s equations, 
which can easily be written down from the expression for E, using 
formulae (13), (15M18). 

Using the expression (10) for the configuration with which we are 
concerned here, and expressing the results in terms of unnormalized 
wave functions, we have 



and the upper and lower signs refer to the triplet and singlet state respec¬ 
tively, as in (10). The equations for the normalized wave functions P N 
can be obtained by putting K = L = 1 in (23)-(25), but, as for the normal 
state, it seemed most convenient to do the numerical work with un¬ 
normalized wave functions. 

One feature of the equations, in which they differ from those of the 
normal state, should be noticed at once. For the normal state it is 
possible to find an orthogonal linear transformation of the radial wave 
functions (Is) and (2s) such that the non-diagonal parameter t Uxi , becomes 
zero, and otherwise the form of the equations remains unchanged, 
whereas this is not possible for equations (23)-(25). This might be 
anticipated, for a linear transformation of the (Is) and (2s) radial wave 
functions does not correspond to any possible transformation of the 
complete wave functions (1) in the present case, since there is a (lr) and 
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a (2s) wave function with one spin, but only a (Is) wave function with the 
other spin; whereas for the normal state there is a (Is) and a (2s) wave 
function with each spin, so that a linear transformation of the radial 
wave functions does correspond to a transformation of the complete 
wave functions, and so does not affect the determinant (2), or the form of 
the expression for E, or the form of the equations deduced from it by 
application of the variation principle. 

This, and the fact that exchange terms only occur between wave func¬ 
tions of the same spin, suggests that it would be both physically and 
analytically significant to take different radial wave functions for the (Is) 
wave function which has the same spin as the (2s) and for that which has 
the other spin. This would be possible, but the introduction of an extra 
function to determine would make a considerable addition to the already 
heavy numerical work, the improvement in the wave function for the 
whole atom would probably be quite small, and the possibility of making 
a transformation to eliminate c Ui2 , would be no great advantage; and 
we have taken P (ls|r) to be the same for both (Is) wave functions. 


4~Process of Solution of Fock’s Equations 

The work on the normal state has shown that, when exchange terms are 
included, the (Is) wave function is very insensitive to the presence of the 
outer electrons, so that in the preliminary stages it can be considered as 
the same as for Be ++ . Then, for given Z*’s, K, L, and e Ui2 , (which have 
to be estimated at each stage) the numerical solution of (24) and (25) for 
P (2s) and P (2 p) can be carried out either simultaneously or successively. 
In the simultaneous solution of the equations, it is necessary to adjust the 
two parameters « 2# , 2 , and t iPtip simultaneously so that both P(2s) and 
P (2 p) tend to zero at r — oo ; for the successive solution it is best first 
to estimate P (2s) and solve (25) for P (2 p), then solve (24) for P (2s) using 
the P (2p) just obtained, and repeat the process, if necessary, until the 
calculated P(2s) agrees sufficiently well with the estimated function; in 
this method of solution, the adjustment of the values of and t iPt .^ p 
can be done separately, as in the solution of the equations of the self- 
consistent held without exchange. 

The latter method may appear more lengthy, but the possibility of 
adjusting 21 and e 2p , ap separately, instead of having to determine their 
proper values simultaneously, is a considerable simplification, especially 
in the earlier stages of approximation when only rough estimates of their 
values are available, and this method has been used throughout. It is 



596 


D. R. Hartree and W. Hartree 


particularly suitable for the present case, in which there is only one (2p) 
wave function so that Z 0 (2 p, 2p) does not occur in the equation (25) for 
P (2 p), and therefore need not be estimated, but can be calculated from 
the solution of this equation and then used in the solution of (24) for 
P (2s); in the simultaneous solution of the equations, Z 0 (2 p, 2p) would 
be included with the other Z*’s which it is necessary to estimate before¬ 
hand. It has not often been found necessary to recalculate P (2 p) after 
solving the equation for P (2s); the P (2s) function is not very sensitive, 
and, at each stage of the approximation, the P (2s) found in the previous 
approximation is usually an adequate approximation for the purpose of 
solving (25) for P (2 p). 

For the 8 P term it was practicable to integrate both equations (24) and 
(25) out to a point (actually r — 10) at which the exchange terms became 
negligible, so that the usual method of inward and outward integration, 
and comparison of the values of P^dPjdr at the junction for the two 
integrations, could be used for the determination of c*,,*, and e 2p , ip and 
the corresponding wave functions, and for the ’P term this process could 
be used for equation (25). On account of the sensitiveness of the results 
of the outward integration for large r , it is necessary to estimate e 2( , 2 , and 
t ip<Sp fairly closely in order that the behaviour of the solution for the 
estimated e should not be too far from that of the wave function, so that 
linear interpolation between the solutions for different s should be reliable. 
For this purpose, integration was carried out for two values of e, bracket¬ 
ing the proper value required; from them, a better value was estimated, 
and outward integration carried out with this value, starting not from 
r — 0 but from such a radius that linear interpolation between the 
calculations already made was sufficiently accurate; and this process was 
repeated as necessary. After a little experience of the behaviour of the 
solution, this procedure does not give any serious difficulty. 

A similar process was used for the whole range of integration for 
equation (24) for the J P state, for which the exchange terms are appreciable 
over the whole range; and it was found practicable despite the unexpected 
behaviour of the solution for large r, where the effect of the exchange 
terms is to introduce an additional node. Alternatively, the process 
used for the (Is) wave function of the normal state, involving the calcu¬ 
lation of a particular integral by inward integration, and a complementary 
function, could have been used in this case for equation (24); but the use 
of outward integration only seemed simpler and of adequate accuracy. 

For given Z*’s, it is necessary to choose values of K, L, and *!,,«, to 
satisfy the conditions of orthogonality and normalization. Calling the 
values of K, L used in solving the equations the “ initial ” values, and 
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those calculated by (26) from the solutions of the equations the “ final ” 
values, these conditions are 

Final K = Initial K 
Final L — Initial L 

f* P (Is) P (2s) dr — 0 
Jo 

They were satisfied by solving equations (24), (25) for three sets of values 
of K, L, and e Ui2 », and using linear interpolation in these three variables, 
following the procedure used for the normal state. The variation of the 

final K, L, and of f P (Is) P (2s) dr with initial values of K, L, and 

Jo 

£]„, g , are not sensitive to the Z k ’s used in calculating the P’s, and did not 
have to be calculated afresh for each separate set of estimates of the 
Z*’s. 

Finally, the functions Z k must be chosen so that the “ final ” functions, 
calculated from the solutions of the equations with the values of K, L, 
and £i, t2ei which satisfy the conditions of orthogonality and normaliza¬ 
tion, agree with the “ initial ” functions used in solving the equations. 
As already explained, it was not necessary in this case to estimate 
Z 0 (2p, 2p). The original estimates of the Z t .’s, and of P (2s) to use in 
solving (25) for P (2 p), were taken from the results of the self-consistent 
field without exchange. 

It has already been said that in the early stages of approximation, P (Is) 
was taken as known from previous work. When a fairly good approxi¬ 
mation for P (2s) and P (2 p) had been reached, a better P (Is) was found 
from the solution of (23), and was used in further approximations to P (2s) 
and P (2 p). 

The calculations were carried out first for the 3 P term, as for it the sign 
of the (2s) (2 p) exchange terms is such that they have much the same 
effect as an additional attractive field, and it seemed likely that the 
equations would consequently be easier to handle in this case than for the 
X P term, for which those exchange terms have the opposite sign. In all, 
four approximations to the Z*’s were required before a satisfactory 
solution was reached; thfe maximum difference between initial and final 
Z’s is 0-002. 

The calculations for the X P term were somewhat prolonged, on account 
of the sensitiveness of P (2 p), particularly for large r, to the estimated 
Z t (2s, 2p), and to the effect of this on the normalization and so on the 
value of L, and on the final Z, (2s, 2 p). Also the differences from the *P 
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term were considerably underestimated, so that the estimates used in the 
first few approximations were only very rough, and the results of these 
approximations gave little indication of the final results, on account of 
the sensitiveness of P (2 p). For the 8 P term, a change in the initial value 
of L produces a change of the final value in the opposite direction, giving 
a good determination of L, while for the X P term the change in the final 
value of L is in the same direction as the change in the initial value and, 
for the bad estimates taken in the first stages of the calculation, it was 
nearly as large, which made the determination of L much more trouble¬ 
some than for the 3 P state. To illustrate the difference in difficulty of 
handling the calculations for the two terms, it may be mentioned that, 
after the first two approximations, which were mainly exploratory in 
character in both cases, the range of L covered in the calculations for 
the 8 P term was from 18 to 20, a range of 10% only, whereas for the X P 
term it was from 35 to 50, or about a 40% range. In all, eight approxima¬ 
tions to the Zj’s were made before arriving at the final results for the 
singlet state. 


5—Results, Wave Functions and Field 

Table I gives wave functions, unnormalized, with (P//•),„„ — 20 for 
/ = 0 so as to be comparable with the results for the normal state already 
published, and (P/r*) fr . 0 — 10 for / ~ 1, for the three cases calculated, 
namely self-consistent field without exchange (for which there is no 
difference between the 3 P and J P terms), and self-consistent field with 
exchange for the 3 P and J P terms separately, and the various constants 
occurring in the solutions. The wave functions are compared graphically 
in figs. 1 and 2, fig. 1 shows the unnormalized wave functions P (2s) and 
P (2 p) for the three cases, and fig. 2 the normalized P® (2s) and P* (2 p). 

The most noticeable feature of the results is the considerable effect of 
the exchange terms on P (2 p), and a corresponding difference between 
this wave function for the 3 P and r P terms. One result of this is that, 
when the (2 p) wave functions are taken to be the same at the origin, the 
normalization integral for the X P term is more than three times that for the 
X P term, so that any effects which depend primarily on the wave function 
near the origin should be only about one-third as large for the X P as for 
the 8 P term. Two such effects are spin separations and hyperfine structure 
separations. The X P state cannot show a spin separation, but the results 
suggest that where a given configuration gives rise to a number of terms 
of which more than one shows a splitting due to spin, the spin separations 
for the different terms may be expected to depart considerably (by a 
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{Note —The curve for P (2s) for the J P term cuts the r axis at about r = and has a positive 
at about r = 11, but this maximum is too small to be shown on the scale of this figure.) 
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factor 2 or 3) from those which would be expected on the assumption 
that the radial wave function is the same for all the terms; and the same 
will apply to hyperline structure separations. 

The difference in position of the maximum of P (2 p) for the 3 P and X P 
terms is considerable; for *P the maximum of P (2p) and the main 
maximum of |P (2s) | lie nearly at the same radius, whereas for *P the 
main maximum of |P(2s)| is somewhat nearer in, and that of P(2 p) 
is considerably further out. The difference between the (2 p) wave 
functions in the neighbourhood of their maxima may have a con¬ 
siderable effect on properties of the atom which depend mainly on the 
wave functions in this region, such as transition probabilities which are 
notoriously sensitive to the detailed behaviour of the wave functions 
involved. 

In comparing the wave functions for the self-consistent field with and 
without exchange, it must be remembered that in Fock’s equations there 
are exchange terms between (Is) and both (2s) and (Ip), which have the 
same sign for the 3 P and for the X P term, as well as the exchange terms 
between (2s) and (2 p) which have opposite signs for the 3 P and X P terms 
and are responsible for the difference between the wave functions for 
these terms. Consequently the wave functions calculated neglecting 
all exchange terms should not be expected to lie about midway between 
the corresponding wave functions calculated for 3 P and X P including 
exchange terms, and on examination of figs. 1 and 2 it will be seen that 
in fact they do not do so; indeed over most of the range the normalized 
(2s) wave function calculated without exchange does not even lie between 
those calculated with exchange for 3 P and *P. It will also be seen that 
on the whole the wave functions for 3 P differ by less than those for l P 
from those calculated without exchange. This can be accounted for in a 
general way as follows. 

The general effect of the exchange terms between (Is) and (2s) is that 
of an additional attractive field, and produces a contraction of the (2s) 
wave function. The general effect of the (2s) (2 p) exchange terms, for the 
*P term, is that of a repulsive field; they produce an expansion of the (2p) 
wave function, with the result that for the (2s) wave function the screening 
of the nucleus by the distribution of charge of the electron in the (2p) 
wave function is decreased; the effect of this is greater than the repulsive 
effect of the (2s) (2 p) exchange terms on the (2s) wave function, so the 
net effect is to produce a further contraction in addition to that produced 
by the (Is) (2s) exchange terms. For the *P term the sign of the (2s) (2 p) 
exchange terms is opposite to that for the X P term, and their net effect on 
the (2s) wave function, direct and indirect through the perturbation of (2 p), 
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is to produce an expansion, and partly to counteract the effect of the 
(Is) (2s) exchange terms. 

The long “tail” of P(ls) for the X P term arises from the terms e 1<>2<l , 
P (2s), and Y x (Is, 2 p) P (2 p)/r in (23), which are of the same sign since 
e lf>2 , is positive for X P; as already pointed out, e„, 2 , cannot be made zero 
by a linear transformation of the radial wave functions in the present case. 
For the *P term, e u . 2 , is negative, and the terms e u lt ,P (2s) and 
Y, (Is, 2 p) P (2 p)jr in (23) very nearly cancel for^large r, so that the 
“ tail ” of P (Is) arising from them is negligible. 

The small positive values of P (3s) for the X P term for large r arise from 
the Yj (2s, 2 p) P (2 p)jr term is (24), so that the inclusion of exchange 
terms in the equations has introduced an additional node into the solu¬ 
tion. The relevant exchange term has the opposite sign for 8 P, so that no 
additional node is introduced in this case. 


6—Energy Values 

For calculating the energy values from (10), it is possible to substitute 
for d % P (nl)jdr 2 from (23)-(25) in each I («/) integral; but a more con¬ 
venient expression is obtained by making this substitution in I (2s) and 
1 (2 p) only, and not in I (Is). Writing 

Ej -- 21 (Is) + F„ (Is, Is) (28) 

this gives 

E [Be (2s) (2/>), *P, *P] = E x - 

-F 0 (2s,2p)±iG 1 (2s,2p), (29) 

(the upper sign referring to the S P term as before). The corresponding 
expression for the normal state is 

E [Be (2s)*, X S] » Ej - c 2 ., 2 . - F 0 (2s, 2s) (30) 

and for the normal state of the Be ++ ion 

E [Be ++ (Is)*, X S] = Ej. (31) 

Now from the variation principle, E x is an absolute minimum for the 
P(ls) function for the Be ++ ion; also P(ls) for the atom is only very 
slightly different from that for the ion, so the variation of E x from ion to 
atom, which is second order in the variation of P, is very small. Writing 

Ei (Be) — Ei (Be ++ ) — SEj (32) 
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for this variation of E x , the energies E a of the terms of the atom, relative 
to the normal state of the Be ++ ion as zero, are 

E # [(2s)*, *S] - - so,, - F 0 (2s, 2s) + SE X (33) 

E a [(2s) (2/7), *• *P] - - \*u. u - - F 0 (2s, 2/7) 

± iGj (2s, 2/7) + SEj. (34) 

It is interesting to see that, apart from the very small term SEi arising 
from the perturbation of the (Is)* core by the (2s) (2 p) series electrons, 
the energy E a can be expressed in terms of integrals involving the wave 
functions of the series electrons only. This arises from the fact that these 
wave functions satisfy Fock’s equations, which include exchange terms 
between the wave functions of the core and series electrons, and (33), 
(34) only apply when the wave functions are solutions of Fock’s equations; 
when exchange terms between core and series electrons are omitted in 
determining the wave functions of the latter, as in the ordinary self- 
consistent field, such terms occur in the expressions for the energy corre¬ 
sponding to (33), (34). 

From the way in which the exchange terms between core and series 
electrons vanish from (33), (34) when the wave functions satisfy Fock’s 
equations, it is easily seen that this case is a special example of a general 
property of the solutions of these equations, and this suggests that in 
calculating wave functions for the series electrons of an atom, it might be 
worth while to include in the equations the exchange terms between 
series electrons and core, although these may have been omitted in 
calculating the wave functions and field of the core itself; in particular 
when there is only a single series electron, and E is measured relative to 
the normal state of the ion, then if exchange terms with the core are 
included in the equation for the (nl) wave function of the series electron, 
we have the simple result E = — (neglecting the second-order energy 
change due to the perturbation of the core) instead of the comparatively 
elaborate relation between E and e^, which arises when exchange 
terms are omitted in calculating the (nl) wave function.! 

The small term 8Ej in (33), (34), can most easily be calculated as 
follows. Let P K (Is) be the normalized (Is) wave function of Be ++ and 
P N (Is) + 8 P n (Is) that of the atom. Then, using the equation satisfied 
by P N (Is), (31), (32) reduce to 

8El “ £ [ir 5Pn {U) l dr ~ £ [T ~ 2Y ° ~ *'«• ’*] [* P h(1*)] s dr 

-f f* ^ [Py a 0 J )I l*y) 

Jo t 

t cy. McDougall, ‘Proc. Roy. Soc.,* A, vol. 138, p. 550 (1932). 
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This formula is convenient for computation; it is exact, and shows 
explicitly the second-order dependence of SEj on SP N (ls); in the second 
integral the values of Y 0 and £u,i. are those for Be*" 1 ". 


Table II— Energy Values 


Be(2s)* ] S 

28Ei = 0 000, 

—2ej,,2« = — 1 '237, 

-2F,(2j,2j) = -0*687, 


Calc. 2E, - - 1-924 

Calc, self-con¬ 
sistent field = — 1 -900 

Observed 2E, = - 2*024 


Be (2r) (2p) “P 

2SE, - 0 000, 

— 2a — — 0- 786, 

— *2p,i!p — — 0 ■ 483o 

-2F„(2j, 2s) - - O '670, 
+ iG,(2s, 2p) — + 0 • 142, 


Be (2s) (2p) *P 

28E t = 0 000, 

— * 2 «, 2 « — — 0 - 791, 

—— 2p — ' 0*235, 

—2F, (2s, 2p)— -0*534, 
-SG,(2s.2p)= -0*065, 

- 1*626 


- 1*636 


- 1*798 

ip _ «p = 0*172 
‘P - 3 P = JG, (2s, 2p) --- 0*251 

- 1*823 

1 P- 8 P = 0*187 


The calculated values of 2E a (the energy as a multiple of the ionization 
energy of hydrogen, which is half an atomic unit) for the normal state, 
and for the two excited states with which this paper is concerned, are 
given in Table II, and compared with the observed values. The value 
for the normal state has been calculated from (33), and differs from the 
result given in the previous paper by 0*02; as already pointed out in the 
previous paper, the calculation of energy values is difficult to check 
adequately, and this is particularly so for the contributions involving 
(l.s), which do not appear in (33), so that the result calculated from (33) 
is very much the more reliable. The value in Table II for the normal 
state, calculated from the results of the self-consistent field without 
exchange, has been deduced from that calculated from the solutions of 
Fock’s equations by the use of the results given in Table III of the previous 
paper. 

The agreement between calculated and observed energies E, is con¬ 
siderably better for the excited states than for the normal state, and is 
better for the J P than for the S P term. 

The singlet-triplet separation calculated from the self-consistent field 
without exchange is also shown in the table. It is clear that the inclusion 
of exchange terms, and consequent use of different radial wave functions 
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for the 8 P and X P terms, has led to a considerable improvement in the 
calculated singlet-triplet separations. 


8—Summary 

Fock’s equations for the self-consistent field, including exchange terms, 
have been obtained and solved numerically for the (2s) (2p) a P and *P 
terms of neutral Be. The radial wave functions are not the same for the 
two terms arising from this configuration, and in deriving Fock’s equations 
it has been necessary to justify the use, for this case, of Slater’s method 
for obtaining the expression for the energy in terms of the radial wave 
functions. A general method of deriving Fock’s equations by formal 
differentiation of this expression is given. 

The numerical work for the two terms had to be carried out separately, 
and for the *P term was rather troublesome on account of the sensitiveness 
of the (2 p) wave functions. The (2s) wave function is considerably 
different for the two terms, and the difference is still greater for the (2 p) 
wave function. 

Energy values are calculated and found to be in satisfactory agreement 
with observation; in particular the singlet-triplet separation agrees much 
better with the observed value than does the separation calculated from 
the self-consistent field without exchange, in which the difference between 
the radial wave functions for the two terms is neglected. 


2 s 2 
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Measurements of Adsorption at the Air-Water Interface 
by the Microtome Method 

By James W. McBain, F.R.S., and Robert C. Swain, National Research 
Fellow, at Stanford University, California, 1932-34 

{Received January 2, 1936) 

In spite of the wide use and fundamental importance of the classical 
Gibbs adsorption theorem, its validity has never been given adequate 
experimental demonstration. Until quite recently the principal means 
available for testing this theorem was the “ moving bubble method ”, 
developed by Donnan and Barker, 1 " and later by McBain, Davies, and 
DuBois.f Almost without exception this method has given results 
many times greater than the values calculated from either the exact or 
the approximate Gibbs equation. A recent exhaustive investigation of 
this dynamic method by DuBois and ToddJ has shown, moreover, that 
the results for moving bubbles may be varied and controlled over a wide 
range by merely altering the size or speed of the bubbles or the amount of 
accompanying liquid. Thus the results, although definite and repro¬ 
ducible, vary greatly with the experimental conditions, and hence they 
bear no definite relation either to the Gibbs value or to that for mono- 
molecular adsorption. 

It is evident that a moving surface carries in general an amount of 
adsorbed material which is much greater than that predicted by the 
Gibbs theorem. Similar high results are reported by Seymour, Tartar, 
and Wright§ for moving droplets of benzene in water, which may carry 
with them as much soap as would correspond to twenty or more mono- 
layers. 

One of the fundamental conditions noted by Gibbs|| in the development 
of his equation was that the system under investigation should be in 
complete thermodynamic equilibrium. To meet this requirement McBain 
and Humphreys^ devised the microtome method for the measurement 
of the absolute amount of adsorption at static air-water interfaces. 

* ‘ Proc. Roy. Soc.,’ A, vol. 85, p. 557 (1911). 

t McBain and Davies, * J. Amer. Chem. Soc.,’ vol. 49, p. 2230 (1927); McBain and 
DuBois, ibid., vol. 51, p. 3534 (1929). 

t Private communication. 

$ * J. Phys. Chem.,’ vol. 38, p. 839 (1934). 

II “ Collected Works of J. Willard Gibbs,” vol. 1, p. 228 (1928), 

II * J. Phys. Chem.,’ vol. 36, p. 300 (1932). 
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In the microtome method the solution being studied is kept at rest for 
any desired length of time in a shallow trough of pure silver surrounded 
by a saturated atmosphere. By paraffining the ends of the trough the 
solution may be made to bulge up above them without overflowing. A 
uniform layer 0 05 to O' 1 mm thick is cut off from a known area (310 
sq cm) of the surface by a small microtome blade travelling at a speed of 
about 35 ft/second. This thin layer of solution is collected in a small 
silver-lined cylinder on which the microtome blade is mounted. The 
solution so obtained is weighed and its concentration is compared with 
that of the bulk of the solution in the trough by means of a Zeiss inter¬ 
ferometer. From the observed difference in concentration, the absolute 
amount of adsorption at the surface of the solution can be calculated. 

The present investigation has been concerned with the application of 
this method to solutions, some of which exhibit positive and others nega¬ 
tive adsorption. It is of great interest to compare the results with those 
postulated by the Gibbs adsorption theorem. 

The solutions here studied are hydrocinnamic acid, phenol, and sodium 
chloride. 

The Apparatus 

The entire apparatus, fig. 1, is built upon the solid cement floor of a 
basement room with heavy brick walls. The temperature of this room 
is constant, seldom varying a degree a day, and often less than a few 
tenths of a degree in several weeks. 

Two heavy steel rails R, fig. 2, 32 feet long, are supported by steel ties 
2 feet apart. These ties are fastened securely to the cement floor by 
means of 6-inch bolts embedded in lead. The centre portion of the 
tracks, 7 feet long, was carefully milled out, and solid silver bars, made 
extremely hard by being cold forged under a powerful air hammer, were 
substituted for the steel. By means of set screws on the ties the machined 
upper surface of the rails could be made sufficiently level for the major 
part of the tracks. For the silver portion a much finer adjustment was 
necessary, and by very careful scraping an absolute level of 0-0002 inch 
over a 3-foot length was obtained. This level was checked by very 
accurate gauge blocks calibrated by the Bureau of Standards at Washing¬ 
ton and kindly lent to us by the Ordnance Department of the Reserve 
Officers’ Training Corps at Stanford University. 

A shallow trough B of pure silver, 85 cm long and 7*5 cm wide, is 
placed between the silver rails midway along their length. This is sup¬ 
ported by a heavy glass plate D, which in turn is held rigid by adjustable 
sted supports resting directly on the cement floor. 
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The trough is surrounded by a nearly air-tight enclosure. Its two sides 
J are of silver-plated brass, and the top N is glass. It is sealed off under¬ 
neath the trough by the sheet of 0 - 001 inch thick silver foil Y, which is 
clamped against the rails by the monel metal strips C, and extends down 
across and upon the plate glass D, underneath the glass strips which 
separate the glass supports A and D. Two side trays S. of silver, are 



Fig. I. 


clamped near the top of the enclosure and when filled with solution serve 
to saturate the air space directly above the trough. 

A second enclosure, fig. 1, completely surrounds the inner one. This 
extends along the entire length of the silver section of the trades, and 
contains numerous crystallizing dishes filled with solution to saturate this 
outer enclosed air space. Its bottom, sides, and top are of heavy plate 
glass, and this enclosure also is very nearly air-tight. 

A close-fitting door of thin sheet silver supported by a light duralumin 
frame is built into each silver-plated brass end of each enclosure. Each 
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of the four doors is opened automatically and almost instantaneously by 
powerful electromagnets. The electric contacts controlling these doors 
are operated by the microtome carriage itself as it is shot along the tracks. 
The first door is opened first and then closes before the remaining three 
open, in order to prevent any rush of outside air into the inner enclosure 
These likewise close as soon as the carriage is past, preventing evaporation. 

The microtome carriage itself consists of a solid frame of silver-plated 
brass upon which is mounted a silver cylinder which holds the microtome 
blade. The blade, similar to a very heavy razor blade, is held in a rigid. 





Fia. 2. 


downward position and “ shaves ” the top surface of the trough. The 
speed of the car (approximately 35 feet per second) throws the collected 
sample into an opening in the cylinder, where a curved baffle plate prevents 
the liquid from flowing out again. A protruding steel pin on the top of 
the moving car strikes an obstruction immediately after the sample is 
collected, which turns the car through an angle of 120°, so that the opening 
in the cylinder is then pointed upwards, and no solution can be lost. 

The car is stopped rapidly and smoothly by a brake consisting of two 
steel strips, 10 feet long, fastened to the outer sides of the rails. These 
strips are adjusted by set screws and springs so that they press against 
the sides of the microtome car as soon as it leaves the outer enclosure, 
and the pressure increases until the car is brought to a complete stop. 
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The car is given its necessary speed at the start by a sling-shot made of 
rubber tubing. The whole operation occupies a fraction of a second. 

Experimental Procedure 

The horizontal edge surfaces of the ends of the silver trough are first 
coated with a pure hydrocarbon (dicetyl, Eastman Kodak Co.) so that 
the solution will bulge above them without overflowing. The apparatus 
is then completely assembled, care being observed in adjusting the level 
of the trough so that the microtome blade will just clear it. 

Through holes which are cut in the glass tops of both enclosures the 
crystallizing dishes in the outer cabinet, the side trays, and the silver 
foil bottom of the inner enclosure, under the trough, are filled with 
solution of the same concentration as that to be used in the actual experi¬ 
ment. The apparatus is then closed and allowed to stand for a number of 
hours in order to saturate the air spaces in both enclosures. 

The central silver trough is now carefully filled with solution of' 
accurately known concentration. The car is then shot across the tracks 
three or four times, thus making sure of a clean surface free from any 
contamination. 

A single experiment is conducted as follows. The amount of solution 
collected in the previous run is replaced, thus raising the level of the trough 
solution to its normal position. The interior of the car cylinder is 
thoroughly rinsed with solution of the same concentration as the trough 
solution, and immediately afterwards is shot across the tracks. The 
sample collected, which varies in weight from 2 to 3 grams, is transferred 
to a weighing bottle which has also been rinsed with the solution used 
for the cylinder. 

The sample removed is weighed to the nearest tenth of a gram and 
poured immediately into one side of a Zeiss interferometer cell. A sample 
from the bulk of the trough solution, removed with a freshly rinsed 
pipette, is placed in the opposite side of the cell and the comparative 
concentration determined. Readings were recorded to within two-tenths 
of one interferometer scale division, which is equal to about two parts in 
a million. 

In some concentrated solutions a blank correction was found to be 
necessary. The magnitude of this correction was determined for each 
solution in the following way. The surface of the trough solution was 
lowered so that no sample was collected by the microtome. Exactly 
the same procedure was observed in an actual experiment except that 
3 grams of the trough solution was used to rinse the cylinder after the 
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car was halted. If there was a change in concentration a corresponding 
negative correction was added to the experimental results before calcu¬ 
lating the adsorption found. 

The Interferometer 

A Zeiss interferometer for liquids, with a 4 cm gold-plated cell, was 
used for analysis of the solutions. Although the interferometer is the 
most sensitive instrument known for measuring small differences in 
concentration with small amounts of solution, great care must be observed 
if accurate and reproducible results are to be obtained. 

The instrument was supposed to have an accuracy of one scale division, 
but with care in handling the solutions duplicate readings could easily 
be checked within two-tenths of a division. It was also found that two 
persons, reading independently, could check within the same limits. This 
became of great importance in the case of concentrated solutions of 
sodium chloride, where often two-tenths of a division meant the difference 
between positive and negative results. 

The 2 or 3 gram sample collected by the microtome carriage during a 
run only partially filled the interferometer cell. With volatile or con¬ 
centrated solutions evaporation into the air space above the solution 
often made accurate readings impossible. It was observed, however, 
that by completely filling this air space with a paraffin block suspended 
from the cover glass of the cell, reproducible readings could be made. 

To calibrate the interferometer for any substance a dilute solution of 
known concentration was made up and compared with distilled water. 
The known concentration divided by the difference between the observed 
reading and the zero reading gave the concentration change equivalent 
to a change in reading of one division. The following factors were used: 
one division equals2-25 x 10~ 6 gm of hydrocinnamic acid, 2* 10 X 10“ 
gm of phenol, or 2 -44 x 10~ # gm of sodium chloride, per gram of water. 


Calculation of Results 


The following quantities are determined in a single experiment: the 
weight in grams of solution (h>) collected by the microtome, and the 
concentration difference between the surface sample and the bulk of 
the trough solution. The adsorption (T) was calculated by the equation 
used by McBain and Humphreys 


r = 


w(m — m x ) 

(1 + mj'S 


( 1 ) 
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where m amd m* are the number of grams of solute per gram of solvent 
in the sample removed and in the trough solution, respectively, and S 
the total surface area shaved by the moving blade (310 sq cm). At con¬ 
centrations less than 10 gm/1000 gm of water this may be reduced to 
I’ = w (m — m*)/S. 

As pointed out by Gibbs,* in order to assign definite values to the 
surface excess of each component, it is necessary to choose a definite 
position for a mathematical surface, placed parallel with, and in or near 
the inhomogeneous region at the interface. Gibbs’s more general equations 
relating to the thermodynamics of surfaces apply to any possible position 
of this surface, but the deduction of the more commonly known “ Gibbs 
adsorption equation ” is made by a choice such that the surface excess of 
one of the components, usually the solvent, equals zero. The surface 
excess of the solute, defined by setting r Hj0 = 0, will be denoted by r g a, .t 

It can be readily shown that the r calculated from the experimental 
data by equation (1) is equal to this conventional r a (1> of Gibbs. 

Let and w 2 be the number of grams of solvent and solute, respectively, 
in the collected sample. Then 


w — Wi + w 2 = (1 + m), 

whence by equation (1) 

T = w i m ~ tv » m ° e (2) 

The quantity wyw — w 1 m* is evidently the difference between the 
amount of solute in the sample removed and the amount which, in the 
original solution, is associated with a weight of water eq ual to that con¬ 
tained in the sample; i.e., equation (2) implies that r„ t0 = 0. The 
quantity so defined is identical with r s (1) . 

The Experimental Data 

The observations (by R. C. S.) are given in Tables I to IV. Table I 
serves to record in greater detail the progress of an experiment in which 
25 determinations were made on four samples of the same solution put 
in place before the first, third, tenth, and thirteenth measurements. It 
will be noted that the concentration of the solution in the trough was 
not quite a constant but fell daily to between 99 -99 and 99-999% of the 
previous value, whether through condensation of water vapour or through 

* Op. cit., p. 227. 

t Guggenheim and Adam, * Proc. Roy. Soc.,’ A, vol. 139, p. 218 (1933). 
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Table I 

The adsoxption r a <l) of hydrocinnamic acid in the surface in contact with 
air saturated with its vapours. Concentration, 3-987 gm/1000 gm 
water; blank correction to add to observed interferometer change = 
— 0-6 division for a 3 gm sample. 






Weight 

Interferometer 

Corrected 

Adsorption 



Date 


collected, 

change, 

change 

gm/cm* x 10 8 





gm 

divisions 



Jan. 

16 


,.. 

2*3 

5*3 

4*8 

8*0 


17 



1-9 

5*6 

5*2 

7*2 

Jan. 

20—New solution added. Same concentration. 



Jan. 

20. 



2*5 

4*7 

4*2 

7*6 

tt 

20. 



2*3 

4*4 

3*9 

6*5 

it 

20 



1*9 

5*7 

5*3 

7*3 

»» 

20. 



2*6 

4*7 

4*2 

7*9 

M 

21. 



2*3 

5*3 

4*8 

8*0 

it 

21. 



1-7 

6*0 

5*7 

7*0 

It 

21. 



2*4 

4*8 

4*3 

7*5 

Jan. 

21- 

—Trough: 

stock solution. 

—0*2 division (dilution). New solution added. 



After 24 hours. 

—0*1 division difference. 



Jan. 

25. 



2*3 

5*1 

4*6 

7*7 

*t 

25, 


.. 

2*7 

4*5 

4*0 

7*8 

a 

25. 


•* 

2*1 

5*2 

4*8 

7*3 

Jan. 

28- 

—Trough: 

stock solution. 

— 0*7 division. 

New solution 

added. Same 



concentration. 





Jan. 

29. 


.. 

2*9 

4*4 

3*8 

8*0 

a 

29, 



2*4 

4*6 

4*1 

7*1 

a 

29. 



2*1 

5*3 

4*9 

7*5 

Feb. 

5. 



2*7 

4*3 

3*8 

7*4 

>t 

5. 



2*2 

4*9 

4*5 

7*2 

»» 

5. 



2*5 

4*8 

4*3 

7*8 

it 

5. 



1-9 

5*9 

5*5 

7*6 

tt 

6. 


** 

2*3 

5*4 

4*9 

8*2 

Feb. 

6—Trough: stock 

solution. 

—0*2 division difference. 


it 

7. 



2-1 

4*7 

4*3 

6*6 

a 

7. 



2-7 

4*3 

3*8 

7*4 

a 

7. 



2-1 

5*4 

50 

7*6 

a 

8. 



2*3 

5*2 

4*7 

7*8 

a 

8. 



2*6 

43 

3*8 

7*2 






Mean, observed 


7*5 






Calculated value, Cibbs . 

7*5 
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Table II 

Measurements of adsorption r 2 a) in the surface of solutions of hydrocinnamic acid. 

Weight Change, Adsorption Weight Change, Adsorption 

Date collected obs. gm/cm* Date collected obs. gra/cm 1 

gm x 10 s gm x 10* 


(a) Concentration, 3*002 gm/1000 gm water; blank correction, —0*5 division for a 3-gm sample. New 
solutions Nov. 10, 13, 19, Jan. 9. Changes noted:—0*4 division Nov. 10, —0* 1 Nov. 13, —0*2 
No. 19. 


Nov. 

7 .... 

2*6 

3*7 

6*2 

Nov. 20.... 2-7 

3*8 

6*7 


7 .... 

2*4 

4*1 

6*4 

„ 20 .... 2*9 

3*9 

7*2 

*» 

9 .... 

2*2 

4*6 

6*7 

„ 20 .... 1*9 

4*5 

5*8 

i» 

11 .... 

2*3 

4*6 

7*0 

„ 21 .... 2-5 

4*1 

6*7 

19 

11 .... 

2*5 

4*4 

7*3 

„ 21 .... 2-2 

4*7 

6*9 

t* 

11 .... 

2*0 

4*7 

6*4 

„ 21 .... 21 

5*2 

7*5 

»» 

13 .... 

2-8 

4* I 

7*3 

Jan. 10 .... 2-3 

4*1 

6*2 


13 .... 

2*2 

4*1 

5*9 

„ 10 .... 1-8 

5*5 

6*8 

9* 

14 .... 

2*1 

4*6 

6*6 

„ 10 .... 2*8 

3*9 

6*9 

»» 

16 .... 

2*7 

4*3 

7*6 

,, 13 .... 2-3 

4*7 

7*2 

ft 

16 .... 

2*8 

3*8 

6*7 

13 .... 21 

4*7 

6*7 

t» 

16 .... 

2*2 

4*4 

6*4 

„ 13 .... 2-7 

3*9 

6-9 


17 .... 

2*8 

4*3 

7*7 



__ 






Mean, observed . 


6-8 






Calculated value, Gibbs . 


7-3 

(i b ) Concentration, 

1 "501 gm/1000 gm 

water; original apparatus of McBain and Humphreys; blank 



correction zero ; no change in solution in 7 days. 



Apr. 20 .... 

2*1 

4*5 

68 

Apr. 26 - 1-8 

3*9 

5*0 


20 .... 

1-3 

4*0 

3*7 

„ 27 .... 1-3 

5*2 

4-8 

ft 

25 .... 

2*1 

3*6 

5*4 

„ 27 .... 2-6 

2*8 

5-2 

»» 

26 .... 

1*8 

3*4 

4*4 



__ - 






Mean, observed . 


50 






Calculated value, Gibbs . 


5-2 


(c) Concentration, 

1 *498 gm/1000 gm water; 

final apparatus ; blank correction zero. 


Oct. 

27 .... 

1*9 

4-6 

•6-3 

Oct. 31 _ 2 0 

4*2 

61 

99 

27 .... 

1*6 

4-2 

4*8 

31 .... 1-7 

3-8 

4-7 

*» 

27 .... 

2*1 

3-5 

5*3 

Nov. 3 .... 1*5 

4*8 

5-2 

» 

27 .... 

1-8 

3-4 

4-4 

3 .... 1-9 

3*9 

5-4 

99 

31 .... 

1-5 

S'4 

5*9 



___ 

>t 

31 .... 

1*7 

43 

3-3 

Mean, observed . 


5-3 






Calculated value, Gibbs . 


5-2 
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evaporation of hydrocinnamic acid. Tables II to IV give the rest of the 
data in summarized form. 

The materials used were Kahlbaum’s “ synthetic phenol ” and “ sodium 
chloride for analysis Hydrocinnamic acid (Eastman Kodak Co.) was 


Table 111 

Measurement of adsorption r t wl in the surface of solutions of phenol. 


Weight 

Change, Adsorption 

Weight 

Change, 

Adsorption 

collected 

obs. gm/cm*xl0 # 

collected 

obs. 

gm/cm* x 10* 

gm 


gm 



(a) Concentration, 30 0 gm/1000 gm water; blank correction zero; progressive 


dilution 1 *2 divisions in 14 hours. 



2-8 

3*1 5*9 

3*0 

2*0 

4*1 

3*1 

3*2 6*7 

2*7 

3*4 

6*2 

2*6 

2*6 4*6 

Mean, observed 


5*5 


- 

Calculated value, Gibbs ... 

4*9 


(b) Concentration, 20-0203 gm/1000 gm water; blank correction zero; progressive 
dilution 0-5 division in 8 hours. 


2*8 

2*8 

5*3 

3*0 

2-5 

5*1 

3*1 

2*2 

4*6 

2*6 

2*4 

4*2 

2*6 

3*4 

6*0 

2*9 

3*5 

6*9 

2*8 

2*7 

5*1 

2*3 

3*7 

5*8 

3*2 

2*5 

5*4 



— 

2*4 

3*0 

4*9 

Mean, observed 


5*3 




Calculated value, Gibbs ... 

4*8 

Concentration, 5 *0179 gm/1000 gm water; blank correction zero; solution remained 




constant. 



2*9 

1*0 

2*0 

2*1 

1*3 

1*8 

3-1 

1*2 

2*5 

2*8 

1*2 

2*3 

2-6 

1-0 

1*8 

1*8 

2*5 

3*0 

2-9 

1*1 

2*2 

3*0 

1*0 

2*0 

3*0 

1*2 

2*4 



— 

2-7 

1*5 

2*7 

Mean, observed 


2*3 




Calculated value, Gibbs 

2*1 


purified by rejecting crystals separating from a saturated solution at 50° 
on cooling to room temperature, and by drying over calcium chloride 
those which separated upon further cooling from room temperature to 
0°. Boiled out distilled water was always used in making up solutions. 
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Table IV 

Measurements of adsorption r a ui in the surface of solutions of sodium 

chloride. 


Weight 

Change, 

Adsorption 

Weight 

Change, 

Adsorption 

collected 

obs. 

gm/cm a x 10 s 

collected 

obs. 

gm/cm*x 10* 

gm 



gm 



) Concentration, 135-0276 gm/1000 gm water; blank correction, 

— 1*1 divisions 


for a 3-gm sample; new solution before runs 1, 9, 14, 18, 

22. 

2-1 

-0-2 

-1*7 

2-8 

0-2 

-1*8 

2-7 

1-0 

0*0 

2-1 

0-2 

-10 

2*0 

1-1 

0-6 

2-9 

1*2 

0-2 

2-6 

0-7 

-0*6 

2-0 

0-4 

-0-5 

20 

0-0 

-M 

2-9 

1*7 

1*4 

2*5 

1*4 

1-0 

2*2 

0*4 

-0*7 

2-9 

0-8 

-0-7 

2*7 

1*1 

0*2 

3-0 

1-0 

-0*2 

2*1 

0*2 

-1*0 

2*6 

-0-2 

— 2 - 5 

2-7 

0*5 

-1-1 

21 

0-5 

-0*5 

2*0 

0*5 

-0*3 

2*4 

1*2 

0-6 

3-0 

0-5 

-1-4 

2*0 

1*3 

0-9 

2-4 

10 

0*2 

2*5 

0-5 

—0-8 



— 




Mean, observed 


.. -0-43 




Calculated value, Gibbs .. 

.. -0-37 


(i b ) Concentration, 99-0213 gm/1000 gm water; blank correction, —1 *0 division for 
a 3-gtn sample; new solution before runs 1, 5, 9, 13, 19, 23; concentration 
increased 1*2 divisions in 24 hours (runs 5-8), 0*1 division in 7 hours (runs 
9-12), 0*4 division in 6 hours (runs 19-22). 


2*8 

0*5 

-0*9 

2*8 

0*8 

-0*2 

2*1 

-0*1 

— 1*3 

2*8 

1*1 

0*3 

2-5 

1*0 

0*4 

2*2 

0*3 

—0*7 

2*3 

0*4 

-0*7 

2*5 

0*7 

-0*2 

2*9 

1*4 

0*9 

2*0 

1*7 

1*6 

2-2 

00 

-1*2 

2*8 

0*6 

—0*7 

2*7 

0*8 

-0*2 

2*5 

0*2 

-1*2 

1*9 

1*1 

0*6 

2*2 

0*8 

0*2 

3*1 

0*2 

-2*0 

2*6 

M 

0 4 

2*6 

0*5 

-0*8 

2*6 

0*4 

-10 

2-1 

0*7 

0*0 

2*0 

0*6 

—0*2 

2*3 

0*6 

-0*4 

2*3 

1*0 

0*4 

2*4 

1*1 

0*6 



- 


Mean, observed . -0-25 

Calculated value, Gibbs _ —0*29 
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Table IV—(continued) 

Weight Change, Adsorption Weight Change, Adsorption 

collected obs. gm/cm’xlO* collected obs. gm/cm'xlO* 

gm gm 

(c) Concentration, 46-0171 gm/1000 gm water; blank correction, —0-9 division for 
a 3-gm sample; new solution before runs 1 and 2. 

2-6 0-7 -0-2 2-2 0-1 -1-0 

2-8 1-0 0-4 2-7 0-8 0 0 

2-4 0-7 0-0 2-1 1-2 1 0 

2-5 0-5 -0-6 2-8 0-7 -0-2 

2-7 1-1 0-6 - 

Mean, observed . 0-0 

Calculated value, Gibbs _ -0-17 


Discussion 

It is evident that the microtome method is successful in yielding 
quantitative, reproducible measurements of the absolute amount of 
adsorption in the air-water interface for all types of solutions. In the 
three cases chosen for the present study, the results agree with surprising 
closeness with the predictions of the Gibbs theorem, both for positive 
and for negative adsorption. We are inclined to regard the Gibbs 
theorem as a limiting law, which will frequently be exactly obeyed by 
static (not moving) surfaces. On the other hand, we do not yet see how 
it is possible to reconcile the requirements of the Gibbs theorem with the 
behaviour of the well authenticated systems in which the surface tension 
passes through a minimum with change of concentration. For such 
systems the Gibbs theorem demands that the adsorption, like the slope of 
the surface tension-activity curve, must pass through the value zero and 
change sign, that is, passing from positive adsorption in dilute solutions to 
negative adsorption in more concentrated solutions. Such systems are 
being studied.* 

Hydrocinnamic acid ((3-phenyl propionic acid) was first chosen as a 
suitable substance for investigation because it is non-colloidal and 
relatively non-volatile, whilst it greatly lowers the surface tension of water. 
For an ideal experiment, perfect equilibrium must exist between the 
solution under investigation and the surrounding vapour. In other 

* [Note added in proof, March 18, 1936.— Cf. McBain and Wilson, ‘J. Amer. 
Chem. Soc.,’ vol. 58, p. 379 (1936), and an attempted general explanation by McBain, 
entitled “Pre-Gibbs Adsorption by Surface Rearrangement,’’ communicated to 
Nature, 1936, further pointing out that Gibbs adsorption has since been found to 
require many hours for Its occurrence and completion ] 
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words, the concentration of the solution in the trough should remain 
absolutely constant over long periods of time. Only in the solution 
containing 1-5 gm/1000 gm of water was this condition accurately 
fulfilled, no measurable change (within 10~ 7 gm/litre) taking place in 
7 days. In the independent series of measurements previously published 
by Humphreys* for solutions of this concentration, which yielded a 
result in almost exact agreement with that here found, the solution 
remained unchanged in composition over a period of at least 4 weeks. 
During the present investigation, an extremely slow but unmistakable 
“drift” was observed at higher concentrations, the solution tending to 



Fig. 3—The adsorption of (3-phenyl propionic acid in the static air-water interface, 
together with the values predicted for close packed monomolecular layers of 
vertical and of horizontal molecules and those calculated by the approximate 
form of the Gibbs theorem. Our observed values are denoted by circles, that 
of Humphreys by a triangle. 

become more dilute. It should be emphasized here that changes, which 
for ordinary purposes would be regarded as wholly insignificant may 
become of disproportionate importance, since all condensation or evapora¬ 
tion must take place through the surface, and may therefore have a great 
influence on the temporary composition of the outermost surface layer, 
and hence upon the observed adsorption. 

The final results for solutions of hydrocinnamic acid taken from Tables 
I and II are shown in fig. 3, which includes the one point previously estab¬ 
lished by Humphreys. The surface tensions which were used to calcu¬ 
late the approximate Gibbs adsorption, using concentration instead of 

* * J. Phys. Chem.,’ vol. 36, p. 300 (1932). 
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activity or chemical potential, are those of Bacon and Swain.* Two 
horizontal lines are inserted upon the figure to show the values for close 
packed, anhydrous, monomolecular films. The maximum possible is 
10 -3 x 10 s gm/sq cm for vertical molecules of cross-section 24 A a . Close 
packing of these molecules lying horizontally cannot be accurately 
calculated but it is about 5 x 10“ 8 gm/sq cm. With moving bubblesf 



Concentration moIs/1000 g H,0 

Fia. 4—The adsorption of phenol in the static air-water interface together with the 
values found for moving bubbles! and those predicted for close packed mono- 
molecular layers of vertical and of horizontal molecules and those calculated 
from the exact form of the Gibbs equation using activity data of Jones and 
fiury.§ o, our observed values. 

a solution containing 1 * S gm/litre exhibits an adsorption ranging from 
5-9to22-2 x 10“ 8 gm/sq cm; mean 12-2,or over the usual range,mean 
10-8; results which are several times that of the Gibbs theorem. 

In the experiments with phenol the dilute solution containing 5 gm/ 
1000 gm of water remained constant during the period of the experiment. 
At higher concentrations progressive dilution occurred. This was not 

* Communicated to the 4 J. Amer. Chem. Soc.,’ (1934). 

t DuBois and Todd, private communication. 

j McBain and DuBois, 4 J. Amer. Chem, Soc.,’ vol. 51, p. 3546 (1929). 

S 4 Phil. Mag.,’ vol. 4, p. 841 (1927). 
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unexpected on account of the volatility of phenol and its ready adsorption 
on the interior surfaces of the apparatus. Changes observed may be due 
to preferential evaporation of phenol or condensation of water vapour or 
to a slightly different concentration in the solution which has to be added 
for replenishment after each use of the microtome (13 cc are added each 
time to the trough which contained 250 cc). This must make the observed 
values too small. The results are collected in fig. 4. 

Finally, the results for sodium chloride are shown in fig. 5. These 
solutions are of special interest because the surface tension is greater 



Fio. 5—The negative adsorption of sodium chloride in the static air-water interface 
together with the value found for moving bubbles* and the values calculated by 
the exact form of the Gibbs equation. 

than that of water, almost in direct proportion to the concentration. 
The Gibbs equation therefore predicts negative adsorption, or surface 
deficiency of sodium chloride, proportional to the concentration. This 
is equivalent to a positive adsorption of the solvent water to the extent 
of approximately a monomolecular layer, definitely more than this in 
dilute solution and less in concentrated solution. The activity data of 
Harnedt were used. 

* McBain and DuBois, * J. Amer. Chem. Soc.,’ p. 3548 (1929). A similarly hi gh 
negative adsorption was obtained by DuBois and Todd for sucrose by the bubble 
method (private communication). 

t ‘ J. Amer. Chem. Soc.,’ vol. 44, p. 252 (1922). Compare the similar activity 
calculations of Goard (‘ J. Chem. Soc.,’ vol. 127, p. 2451 (1925)) and of Harkins 
and McLaughlin (‘ J. Amer. Chem. Soc.,’ vol. 47, p. 2083 (1925)). Although their 
calculations were very divergent in ordinary dilutions, they agree within a few per 
cent in the higher concentration here studied. 
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The measurements are exceptionally difficult because of the small 
differences involved which necessitate the use of concentrated solutions, 
and these are very difficult to determine accurately with the interfero¬ 
meter. Several factors are unfavourable, but by far the greatest source of 
error is evaporation. It is only when this is avoided that the requisite 
accuracy is approachable. The cells of the interferometer were completely 
filled with a casting of paraffin wax, from which the lower portion was 
then cut away to allow the passage of light out of the bottom of the cell, 
preventing any contact of the solution in the interferometer with air. 
In these experiments the change in the concentration of the sodium 
chloride solutions under measurement partly offset negative adsorption. 


Summary 

The microtome method for determining the absolute amount of adsorp¬ 
tion in the air-water interface has been shown to give definite repro¬ 
ducible results of moderate accuracy. 

In contradistinction to results for moving or dynamic surfaces, the 
measurements obtained for positive adsorption of phenol and of hydro- 
cinnamic acid, and for negative adsorption of sodium chloride, on motion¬ 
less or static surfaces finally agree with the prediction of the Gibbs 
adsorption theorem. 


2 T 2 
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The van der Waals Potential and the Lattice Energy of a 
n — CH 2 Chain Molecule in a Paraffin Crystal 

By Alex MUller 

(i Communicated by Sir William Bragg, O.M., F.R.S. — Received 
September 24, 1935) 

Introduction 

Lattice energies of crystals built of homopolar molecules were first 
calculated by London.* His investigations were based on the theory of 
the van der Waals forces by Eisenschitz and London.} Slater and 
Kirkwood came to the same conclusion with regard to the van der 
Waals forces by using the variation principle in their calculations.} 

The fundamental idea that the van der Waals forces are linked up with 
polarization was first conceived by Debye.§ His treatment of the problem 
based on classical electrostatics has been superseded by London’s treat¬ 
ment based on wave mechanics. 

London applied his calculations to crystals built of atoms or simple 
molecules such as N a or CO a . The main object of this paper is to make 
similar calculations for a paraffin crystal, /.<?., for a lattice the constituent 
parts of which can no longer be treated as single centres of forces as 
with the more simple molecules. 

The figures available for the heat of sublimation of paraffins and in 
fact of any homopolar substance show that the forces of attraction must 
be of the same order as the polarization forces treated by London. 

It should, therefore, be possible to apply London’s theory successfully 
to a more complicated crystal. A preliminary calculation made by the 
author for a paraffin crystal did in fact show the correctness of this 
assumption.!! The present paper contains the completed argument and 
its results. 

The application of London’s theory involves no features essentially 
new. Certain additional assumptions have to be made and these will 
be discussed presently. 

* ‘ Z. phys. Chem.,’ B, vols. 11-12, p. 222 (1930-31). 

t ‘ Z. Physik,’ vol. 60, p. 491 (1930). 

t ‘ Phys. Rev.,’ vol. 37. p. 682 (1931). 

8 • Phys. Z..’ vol. 21, p. 178 (1920). 

|| “ Rep. Int. Cong. Physics, 1934,” published by the ‘ Physical Society,’ vol. 2, 
p. 52. 
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There are two essential steps by which London proceeds in his calcu¬ 
lations. These must be stated first. 

The first stage is the calculation of the attractive force between two 
atoms or simple systems which, when sufficiently far apart from each 
other, may be treated as point-centres of attraction. The expression for 
the mutual energy of two such centres involves, as is well known, the 
inverse sixth power of the distance and the optical term systems of both 
centres. In the second step, London shows that the van der Waals 
energy of an assembly of atoms or centres is obtained by adding together 
the mutual energies of every pair of atoms. In other words, the calcu¬ 
lation of the total energy is made on the same lines as that of a classical 
electrostatic potential. This additive property is by no means obvious; 
it holds only so long as exchange energies do not enter into play. London 
shows that the van der Waals forces are predominant even at those small 
distances which separate the atoms in the crystals which he considered. 

In trying to apply similar calculations to a paraffin crystal or to any 
system containing large molecules there are obviously new circumstances 
to be considered. London was able to replace his atoms or molecules 
by point centres of attraction, the reason being that the constituent mole¬ 
cules were small compared with the distances which separate them in the 
crystal. In a paraffin crystal the molecules can no longer be treated as 
points. The distance between two CH 2 groups in a chain molecule may 
be much longer than the distance between two CH 2 groups in neighbour 
molecules. 

This difficulty can be avoided by first imagining each molecule to be 
divided into parts so small that the linear dimensions of a part are small 
in comparison with the distance of nearest approach of two CH 2 groups 
belonging to neighbouring molecules. Each part can then be replaced 
for the purposes of calculation by a point centre of attraction or repulsion. 
It is next assumed that the potential energy of the relation of any part in 
any one molecule to all surrounding molecules is not affected by its 
relations to other parts of the same molecule. The potential energy of 
the whole molecule, so far as it is related to its position in the crystal is 
then the sum of the energies of its parts. This assumption of additivity 
is justified a priori by the facts that the optical refractivities and the 
diamagnetic susceptibilities are additive, and that these quantities largely 
determine the potential energies. 

With these assumptions London represents the potential energies by 
a series of terms of the form 22 where R rt is the distance between 
any two centres which do not belong to the same molecule. The quantities 
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a, and (3 t are characteristic of the parts which the centres represent. 
According to London they depend upon the optical systems of the parts 
and he gives an expression which allows them to be calculated. This 
calculation involves a double summation with respect to all the energy 
levels of the constituent systems. The correct evaluation, apart from 
being very tedious, cannot be carried out unless all the energy levels are 
known. Calculations of this nature are impracticable if the systems are 
complicated, and London, in order to test the theory, had to use approxi¬ 
mations. His well-known expression for the attraction potential between 

EE 1 

two atoms is — #a 1 a 3 . - ljl , . where a x and a a are the electric 
~ hi + b 2 R 

polarizations, E, and E 2 are energies of the order of the ionization 
potential or the limits of the optical series and R is the distance between 
the two centres. 

This formula, used with success by London, is not particularly suited 
for the present investigation because in one of these cases considered, 
the CHjj group Is replaced by a single centre. Although it is possible 
to define the value of the polarization of this group it is rather difficult 
to do the same for its ionization potential. The approximation used in 
the present paper not only avoids this difficulty but, as shown in the 
appendix, gives a better value for the van der Waals potential in the 
case of a simple system like helium. It gives too large values for the 
other rare gases. The expression used here is that given by Kirkwood.* 
The possibility of applying this formula to the present calculations was 
suggested to the writer by Dr. R. Eisenschitz. Kirkwood’s expression 
for the van der Waals potential of two systems is: 

van der Waals potential = 6me 2 . -Ml , 

Xi | Xa 

<*i *a 

where m = mass of electron, c = velocity of light, a,, a 8 are the polariza¬ 
tions of the systems, and xi and x* the diamagnetic susceptibilities. 

The formal similarity between this and London’s approximation 
formula is obvious. The two become identical if E is put equal to 

4mc a &. This value of E is considerably larger than the ionization 

potential for helium and particularly for the heavier rare gases. 

With the aid of the above expression the potential can now be c alc ulated 
without much difficulty. It must be borne in mind that the expression 
holds for isotropic systems whereas in the present paper it is applied to 

* ‘ Phys. Z.,’ vol. 33, p. 37 (1932). 
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centres which are anisotropic. The error introduced is not likely to 
affect the result very much. The experimental figures for polarization and 
susceptibilities are averages obtained from anisotropic media and the 
calculation of the potential introduces a certain averaging effect again, 
since the forces act in varying directions in the lattice. 

The mode of dividing up the molecule is arbitrary to a certain extent 
except for the already mentioned limitations in size. In order to obtain 
an estimate of how much the final result depends upon the choice of the 
section, three different modes of dividing are chosen. As the result is 
very much the same in each it may be assumed that the method of pro¬ 
cedure by subdivision is justified and that the result has a real meaning. 

The expression for the van der Waals potential of a lattice containing 
two types of centres or groups is 


M 

0 


me 2 




+ 2ml. 

Lx _> Xa 



+ « 2 Xa • 



where 04 and a 2 are the polarizations of the two groups and Xi and y t 
the diamagnetic susceptibilities. 

The first of the three summations refers to distances R t between a 
centre of one type in one molecule and all other centres of the same type 
in the surrounding molecules. The second summation involves the 
distances R ia between centres of two different types and the third, with 
R s , the distances between centres of the second type. 

The arguments brought forward so far apply to any system consisting 
of homopolar molecules. The reason for choosing paraffin for numerical 
calculations is that paraffin chain molecules are simple. It is observed 
that the molecules are in contact with each other through the hydrogen 
shell which surrounds the carbon atoms. In one mode of dividing where 
the centres are assumed to be the nuclei of the atoms, the contribution 
of the hydrogen atoms is predominant. The knowledge of the position 
of the hydrogens is consequently of some importance. In the chain 
molecule these positions are known with a sufficient degree of accuracy. 
The calculation of the sums is tedious but it is made easier by the simple 
shape of the molecule. 

The structure of the molecule and the crystal have been already 
described.* The essential points are briefly repeated here for conveni¬ 
ence. The positions of the hydrogen atoms are discussed in some detail. 
Fig. 1 shows a projection of the molecule in which the chain axis is in 


* ‘ Proc. Roy. Soc.,‘ A, vol. 120, p. 437 (1928). 
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the plane of the paper. The two rows of carbon atoms which are all in 
the same plane are connected by a zig-zag line. Two hydrogen atoms are 
attached to each carbon atom. These hydrogen atoms are arranged on 
four parallel rows. In the projection in fig. 1 two and two of these rows 

fall on top of each other. Fig. 2 shows the 
projection of the molecule on a plane per¬ 
pendicular to the chain axis. The projec¬ 
tions of the four hydrogen rows are marked 
by the full circles. HH and the double 
circles H'H'. The carbon rows are marked 
CC'. The plane which is parallel to the 
paper and contains the centres HH is sepa¬ 
rated by the distance s/2 from the parallel 
plane containing H'H'. The trace of the 
plane of projection of fig. 2 is marked in 
fig. 1 by PP. AA and BB are the traces of 
the planes each containing a CH 2 group. 

The third figure gives the cross-section 
through the unit cell of the crystal. All the 
chains are perpendicular to the plane of the 
paper. The setting angle <f> which is shown 
in fig. 3 is the angle between the “ a ” axis 
of the crystal and the plane of the carbon 
rows in any of the molecules. In the figure 
this angle is 30°. This is approximately the angle found in the crystal. 

All three figures are drawn in the correct proportion. The actual 
dimensions used in the following calculations are:— 

a ■— 7-426 A "a" axis of cross-section. 
b ~ 4 -956 A “ b " axis of cross-section. 

s ■■■•■ 2-51 A fundamental period of the chain, 
or double the distance between two con¬ 
secutive CH 2 groups (measured in the 
direction of the chain axis). 

w = 0 -886 A distance between the carbon rows Fig. 2. 

in the molecule. 

8 — 1 -10 A distance between the carbon and the hydrogen nucleus. 

<f> 30° Getting angle defining the position of the molecules. 

The angles between the carbon bonds, between the carbon-hydrogen 




FlCi. 1. 
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bonds, and between the hydrogen bonds in the CH a group are all equal 
to the tetrahedral angle 109i°. 

a, b, and 5 are data obtained directly from X-ray measurements. The 
dimensions a and b of the cross-section represent an average from n- 
hydrocarbons of 20 to 30 carbon atoms at room temperature, w is 
calculated from X-ray data assuming the tetrahedral angle between the 
carbon bonds. The value of 8 is the generally accepted C-H distance 
obtained from optical data.* The angles between the bonds have not 
been measured directly, the hypothesis of the tetrahedral angle is reason¬ 



able and is strongly supported by the fact that the distance s is numerically 
identical with a corresponding distance in the diamond structure. 

The energy of the lattice depends upon all the structure elements 
mentioned above, but these elements do not enter with the same weight 
into the final result. A certain percentage error in the large distances 
“ a ” and “ b ” would affect the result far more than the same error in the 
smaller distances; these distances are, however, known accurately. A 
deviation from the tetrahedral angle between the bonds has a very small 
effect provided the distance of nearest approach is not altered appreciably. 
The energy is insensitive to changes of <f>, if <f> is near 30°. 

We now proceed to calculate the various quantities in the formula for 


* Sponer, " Molekiilspcctrcn,” p, 82. 
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the van der Waals lattice energy on p. 627. As already explained we 
must subdivide the molecule for the purpose of calculation, and the 
values of the quantities in the formula depend on the particular mode of 
subdivision. The final value of the potential is found to be very nearly 
the same for all three of the adopted modes. 

The Modes of Subdivision 

The three modes are: 

(a) Each individual hydrogen and carbon atom is treated as an inde¬ 
pendent unit. The centres of attraction are placed in the nuclei of these 
atoms. The CH 2 group is divided into the three atoms, two hydrogens 
and one carbon. 

( b ) The centres are placed in the middle of each bond, i.e., half-way 
between the nuclei of C and H, and C and C. The CH 2 group is again 
divided into three parts, two CH bonds and one CC bond. 

(c) The CH a group is taken as a whole and the centres of attraction 
are placed in the scattering centre (“ electric centre of gravity ”) of the 
CH 2 group. 

In all the following calculations no account is taken of the finite length 
of the molecules, i.e., all the sums are computed as if the crystal con¬ 
sisted of infinite chains of CH 2 groups. The sums given later refer to a 
single CH a group. The neglect of the extra hydrogen atom at each end 
of a molecule is immaterial considering the approximate character of the 
calculation, and provided no conclusions are drawn with regard to very 
short molecules. If it were necessary the effect of these end groups could 
easily be estimated. 

The first two modes of subdivision require calculations which are rather 
long and tedious. The details are therefore omitted and the results only 
given in the following tables. 


The Results of the Summations 

The first column in Table I gives the value of L 1/Rj® for all the dis¬ 
tances between the two hydrogen atoms of any CH a group and all the 
other hydrogens in the lattice, except those belonging to the same mole¬ 
cule as that to which the first group belongs. In other words the self 
potential of the chain is excluded. This self potential is excluded in all 
the sums belonging to the three modes of division. The second column 
of Table I refers to all the distances between the two hydrogen atoms of a 
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CH 2 group and all the carbon atoms in the crystal, and also to the distance 
from the carbon atom in the CH a group to all the hydrogen atoms in the 
lattice. Both contributions are added together and give the figure in 
this column. The third column deals with all the carbon-carbon distances. 

The figures in Table II refer now to centres which are in the middle of 
the bonds: the explanation is the same as in the previous case except for 
the different position of the centres. 

Table I— 1st Mode of Division. Centres: Nuclei of Carbons 

and Hydrogens 

2 l/Rn 4 ; H -H 2 1/R„«; H-C; C-H 2 1/R,«; C-C 

45-766 x 10 » 23-270 x 10 s 3-391 x 10-* 

Ri, Ru, and R, being measured in A — 10 s cm. 

Table II—2nd Mode of Division. Centres : Middle of Bonds 

C—H and C—C 

2 l/R,*; CH-CH 2 1/R la «; CH-CC; CC-CH 2 1/R,"; CC-CC 
19-868 x 10-» 15-269 x 10-> 2-986 x 10“* 

The R’s are measured in A. 

Table III— 3rd Mode of Division. Centres: Scattering Centres 

of CH 2 Group 

2 1/R* = 3 -768 x 10 s ; R is measured in A. 

The distance of the centre from the chain axis is 1 -203 A. 

A word may be said about the technique of the numerical calculations 
of these sums. The largest contributions to the sums are due to centres 
which are near to one another. These are calculated with tables. Smaller 
contributions are calculated with a 20-inch slide rule, and the rest by 
integration. 

The Polarization Constants of the Subdivisions 

The polarization constants a x , a g , the numerical values of which are 
required in the calculation of the lattice energy, depend upon the mode 
of subdivision. We have to distinguish between the polarization of an 
atom, of a bond, and of a group of atoms. These polarizations are 
calculated in the usual way. If a is the polarization we have: 

r atomic refractivity 
3 

a ~ —- x or bond refractivity 

1 or molecular refractivity. 

N being Avogadro’s or Loschmidt’s number. 
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The refractivities are extrapolated for infinite wave-length. The actual 
figures are those given by Steiger.* 

The molecular refractivity is defined by the following expression: 

1 — (jl 8 molecular weight 

2 + (x 2 A density 

(A = refractive index. 

The additivity of refractions is expressed by the fact that the refractivity 
of a molecule can be represented as the sum of the refractivities of its 
constituent parts. These constituent refractivities may be given to the 
individual atoms, or they may be given to the bonds in the molecule. 
The directly observed quantities are the molecular refractions, the mole¬ 
cular weight, and the densities. The atomic- and bond-refractivities are 
calculated from molecular refractions. 

The figures given in Tables IV and V are the polarizations obtained from 
Steiger’s figures for the refractivities. The extrapolation for infinite 
wave-length involves only a comparatively small correction to the observed 
figures. The calculation is done with a single term dispersion formula. 

Table IV—Polarization Constants a,,a 2 for the Two Centres 
in Each of the Three Modes of Division 

In (A) 3 = I0- 24 cm* 


a. 

First mode of division centres: nuclei.. Hydrogen atom Carbon atom 

-0-420 -0-937 

Second mode of division centres: middle C-H bond C-Cbond 

of bonds -0 -654 —0-469 

Third mode of division centres: CH S CH, group 

group — 1 * 777 


The Diamagnetic Susceptibilities of the Subdivisions 

The susceptibilities are treated in exactly the same way as the polariza¬ 
tions. Owing to the additivity property we can represent the susceptibility 
of a complex system as the sum of atomic- or bond-susceptibilities. 
Table V gives the values for these susceptibilities taken from a paper by 
Cabrera.f Cabrera gives atomic data, the figures for the bonds are 
calculated from these. 

* * Ber. deuts. chem. Ges.,’ p. 1381 (1921). 
t * Z. Physik,’ vol. 89, p. 682 (1934). 
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Table V— Susceptibilities Xu Xa FOR THE Two Centres in Each 
of the Three Modes of Division 


In 10- 30 cm 3 

Xi Xi 

First mode of division centres: nuclei.. Hydrogen atom carbon atom 

4-20 10-54 

Second mode of division centres: middle C—H bond C—C bond 

of bonds 6-99 4-95 


Third mode of division centres: CH, 
group 


CH t group 
18-94 


Tables I to V contain all that is necessary for the calculation of the 
van der Waais potential according to the formula given at the beginning. 
The energies calculated in this way are to be compared with the observed 
sublimation energies of paraffins. 


Experimental Data for the Lattice Energy (Sublimation 

Energy) 

An approximate value for the sublimation energy is obtained by adding 
together the heat of transformation—fusion and evaporation. 

The heat of evaporation obtained from vapour pressure (Int. Crit. 
Tables) is: 

Heat of evaporation for a single CH a group 


from n-hexane . 1 -00 x 10' 13 ergs 

n-heptane. 0-88 x 10 -13 ergs 

/?-octane . 0-92 x 10 “ ergs 

Average . 0-93 x 10 -13 ergs per CH a group. 


The heat of transformation plus fusion is according to Garner* 
1 0 kg cal per gr mol CH a or 0-69 x 10" 13 ergs per CH a . 

The approximate sublimation energy is therefore 

— (0*93 -f 0-69) x 10" 13 ergs = — 1 -62 x 10~“ ergs per CH a . 

This is for a paraffin, approximately at room temperature. The 
external work of evaporation and the heat energy due to the change in 
specific heat from liquid to vapour are included in this figure and ought 

* ‘ J. Chem. Soc.,’ p. 1533 (1931). 
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to be subtracted. This correction, however, is unimportant and is neg¬ 
lected. 

The van der Waals Potential and the Lattice Energy 

We now calculate the van der Waals potential with the aid of the 
approximation formula given in the introduction. For the first and the 
second mode of division where we deal with two centres we have 

van der Waals potential 



For the third mode with a single centre: 

van der Waals potential me 2 . j . £ — j . 

The expressions in the brackets have no dimensions, being pure numbers. 
The energy me 2 expressed in ergs is 8-133 x 10 7 , m = mass of the 
electron, c = velocity of light. 

Table VI gives the final results for the van der Waals potential of a 
CH a group in the paraffin lattice for the setting angle <j> = 30°, i.e., the 
angle at which the molecules are set in the crystal. 

Table VI— van der Waals Potential of a CH 2 Group: Setting 


Angle 4 > — 30° 

1st mode of division .. — 2 -58 x 10 -*• erg 

(1st mode of division .. — 1 - 52 x 10~ 18 erg calculated with ionization potential) 

2nd mode of division.. — 1 • 77 x 10 _la erg 

3rd mode of division .. — 1 -57 x 10'“ erg 

Observed value . “l-62x 10“ erg 


The figures show that the theory gives the right order of magnitude for 
the sublimation energy. They substantiate in particular the statement 
made in the introduction that the particular mode chosen for the dividing 
of the molecule does not affect the result to a great extent. This is to be 
expected but the magnitude of the effect cannot be estimated without 
the actual calculation. 

There are three sources of error which may be mentioned here. All 
involve second order terms in the results given in Table VI and are 
neglected in the present approximate calculations. The first is con- 
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nected with the thermal agitation of the molecules. The correct method 
for evaluating the potential would have to take into account the effect of 
the temperature upon the position of the centres. Instead of being 
calculated for an average position of the centres, this energy should have 
been calculated by taking the average potential for all possible positions 
of the centres during their oscillation. The second source of error is 
the neglect of the higher terms in the distances R in the van der Waals 
potential. The third which is probably the most important of the three 
will be discussed in some detail in the following section. 

The Repulsive Forces 

The theory of the repulsive forces has not yet been developed for 
systems containing many electrons. It is to be expected that the 
repulsion potential is smaller than the attraction potential at the point of 
equilibrium. So far as the main subject of this paper is concerned, the 
repulsive forces need not be discussed at all. As it seems possible to 
get a rough estimate of the repulsion potential in the present case, the 
point is discussed briefly. 

We first assume that the repulsion energy can be written in the form of 
a potential EE/(R W ) and that the actual value of the repulsion between 
different pairs of atoms or centres is more governed by the distance than 
by the nature of the atom. -If moreover this potential decreases much 
faster than 1/R 8 we conclude that the repulsive energy in the hydro¬ 
carbon crystal is mainly due to the hydrogens since they are closest 
together. 

The problem thus reduces to the repulsion between the hydrogen atoms 
in adjacent molecules. This repulsion potential has not been worked 
out yet in a form convenient for computation, but Slater and Kirkwood 
have given a formula for helium. If we apply the helium repulsion to the 
present case we necessarily introduce an error but it seems unlikely that 
the order of magnitude should be wrong. We therefore proceed to 
calculate the value of the repulsion potential by taking the measured 
distances between the hydrogen in the paraffin crystal and introducing 
them in Slater and Kirkwood’s expression. It is found at once that there 
are only two sets of hydrogen atoms belonging to two neighbouring 
molecules which give an appreciable contribution at all. These hydrogen 
centres are about 2-4 A apart from each other. The repulsion energy 
per CH a group due to these hydrogens is 0-23* x 10~“ erg. The con¬ 
tribution to the next nearest set is already much smaller and amounts only 
to 0*007 x 10" u erg. The total repulsion energy is therefore about 
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0-24 x 10 18 erg per CH a . If these figures are introduced in Table VI 
it follows that the smallest value for the sublimation energy now becomes 
-2-34 x 10 18 erg and the highest value — 1-28 x 10 13 erg as com¬ 
pared with the van der Waals potential — 2 -58 x 10 13 and — I'52 x 
10 -13 erg. 

The van der Waals Potential as a Function of the Setting 

Angle <f> 

The sums occurring in the van der Waals potential have also been 
calculated for a number of setting angles, i.e., <f> has been treated as a 
parameter. It should be possible to determine the observed angle 
<f> o ta = 30° by making the lattice energy a minimum with regard to the 
parameter <f>. It is found that a satisfactory solution of this problem 
cannot be obtained without taking into account the repulsive foices. 
This, and the problem of the rotation of the molecules will be treated in 
a continuation of this work. 

In conclusion the writer wishes to express his appreciation to Dr. R. 
Eisenschitz for his valuable discussions and suggestions and to Sir William 
Bragg and the Managers of the Royal Institution for the excellent oppor¬ 
tunities given to him for carrying out this work at the Davy Faraday 
Laboratory. 

Summary 

The van der Waals potential of a CH a group in a paraffin crystal is 
calculated with the aid of the theory developed by London. The calcu¬ 
lation necessitates the dividing of the molecules into small units. The 
size of these units is arbitrary to a certain extent, but it is found that the 
mode of division does not affect the result to a great extent. The observed 
value of the sublimation energy is found to lie between the two calculated 
values obtained with different modes of division. Use is made of the 
susceptibilities and polarization of the carbon and hydrogen atoms in the 
calculation of the energy. 

APPENDIX 

The van der Waals potential of two systems used in this paper is- 
obtained from equations (20), (21), and (25) in Kirkwood’s paper.*’ 
The argument leading to these equations is given here for convenience. 

The equations for the polarizations and the van der Waals potential 
are easily obtained by applying the variation method on the lines given 

• ‘ Phys. 2.,’ vol. 33, p. 57 (1932). 
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by Slater and Kirkwood.* The result can be put in the following form. 
If «! and a g are the polarizations of the two systems it is found that: 

= — kiO 0 s Spi 2 and « 8 — — k 2 a 0 3 Sp 2 *. 

The van der Waals potential V is: 

V _ ^3 AO* V“ 2 2 

,-p,. 

k\ k 2 

The negative sign is used for attraction energies. 


a 0 — Bohr radius. 

2 pj 2 and Spjj 2 the mean square radii of each system (p x and p 2 expressed 
in terms of a„). 

e == charge of the electron. 

R = distance between the centres of the two systems. 
k 1} k 2 , k 3 positive constants (pure numbers). 


• In addition to these three equations we have the well-known expressions 
for the susceptibilities: 


Xi 


6a (/nr 


• «o 3 Spi 2 - <7 X , 


X2 


6a (/nr 


. a 0 3 Spj 


m = mass of the electron, c — velocity of light. er x and <r 8 are quantities 
which vanish if the systems have spherical symmetry. Both n t and or* 
are positive, i.e., of the same sign as the first term in xi and Xa> 
Eliminating the constants k u k % and the mean square radii in the above 
equations we obtain: 


6mc *flL+^te±2£.k 3 . 

X1 + g l _j_ X2 + q 2 


The constant k a depends in a very complicated fashion upon the wave 
functions of the two systems, but its numerical value can be obtained 
quite easily by applying the minimum principle on an approximate wave 
function containing parameters. Kirkwood by using the simplest form 


VOL. CUV.—A. 


* ‘ Phys. Rev.,’ vol. 37, p. 682 (1931). 


2 U 
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for the approximate wave function with a single parameter obtains 
Jc 3 — l. This gives for radially symmetrical systems: 

V — 6mc 2 —ML. . J_ 

li+13 R 
a 2 

i.e., the expression used in the present work. 

It has been claimed in the introduction that this approximation formula 
is better than that used by London when applied to helium. This can be 
tested directly as follows. Slater and Kirkwood (be. cit.) have calculated 
the van der Waals attraction of two helium atoms with an accurate 
wave function. They find: 

V He = — 1 -59 x (Slater and Kirkwood), 

or putting in the values for e and a 0 (4-77 x 10 -10 abs. units and 
0-529 x 10 “ 8 cm) 

Vh„ = — 1 -48 6 x 10 " 80 1 ergs, 

R is measured in centimetres. 

The approximation used in this paper is for two identical atoms: 

Vhij = + 3mc?'x.ji e . xuc • jjg > 

a H » and xiic are the polarization and the magnetic susceptibility of 
helium. The experimental value of * H « obtained from the dispersion 
curve and extrapolation to infinite wave-length is — 0-204 x 10~ M cm* 
(see, for instance, ‘ Handb. Exp. Phys. Wien-Harms.,’ vol. 19, p. 89). 
The diamagnetic susceptibility of helium given in Stoner’s ‘ Magnetism 
and Matter,’ p. 262, is 1-88 x 10~ # and 1 -91 x 10 ~ 6 by two different 
observers. These figures refer to a gram atom. The average of these 
two figures gives for one atom: 3-13 x 10 -30 cm 8 . 

With these figures we obtain: 

V H . = --3x 8-133 x 10~ 7 x 0-204 x 10 ~“ x 3-13 x 10 -*° -J*erg 

R6 

or 

V H , — — 1 -56 a x 10 “*° erg (R in cm). 

We now calculate the potential with London’s approximation 
V * — $a 8 E„ where E, is the ionization potential. The experimental 
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value for E y according to Kallman and Rosen* is — 24-5 volts or 
— 3-84 x 10~ u erg. We have: 

Vh„ = - } x (0-204)® x 10-® 4 x 3 -84 x 10 11 ^ erg 
= - 1-21 x 10'*°i- # erg. 

Thus the value given by Slater and Kirkwood is — 1-48 x 10'*°; the 
approximation used in this paper gives — 1 -56 6 x 10“ 60 and London’s 
approximation using the ionization potential gives — 1-21 x 10 ~®°. 
These figures confirm the statement made at the beginning. 

From the fact that the figures obtained with the approximation formula 
of this paper agree comparatively well with observation, it cannot be 
concluded that this formula must always give a better approximation 
than London’s expression. Table VII illustrates this: 

Table VII 


a cm 3 X cm 3 E = Ionization Av, 

x 10-** x lO -80 4me* y/a potential (dispersion) 

volts 

Helium . 0-205 3-13 31 -2 24-5 24-6 

Neon .• 0-393 11-8 58-6 21-5 25-8 

Argon . 1-623 30-8 38-8 15-7 17 


E = energy corresponding to ionization potential in London’s approxi¬ 
mate formula. 

v 0 = frequency in the single term dispersion formula. 

« and x polarization and susceptibility. 

a and v 0 are based on measurements by C. and M. Cuthbertson and 
taken from the ‘ Handbuch ’ (loc. cit.). The ionization data are taken 
from Kallman and Rosen and the susceptibilities from Stoner (loc. cit.). 

The energies are measured in electron volts. 4mc* = 2-041 x 10* 
volts. 

The table shows that the formula E = 4me* £ gives very much higher 

% 

values than the ionization potential particularly for neon and argon. 
The van der Waals potential for these two gases would be more than 
twice as large if calculated from susceptibility and polarization instead of 
polarization and ionization potential. From this it may be concluded 
that the correct value is likely to lie between the figures obtained with the 
two methods of calculation. 

* ‘ Phys. Z.,* vol. 32, p. 521 (1931). 
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Physical Properties of Surfaces 

III—The Surface Temperature of Sliding Metals 
The Temperature of Lubricated Surfaces 

By F. P. Bowden and K. E. W. Ridler, Laboratory of Physical 
Chemistry, Cambridge 

(Communicated by T. M. Lowry, F.R.S.—Received December 6, 1935) 

When one solid body slides over another, most of the work done against 
the frictional force opposing the motion will be liberated as heat between 
the surfaces, and will raise the temperature of the bodies. A simple 
calculation shows that the temperature of the surface atoms may reach 
a very high value. § I of this paper describes an attempt to measure the 
temperature of the surface layers of the bodies during sliding. The 
surface temperature was measured by using the rubbing contact of two 
different metals as a thermocouple, and determining the electromotive 
force generated on sliding. It is apparent that the electrical contact 
and the friction occur at the same points where the surfaces touch, so 
that the measurements should give information about the temperature 
of the actual surface atoms of the metals where they are rubbing. 

Experiments showed that the local surface temperature was surprisingly 
high and could exceed 1000° C, even though the mass of the metal was 
quite cool. The temperature reached by the sliding surfaces depended 
upon the load, speed,, coefficient of friction and thermal conductivity, 
and was in good agreement with theory. The behaviour of readily 
fusible metals showed that the temperature measured was a real one. 
With metals such as gallium, Wood’s metal or lead, the measured tempera¬ 
ture rose to a constant value which could not be exceeded, and which 
corresponded numerically to the melting temperature of each metal. 

In § II the experiments were repeated with various lubricants under 
“boundary lubrication” conditions. Again the surface temper ature 
was high. For example a polished metal surface, well lubricated with 
“ Castrol XL ”, and running smoothly with a low coefficient of friction, 
showed a surface temperature of over 600° C. This high temperature 
was localized at the sliding surface, the mass of the metal was at room 
temperature and there was no evident sign of heating. The fact that 
these high temperatures are reached at the points of contact of sliding 
metals has an important bearing on the theory and practice of lubrication. 
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Hardy* and his collaborators made a thorough investigation of the 
force required to start the sliding of one polished surface over another, in 
the presence and in the absence of lubricating films, and showed that the 
experimental laws obeyed by static friction are comparatively simple. 
As a sequel to this measurements were made of the force required to 
maintain sliding,f and the results showed that the laws obeyed by kinetic 
friction bore a general resemblance to those found for static friction, 
but there were important differences. Thus, Hardy considered that 
under “ boundary lubrication ” conditions the surfaces were separated 
by a complete molecular film of adsorbed lubricant. The work on kinetic 
friction under similar conditions showed clearly that the film of lubricant 
was unable to afford complete protection to the sliding surfaces. Even 



with the best lubricants some abrasion of the underlying surface always 
occurred during sliding, and there was strong evidence that a con¬ 
tinuous breakdown and repair of the surface film of lubricant was occurring. 
More recently Langmuir and Schaefer^ have also described experiments 
showing that the primary film can be worn off the surface. It will be 
clear from this paper that one important cause of the breakdown of the 
film of lubricant may be the high temperature of the sliding surface. 

I—The Surface Temperature of Sliding Metals 
Calculation of Surface Temperature 

Consider a cylinder whose face slides over a surface with a velocity of 
v cm per second, fig. 1. 

* • Proc. Roy. Soc.,’ A, vols. 100, 101, 104, 108, 118 (1921-28). 
t Bean and Bowden, • Phil Trans.,* A, vol. 234, p. 329 (1935). 
t Langmuir, * J. Franklin Inst.,* vol. 218, p. 159 (1934). 
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If all the frictional work is liberated as heat, then the amount Q of 
heat developed is given by 

Q = [i calories per second, (1) 


where 

pi — coefficient of kinetic friction, 
W = load on the cylinder, 
g = constant of gravity, 

J = mechanical equivalent of heat. 


This heat will raise the temperature of the sliding bodies. Consider 
the flow of heat through any element of the cylinder at a distance x from 
the surface. The amount of heat gained by conduction (assuming the 
thermal conductivity K is independent of temperature) will be 


The amount of heat lost by emission will be 


<j 2 nr (T — T 0 ) 8x, 

where 

a — emissivity of the surface, 

T — temperature of emitting surface, 

T 0 = temperature of the surroundings. 

In the steady state these must be equal and 

jrr 

Kw J ~ . dx ~ a 2 nr (T - T 0 ) S* « 0. (2) 


Of the frictional heat Q which is liberated some will go into the upper 
body and some into the lower. We do not know exactly how it will be 
divided, but we may consider that a certain fraction oc will go into the top 
cylinder. All the heat which goes into the cylinder must be emitted 
from it. If it is so long that the top end is sensibly at room temperature 
we may write 

aQ a* 2nra f* (T —• T 0 ) dx. (3) 

Jo 

From (2) and (3) it follows that 


T 


To 


a Q 1 
w ‘ V2akr 



x 


( 4 ) 
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so that at the interfaces the rise in temperature is given by 


T — T 0 — 


/“T - . 

3 .nr * ^akr 
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(5) 


Practical Example —We may apply this calculation to an example 
which can be realized experimentally. If a constantan cylinder 1 mm 
in diameter loaded with 100 gm wt is slid over a mild steel surface with a 
velocity of 100 cm per second, the measured value of the kinetic friction 
is 0-23. The amount of frictional heat Q is given by 


Q 


0-23 x 100 x 100 x 981 
4-2 x 10 7 


cal per sec 


= 5-37 x 10~ 2 cal per sec. 


This heat will be distributed between the two surfaces. The exact 
value of a is not known, but it is probably not far from 1 /2. From equa¬ 
tion (5) it then follows that the rise in temperature of the sliding con¬ 
stantan surface is given by 


T — T 0 - i x 


5-37 x 10- a _ 

WV353& 


This calculation is made on the assumption that the area of contact is 
that of the end of the cylinder. This is certainly not so. Although the 
surfaces are carefully prepared, the actual rubbing area of contact may 
be only 1/10, 1/100, or even 1/1000 of the apparent area. The surface 
temperature calculated for these smaller areas is given in Table I. 


Fraction of surface area 
in rubbing contact 


All of the surface 
1/10 
1/100 


Table I 

Calculated rise in temperature 
from equation (5) 

°C 

75 

414 

2372 


More exact calculations taking into account the shape of the irregulari¬ 
ties on the rubbing surfaces will be made later. These last calculations 
are very approximate, but it is apparent from purely theoretical con¬ 
siderations that we may expect the surface atoms to reach a very high 
temperature. 
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Experimental 

The experimental arrangement and the method of measuring the surface 
temperature is shown diagrammatically in fig. 2. 

One of the metals A is in the form of a flat annular ring, which can 
be rotated with a uniform velocity about the point O, A wire of the 
same metal A leads down the axis of rotation and dips into a mercury 
cup M. This is connected by a copper wire to one terminal of an 
Einthoven galvanometer G. The second metal B which constitutes the 
other half of the thermocouple is in the form of a polished cylinder B, 
which rests on the ring at S. The metal B is connected by a copper wire 
to the other terminal of the Einthoven galvanometer. All the metal 
junctions except the sliding one at S are at room temperature. A method 


Copper 



which depends on the same principle has been devised by Herbert* and 
applied to the measurement of the temperature of cutting tools. 

The cylinder B is attached to a light rigid arm R which is carried on a 
gimbal J, so arranged that the cylinder can move freely up and down or 
to and fro. Any required load can be applied to the cylinder by adding 
weights to the arm at W. The apparatus is shown in section in fig. 3. 

It is heavily constructed and mounted on concrete to prevent vibration. 
The rotating table which carries the metal ring A is mounted on the ball 
bearings N and can, by suitable gearing, be driven at all speeds from 
4 cm /sec to 5000 cm/sec. The gimbals J are not rigidly fixed but are 
carried on the arm, which is so arranged that a rotation of the screw head 
causes the cylinder to move across the surface of the ring. The reason 
for this will become apparent later. 

* ‘ Proc. Inst. Mech. Eng.,’ vol. 1, p. 289 (1926). 
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Measurement of Kinetic Friction —When the metal ring rotates, the 
frictional force between the surfaces at S will tend to drag the cylinder 
with it. This movement is prevented by a fine wire fixed to the cylinder 
which is arranged tangentially and is attached at the other end to a rigid 
pendulum. The deflexion of the pendulum gives a measure of the coefficient 
of friction. 

The construction of the pendulum is shown diagrammatically in fig. 2. 
It is suspended by an agate knife edge which rests on a polished agate 
surface. The deflexion is measured by the movement of a spot of light 
reflected from the mirror C, and the sensitivity can be varied by sliding 



the bobbin L up or down the rod D. It is heavily damped by the large 
vane V moving in a bath of mercury. The whole pendulum is enclosed 
in a glass case to avoid air currents, and is calibrated directly so that the 
coefficient of friction can be read off conveniently. For some purposes it is 
desirable to measure a rapidly changing friction, and then the pendulum 
is replaced by a spring of very low inertia. The extension of the spring 
is photographed on a moving film camera, so that frictional changes 
occurring in a few hundredths of a second can be followed. 

A simultaneous measurement of the electrical resistance between the 
sliding surfaces was also used to give information about the area of 
contact, the nature of contact (whether it is continuous or intermittent), 
and the thickness and uniformity of the surface films. 
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Preparation of Surfaces —The surfaces were prepared by careful grinding 
on flat lead laps with 320 carborundum followed by fine aluminium oxide 
(600). They were next thoroughly washed with rouge and water until the 
water spread in a continuous film. They were finally cleaned with pure 
alcohol and dried for half an hour at 140° C. The surfaces were smooth 
and flat with a high metallic lustre. 


Experiments to Test whether the Electromotive Force is a Real 
Measure of Temperature 

Experiments with a mild steel cylinder sliding over a mild steel surface 
gave no electromotive force even at the highest loads and speeds. This is 
to be expected if the force is a true thermoelectric one. It shows that 
the electromotive force is not due just to rubbing, or to the disturbance 
of oxide or films on the metal surface. In order to test this further a 
number of experiments was made with fusible metals sliding on steel. 

Gallium on Mild Steel —A cylinder of pure gallium, which melts at 
32° C was made to slide over a polished surface of mild steel and the 
electromotive force measured. In fig. 4 a, the rise of surface temperature 
(calculated directly from the measured electromotive force) is plotted 
against the sliding speed, in fig. 4b, the speed is kept constant and the 
load increased. 

In each case the effect was the same. The surface temperature rose to 
a maximum value which could not be exceeded, and this maximum corre¬ 
sponded numerically to the melting temperature of gallium, as determined 
from separate calibration of a gallium-mild steel thermocouple. The 
melting point of gallium is shown by the dotted line. The temperature 
of the room was 17° C. 

Wood's Metal on Mild Steel —The results for a cylinder of Wood’s 
metal, a readily fusible alloy of 50% Bi, 25% Pb, 12-5% Cd, 12-5% Sn, 
which melts at 72° C, is shown in figs. 5a and 5b. 

The results are similar. The flattening now occurs at a higher tempera¬ 
ture, T — T 0 5= 55° C, i.e., T = 72° C, which is the known melting point 
of the Wood’s metal alloy. 

Lead on Mild Steel —A lead cylinder sliding on mild steel gave the 
results shown in figs. 6a and 6b. The curves are of similar form and 
flattening now occurs at 327° C (temperature rise 309° C) which corre¬ 
sponds to the melting temperature of lead. 
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0 20 40 60 80 100 120 

Load, grams weight 

(A) Constant speed 
Fio. 4—Gallium on mild steel. 

(a) Temperature rise/speed (6) Temperature rise/load 

1 load, 32*3 gm wt; 2 load, 36-8 gm 1 speed, 88 cm/sec; 2 speed, 174 cm/ 
wt; 3 load, 79-8 gm wt; 4 load, sec; 3 speed, 298 cm/sec; 4 speed, 

102*8 gm wt. T, «= 17° C. 485 cm/sec; 5 speed, 720 cm/sec. 

T» - 17° C. 
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Speed, cm/sec 


Load, grams weight 
(A) 

Fig. 5—Wood’s metal on mild steel; T» = 17-5° C. 

(a) Temperature rise/speed (b) Temperature rise/load 

1 load, 20 0 gm wt; 2 load, 32-3 gm 1 speed, 134 cm/sec; 2 speed, & 
wt; 3 load, 42-8 pn wt; 4 load, cm/sec; 3 speed, 48 cm/sec; 4 









Load, grams weight 

(b) 

Fio. 6—Lead on mild steel; T» = 17° C. 

(a) Temperature rise/speed (f>) Temperature rise/load 

load, 34 gm wt; 2 load, 57 gm wt; 3 1 speed, 15-8 cm/sec; 2 speed, 48 cm/ 

load, 79'i gm wt; 4 load, 102-3 gm sec; 3 speed, 134 cm/sec; 4 speed, 

wt. 485 cm/sec; 5 speed, 720 cm/sec; 

6 speed, 1570 cm/sec. 
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The behaviour of a bismuth cylinder was similar, and the flattening 
occurred at 270° C, which was the melting temperature of the metal. 

Constantan on Mild Steel —The high surface temperatures reached by 
constantan sliding on mild steel are shown in figs, la and lb. Con¬ 
stantan melts at 1290° C, and it can be seen from the figure that the rubbing 
surface can reach a temperature of over 1000° C without any flattening 
of the curve. 


Surface Temperature and Thermal Conductivity 

If the sliding solid is a poor thermal conductor the frictional heat will 
not be conducted away very rapidly, and the surface temperature will be 
correspondingly higher. According to equation (5), the surface tempera* 
ture should vary inversely as the square root of the thermal conductivity. 

In fig. 8 the rise in surface temperature of the cylinders of copper, 
nickel, lead, constantan, Wood’s metal, and bismuth sliding on polished 
steel_under identical conditions of load and speed, is plotted against 
1/VK for these metals. 

These results are not corrected for slight differences of friction and 
real area of contact, but it is clear that the theoretical relationship is 
approximately obeyed. 


Discussion 

The fusible metals, gallium, Wood’s metal, bismuth, and lead, all 
showed a similar behaviour. The surface temperature rose as the load 
or the speed was increased, and reached a maximum which could not be 
exceeded, and which corresponded numerically for each metal to its 
melting temperature. Departure from the linear relationship only 
occurred at temperatures near the melting point, the rise in surface tempera¬ 
ture being directly proportional to the speed and load, in accordance 
with the theoretical expression (equation (5)). The melting temperature 
of constantan (1290 C) was not reached at the loads and speeds employed, 
and no flattening of the curve occurred (see figs, la and lb). 

The fact that the intense heating was confined to a thin layer at the 
surface of contact, was shown in an interesting way by the behaviour 
during an experiment. If the cylinder of metal B were allowed to run in 
the same track for a short time, the electromotive force fell off and reached 
a low value. This was not because of any real fall in surface temperature, 
but because a thin layer of metal B rubbed off onto the steel and the 
sliding surface was now B/B, and therefore gave no thermoelectric force. 
The thickness of the metal layer necessary to cause this failing off was 
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Fig. 7—Constantan on mild steel; T» = 17° C. 

(a) Temperature rise/speed (A) Temperature rise/load 

1 load, 20 gm wt; 2 load 80 gm wt; 3 1 speed, 20 cm/sec; 2 speed, 485 cm/ 

load, 102 gm wt. sec; 3 speed, 1100 cm/sec. 
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very small. Frequently the layer was too thin to be visible. In practice 
the cylinder was kept moving gradually across the steel surface so as to 
expose continually a fresh rubbing surface. Under these conditions 
there was no falling off in the electromotive force. 

The results plotted in fig. 8 show that the rise in surface temperature 
of metals varies inversely as the square root of their conductivity in 
accordance with the theoretical equation. The rise in surface tempera¬ 
ture of bismuth, which is a poor thermal conductor, is some five times as 
great as that of copper under the same experimental conditions. These 
results are of further interest since they enable us to form some idea of 



Fro. 8—Temperature rise/1/K* at 32 gm wt and 20 cm/sec. 

the temperature reached by non-conductors such as glass, to which the 
experimental method can not be directly applied. According to these 
results, 

(T — T 0 ) gla ss _ Vconductivity of copper . / 0-92 
(T- T 0 ) copper ^conductivity of glass = V 0^017 = 23 ' 

This means that the rise in temperature of a glass surface would be 
some 20 times as great as that of copper under similar conditions of load, 
speed, and friction. We may expect that surface melting will occur very 
much more readily with glass than with metals. 

It is of interest to calculate the possible rise in surface temperature of 
a rubbing cloth, since this is frequently used for polishing. If we assume 
the validity of equation (5) for a silk polisher of cylindrical form sliding 
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on a smooth surface, we may calculate the relative rise in surface tempera¬ 
ture compared with a copper cylinder. 


Th* rise in temperature of a silk surface would therefore be some 100 
times as great as that of copper under the same conditions. These 
calculations make sweeping assumptions and can only be regarded as 
crude approximations, but they enable us to form some idea of the 
possible surface temperature reached by non-conductors. 

It is apparent that the temperature will not be uniform over the whole 
surface of the metal. Although the surfaces were carefully prepared they 
cannot be perfectly flat, and the conditions of contact may be represented 
diagrammatically in fig. 9. 


W, W 2 



Fig. 9. 


It is only the areas in contact A,B,, A 8 B 2 , etc., which are heated directly 
by friction, and it is only these areas which constitute the thermo-junction. 
The areas a, (3 are not heated by direct friction nor can they make any 
contribution to the thermoelectric E.M.F. 

Even the rubbing areas will not necessarily all be at the same temperature. 
The shape of die surface irregularities and the distribution of load will 
vary from point to point, so that the surface temperature A l B 1 may be 
different from that of AjB a , The electromotive force measured at any 
instant is that of a large number of thermo-junctions connected in parallel, 
all of which are not at the same temperature. The E.M.F. will be the 
integrated effect of all the thermo-couples formed by the parts of the 
surfaces which are in contact. It is apparent that many points on die 
surface may be at a temperature considerably higher than that indicated 
by the electromotive force. 

II—-The .Surface Temperature of Lubricated Surfaces 

The experiments were repeated with various lubricants oh the polished 
surfaces. The conditions were those of “boundary lubrication ”, that 

VOL.CUV.—A, 



/thermal conductivity of silk 


2 X 
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is, the surfaces were not separated by a thick layer of fluid lubricant, but 
were considered to be in contact except for the primary adsorbed film of 
lubricant. As previously mentioned here is strong evidence that this ad¬ 
sorbed film does not remain intact, but is continuously being destroyed 
and repaired during sliding. 

Results 

The surface temperatures reached by surfaces of steel and constantan 
lubricated under “ boundary conditions ” with various lubricants are 
shown in fig. 10. 



Fio, 10—Constantan on mild steel T — TJv, load 102 gm wt; T # = 17® C. 1, no 
lubricant; 2, Castrol XL; 3, oleic acid. 

In each experiment the load was kept constant at 102 gm wt and the 
speed varied from 0 to 1200 cm/sec. 

Curve 1 is for oleic acid (n = 0 08). The rise in surface temperature 
at this speed is 320° C. 

Curve 2 is for Castrol XL (n — 0-14). The surface temperature rise 
at this speed is now 610° C. 

Curve 3 is for no lubricant (jx = 0 • 23). The rise in the surface tempera¬ 
ture at a speed of 1000 cm/sec is 1000° C. 

Surface Temperature Proportional to Coefficient of Friction 

According to equation (S) the rise in surface temperature should be 
directly proportional to the coefficient of kinetic fricdou. Table S 
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shows the value of these quantities for various lubricants. The last 
column (T — T 0 )/(x is approximately constant showing that the theoretical 
relationship is obeyed. 

Table II—Constantan on Mild Steel. Dependence of 
T — T 0 on (x. Speed 600 cm/sec 


Lubricant T - T„° C (x (T - T 0 )/n 

None . 745 0-23 324 

Castrol XL. 480 0 14 340 

Oleic acid. 245 0 08 310 


These results show that the surface temperature may reach a high 
value even when the surfaces are well lubricated. 


Nature of Contact between Sliding Polished Surfaces 

Analyses of the photographic records of the friction, the surface 
temperature, and the electrical resistance, show that rapid fluctuations 
occur in all these quantities during sliding. These fluctuations may occur 
in a few hundredths of a second and are more marked with small surfaces 
than with large. It is clear that the contact between moving surfaces is 
not uniform. There is every indication that during sliding a continual 
change occurs in the number and size of the areas of contact. The friction, 
as usually measured, will be an average of these fluctuating values. 

Discussion 

The fact that these high temperatures are reached even by well-lubricated 
surfaces obviously has an important bearing on the theory and practice 
of boundary lubrication. It is true that this high temperature is localized 
at the points of contact, but it is just at these points that friction and 
lubrication are occurring. 

The maintenance of effective boundary lubrication depends upon a 
continued existence of a film of lubricant on the surface. As previously 
stated there is strong evidence that the lubricant film is being continuously 
broken down and reformed during sliding. It is clear from this paper that 
one cause of the breakdown is the high temperature reached by the 
surface areas which are in sliding contact 

We wish to express our thanks to Professor T. M. Lowry for con¬ 
structive criticism, and to the Lubrication Research Committee of the 
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Department of Scientific and Industrial Research with whose assistance 
the work was carried out. 

Summary 

A method is described for measuring the surface temperature of sliding 
metals. The temperature reached depends upon the load, speed co¬ 
efficient of friction, and thermal conductivity of the metals, and is in good 
agreement with theory. With readily fusible metals the surface tempera¬ 
ture reached corresponds to the melting point of the metal. With less 
fusible metals the local surface temperature may exceed 1000° C. 

Even with lubricated surfaces the temperature (under boundary lubri¬ 
cation conditions) is high and may exceed 600° C. This high surface 
temperature will cause a local volatilization and decomposition of the 
lubricant, and is a cause of the breakdown of the boundary film. 


Collective Electron Specific Heat and Spin 
Paramagnetism in Metals 

By Edmund C. Stoner, Ph.D. (Cambridge), Reader in Physics at the 

University of Leeds 

(Communicated by R. Whiddington , F.R.S.—Received December 10, 1935) 

1- Introduction 

In two previous papers expressions have been obtained for the sus¬ 
ceptibility* and specific heatf of free electrons in forms appropriate for 
low and high temperatures. With slight interpolation these expressions 
are adequate to give the temperature variation over the whole temperature 
range. The results are given in such a form that they are also applicable 
to electrons not strictly free, as long as the number of states per unit 
energy range in the unfilled energy band involved is proportional to the 
square root of the energy, as for free electrons. In this paper more 
general expressions are obtained which show how the specific heat and 
the spin paramagnetism, and their temperature variation, depend on the 

* Stoner, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 672 (1935). 
t Stoner,' Phil, Mag.,’ vol. 21, p. 145 (1936). 
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band form. It is only the low temperature range which will be con¬ 
sidered, as usually for metals ordinary temperatures fall well within the 
“low” range. 

Although the equivalents of some of the results obtained have been 
given before, and it has been noticed that there is a relation between the 
electronic specific heat and the spin paramagnetism,' 1 ' the general question 
has not been treated in any detail. Expressions are first obtained for 
collective electrons neglecting interchange interaction effects, and given 
in a convenient form for application. The difficult question of the sus¬ 
ceptibility arising from the “ orbital ” motion of collective electrons 
will not here be discussed. The conditions necessary for a very large 
orbital effect do not usually hold; and for the more strongly paramagnetic 
metals, which are discussed here, it will be sufficient to consider the spin 
effect alone. 

Spin susceptibility will depend greatly on those interchange interaction 
effects with which are associated differences of energy of pairs of electrons 
with parallel and antiparallel spins. A simple method of determining 
the general character of their influence is developed. For ferromagnetics 
interchange interaction effects are of predominant importance. The 
present discussion indicates that appreciable interchange interaction 
effects are not limited to the ferromagnetic metals; and that though 
positive interchange interaction is a necessary condition for ferromagnetism 
it is by no means sufficient. This has been shown before in connexion 
with particular models, but the bearing on the question of the magnetic 
properties of the metals generally does not seem to have been considered. 

The electronic specific heat of metals will usually be small, and it is 
then difficult to estimate its magnitude from experimental results for 
specific heats with any precision. In ferromagnetic metals, however, 
there is a comparatively large excess specific heat even above the Curie 
point. It has previously been suggested! that this “ terme inconnu ” 
may be attributed to an electronic specific heat; and the proposed identi¬ 
fication receives support from measurements of the specific heat of nickel 
at very low temperatures. A brief discussion of the excess specific heat 
of nickel will serve to exemplify the application of the theoretical results. 

A central question to be considered is that of the significance of the 
different types of temperature variation found for paramagnetic metals. 
This is shpwn to be connected with the form and the manner of over¬ 
lapping of the electron energy bands. 

In the last section of the paper the magnetic properties and the specific 

* Mott, ‘ Proc. Pby*. Soc.,’ vol. 47, p. 571 (1935). 
t Stoner, ‘ Phil. Tran*.,’ A, vol. 235, p. 165 (1936). 
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heat of a number of particular metals are briefly discussed in the light 
of the theoretical treatment. 


2—Electronic Specific Heat 

The basic formulae required in the application of Fermi-Dirac statistics 
to the specific heat and paramagnetism of electrons have been given in 
the papers cited above, and may be found in equivalent forms in any of 
the more detailed treatments, such as those of Nordheim,* Brillouin.f 
or Sommerfcld and Bet he. J: 

Let 

e 0 = maximum electron energy in the completely degenerate state. 

£ — Fermi-Dirac critical energy, at which half the states are 
occupied. For T -> 0, £ -+ = e 0 . 

v («) — number of electron states per unit energy range for one direction 
of spin. 

In considering low temperatures 0,,/fcT > 1) the various integrals involved 
may be represented by the usual asymptotic series. To determine the 
specific heat, an expression is obtained for the total energy. This 
involves (£ — £ 0 ), which can be eliminated by means of the expressions 
for the total number of electrons. 


dz 


v (e) dz 


Jo exp {(e - t)/*T} + 1 
= £ v (.) A + {2c. (it)-1 + 2c. (wy §5 

r _ I - 1 + 1 _ > 
n 2 n 3 n 4 * ***• 


where 

In particular 

c t - n*/12 --■= 0-822 c* = 7^/720 = 0-947 

£ v (e) dt - £ v (c) de = (Z- C 0 ) v (So) + \ (S - W* (|j) .... 

* (tX=(H 

/3»v\ 


3V 
S e 8 /( 


= (—) 


( 2 . 1 ) 

( 2 . 2 ) 


(2.3) 

(2.4) 

(2.5) 
(26) 


( 2 . 8 ) 


* Miiiler-Pouillets, ’Lehrbuch der Physik,’ vol. 4, iv, p. 271 (Braunschweig, 1934); 
• Ann. Physik,’ vol. 6, p. 607 (1931). 
t “ Die Quantenstatistik ” (Berlin, 1931). 
t ‘ Handbuch der Physik,’ vol. 24, ii, p. 473 (Berlin, 1933). 
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Substituting in (2.2) 


— « -«»(« = 2c, {kTt (|i) fc + 2c, <*T)> K - :,) 

+ 2c.(kTy(^) i +iK-v(^\; < 29 > 

As a first approximation 

C-C 0 =-2c a (A:T)»(i|-^ ; (2.10) 

Substituting this value in (2.9) 




(fcT) 2 


1 Sv 
v 


2c g 
2c 4 (~ 


V. 

1 f) 3 v 
v 3e 3 


- (^T) 4 

For free electrons 

2v (e) - t 


+ 2e *1(1 -f - 2 — ^Vl 
+ 2 MUai/ V*3 e d**I.l- 

(~) m - 2 N: 0 * s/2 e 1/2 . 

V®0' 


- »N (V m 


=-0 


Using this value for v (e) in (2.11) 




'■»() 




( 2 . 11 ) 

( 2 . 12 ) 


(2.13) 


in agreement with the expression previously obtained. 
For the total energy 


E f® ev (e) de 

2* Jo exp{(e ~ Q/kT} + 1 

= j f ev (e) dt + 2ca (^T) 2 [1 {ev (e)} |_ + 2c„ (&T) 4 {ev 
| ev (e) de = J ev (e) de + (£ — Co) [* v (*)]{. 


(2.14) 

oil 

(2.15) 



+ HX-:o) 2 [|{«v(e)}U. 


(2.16) 


The second and third terms in (2.15) may be similarly treated. Values of 
(5 - So) are then substituted from (2.11). The final expression obtained 

" E-E. + 4c, W . W+ .2( W [c.S-c..i(^. (2,7, 
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For free electrons, using (2.12), this gives 

E = Nc 0 [ l + 3c a (—)* - * (c, + cfi ], (2.18) 

as obtained previously. 

For the specific heat 


C v - (SE/?T) V = %cjc (*T) v (t 0 ) 


x 


For free electrons 


+ 6 (*T)> j£s I ^ f, (1f} J. (2.19> 


Cv “N* [*. (")-»(^)‘ W+«.)]' 


fa 

kT 3 


( 2 . 20 ) 


It is convenient to use the electron volt (1 electron volt = 1 -590 X 10 1 * 
erg) as the unit of energy in dealing with the electron energy distribution, 
and to obtain an expression for the gram atomic heat in the usual units 
or as a multiple of R, the gas constant. 

Let v (V) be the number of electron states per volt per atom for one 
direction of spin. The first term in the expression for the electronic 
contribution to the gram atomic specific heat is then 

(C V ) A - SfjfcN (*T) v (V„) X y-Lg X 10” 

-- 8c 2 RTv(V„) x x 10 *. (2.21) 


Expressed in terms of v(V), (2.19) becomes 
(C v )a/R — 1 ‘724 x 10 4 v (V 0 ) T 

X [4c # + 24 (0-8621 X 10~ 4 ) 2 T* j c 4 i ~ 




( 2 . 22 ) 


Inserting numerical values for c, and c 4 
(C V ) A /R = 5-671 x 10~ 4 v(V„)T 

I + 5-423 x 10--P (0-947 (I^) -0-676(I|^)*}]- (2-23) 


x 


For free electrons, 2v (V) = | (g/V 0 ) (V/V 0 ) 1/2 , where q is the number of 
free electrons per atom; giving 


tf% -* IKq 



1A- 8 


/T\n 
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This is in agreement with the first two terms in the expression previously 
obtained. It may be noticed that for strictly free electrons, the value of 
v (V 0 ) in metals would range from about 0-1 to 0-5. 


3—Spin Paramagnetism 


The magnetic moment M is given by 

M ~ - (3F/3H)t, v = - (an/0H)t.T.v, (3.1) 

where 

Q - — kT L log [1 + exp {(C - C,)/*T}]. (3.2) 

a 

Corresponding to the two directions of spin, the energies c H in a field 
associated with a state of energy c in the absence of a field are 

S H ~ « ± (iH. (3.3) 


The first terms in the appropriate series expansion for Q are readily 
obtained, and may be put in a convenient form by using (2.10). The 
following expression derived for M is equivalent to that of Sommerfeld 
and Bethe.* 


M = 2(x s Hv (e 0 ) 


1 2c 2 (AT)* 


H a^v 

lv as 4 



(3.4) 


This gives for free electrons, using for v (e) the value given by (2.12), 


M = 


,, Njf*H 


1 - c s 



(3.5) 


as previously obtained. 

With v (V) as the number of states for one direction of spin per atom 
per volt, the electronic contribution to the gram atomic susceptibility is 
given by 


(3t*).x 10® ■= 64-21v(V # )[l + 1 -222 x 10- 8 'P{I|Jj 



(3.6) 


This is in agreement with the expression previously given for free electrons 
(X A ), x 10® = 48 • 15 (< 7 /V 0 ) [1-611x10-® (T/V„)»], (3.7) 

where q is the number of free electrons per atom. 


• * Handbuch der Physik,’ vol. 24, a, p. 476 (1933). 
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4— Range of Validity of Formulab 
Relation between Specific Heat and Paramagnetism 
Range of Validity of Formulae 

In the expressions derived, the specific heat and paramagnetism are 
represented by asymptotic series. For free electrons, the seiies with a few 
terms are appropriate for 

kT11 0 < 1. (4.1) 

In practice the series with two terms give satisfactory approximations for 

AT/e o <0-4. (4.2) 

It is hardly possible to give any strict criterion in the general case. The 
successive terms involve higher powers of T, and higher derivatives of v 
with respect to e. A rough criterion corresponding to that for free 
electrons is 

kT~— «£* l, 
v oe 

or 

kT v~. (4.3) 

dv 

By analogy with the results for free electrons, it may be assumed that 
the two terms series give a fair approximation as long as the second term 
is numerically appreciably less than half the first term. 


Relation between Specific Heat and Paramagnetism 

In the low temperature limit the relation between the specific heat and 
the spin paramagnetism is readily obtained* from (2.19) and (3.4). 

With the specific heat in ergs per degree per gram 

* 

C v /X = (8 cj&*T)/(2(a 1 ) 

«•<> 


Let (C V ) A be the gram atomic specific heat, * A the gram atomic suscepti¬ 
bility. From (2.23) and (3.6) 


(C V ) A 

XaRT 


5- 671 x 10- 

6- 421 x 10“ 6 


(4.5) 


* Cf. Mott, ‘ Proc. Phys. Soc.,’ vol. 47, p. 571 (1935). 
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As an indication of orders of magnitude, this gives for T = 300° K 

(Cv) A = 2-65 x 10 s Rxa = 0-00526 (xa x 10 8 ). (4.6) 

The relation (4.4) holds only in the low temperature range. From the 
previous results, it may be shown that for free electrons, in the high 
temperature limit 



For paramagnetic susceptibilities of the order found for the transition 
metals (xk of the order 10~ 4 ) these relations would indicate large electronic 
contributions to the specific heat at ordinary temperatures, the values 
being, in fact, too high to be compatible, in general, with the experimental 
results. So far, however, the effect of interchange interaction has been 
neglected. A positive interaction will result in an increase in sus¬ 
ceptibility without a corresponding increase in the specific heat. The 
modification in the formulae resulting from the inclusion of interaction 
effects will therefore be considered. 

5—Interaction Effects 

The following treatment gives a simple method of determining the 
general character of the modification introduced into the expressions for 
the susceptibility when account is taken of interaction effects. The 
equation for the energy per unit volume, E, neglecting interaction effects, 
may be written 

E == Ej — IH, (5.1) 

The magnetic moment may be determined from the condition that E is 
a minimum for constant H. 

f-o §'-«• < 5 » 

The value of I is given by 

I = *oH, 

where is the susceptibility calculated with neglect of interchange 
interaction, as in § 3. 

Let E* be the interaction energy 

E - E, + E, - IH, 


(5.3) 
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The moment will now be determined from 



and the value of I will be given by 

I ~ |h 


se 2 

ai ’ 

(54) 

SE s ) 

air 

(5.5) 


The appropriate forms for the terms in the expressions for the energy 
resulting from the interchange interaction effects are not discussed. The 
interchange term can in general be expanded as a series with even powers 
of the magnetization (1 per unit volume). Considering only the first 
terms in this series, let 

E 2 - (E 2 ) 0 - id*, (5.6) 


where (E 2 ) 0 is independent of I. In the Heisenberg treatment, based on 
the Heitler-London approximation, a is proportional (to a first approxi¬ 
mation) to the interchange interaction integral, J 0 , for electrons in neigh¬ 
bouring atoms; that is, a is positive if J 0 is positive. With the treatment 
starting from that for free electrons (that is, using free electron wave 
functions) Bloch* has shown, effectively, that a is positive; though calcu¬ 
lations by Wignerf indicate that the Bloch value is an overestimate. 
The quantitative treatment of interchange interaction effects^ from the 
collective electron standpoint in more general cases would be a matter of 
great complexity, and no attempt is made here to obtain theoretical 
estimates of the values of a. It is simply the dependence of the magnetic 
effects on the magnitude of * which is considered. 

From (5.6) 

0E 2 /ai - - «I. (5.7) 

Substituting in (5.5) 

1 *o(H + «1) \ 


K I/H = «„/(! — *«o) 



(5.8) 


The a in the above equations is formally equivalent to the Weiss mole¬ 
cular field coefficient N. Similar expressions are obtained for the mass 


* ‘ Z. Physik,’ vol. 57, p. 545 (1929). 
t ‘ Phys. Rev.,’ vol. 46, p. 1002 (1934). 

t For a fuller discussion, see Sotnmerfeld and Bethe, ‘ Handbuch der Physik,’ vol. 24, 
ii, pp. 483-6, 585-613 (1933). 
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and gram atomic susceptibilities (x and Xa)- * being replaced by ap and 
xp/A respectively. 

Thus 


1 = J_ 

Xa (Xa)o 



a 


A* 


(5.9) 


As long as the interaction effect is independent of temperature, and can 
be sufficiently closely represented by (5.6), the very simple result is thus 
obtained that the value of 1 /*•„ calculated with neglect of interaction is 
decreased (positive interaction) or increased (negative) by a constant 
amount. The Curie law, x — C/T, for example, is transformed into 
the Weiss law, x = C/(T -- «pC); while the temperature independent 
collective electron susceptibility obtained above (for low temperatures) is 
simply increased or decreased by an amount which can at once be calcu¬ 
lated if the interchange interaction term, E s , is known. 


Conditions for Ferromagnetism 

If classical statistics were applicable, positive interaction would give 
rise to ferromagnetism provided that the temperature were below a certain 
critical value. With Fermi-Dirac statistics, however, positive interaction 
does not necessarily result in ferromagnetism even at the lowest tempera¬ 
tures. The essential points are most clearly brought out by considera¬ 
tion of the special case in which the temperature variation of susceptibility, 
in the absence of interaction, can be determined over the whole tempera¬ 
ture range; that is, for collective electrons in which the number of states 
per unit energy range in the band varies as the square root of the energy. 
For simplicity it will be supposed that there is 1 quasi-free electron per 
atom. The gram atomic susceptibility due to the collective electrons 
calculated neglecting the interaction will be denoted by (x A )o- 
In the low temperature limit, by (3.5) 


(*a)o ~ irN(A*/«o, 

(5.10) 

where N is Avogadro’s number. 


In the high temperature limit 


(Xa)o = Nh*/*T. 

(5.11) 


With «a defined as above, at high temperatures, using (5.9) and (5.11) 
Xa = (N|aV*T)/(J - 


(5.12) 
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with 

0'-a A N 

Ferromagnetism would occur for T < 6', the usual condition, if the 
relation (5.11) were valid over this range. This criterion corresponds 
to 

a A > kT /N (X s . (5.13) 

The value of (xa)o< however, falls below that given by (5.11) as the tempera¬ 
ture is decreased in the manner previously discussed. The general con¬ 
dition for ferromagnetism is 

*a(Xa)o > 1, 
or 

«a>1/(Xa)o. (5.14) 

The maximum value of (y vA )o occurs for T -*■ 0, when the value is given 
by (5.10). For ferromagnetism to occur at any temperature, a necessary 
condition therefore is 

«aM^ 2 . (5.15) 

With the first approximation derived from Heisenberg’s treatment, a A 
would be equal to izJ 0 /Np a , where z is the number of nearest neighbours 
of each atom, and J 0 the interchange interaction integral for neighbouring 
atoms. The conditions (5.13) and (5.15) would then correspond to 
izJ 0 > kT and irJ„ > je 0 . This will make clear the kind of relation 
expressed by the equations, though the appropriate interchange integrals 
with the Heisenberg treatment will differ from those with the collective 
electron treatment. 

The close relation between (5.13) and (5.15) is at once apparent, for 
(ArT) is two-thirds of the mean thermal energy at the high temperatures, 
while e 0 is the average energy of the electrons which contribute to the 
paramagnetism at the low temperatures. If the condition (5.15) is satisfied, 
ferromagnetism will occur for T < 0, where 0 < 0 < 6'. 

The nature of the (1/xa)> T relations indicated by these considerations 
is shown in fig. 1,* which is drawn for 0' = 2000° K, q =*= 1, V 0 = 0*2. 

The above treatment is probably too oversimplified to apply immedi¬ 
ately to actual metals; but if the general treatment is correct, a qualitative 
interpretation is provided of the curvature of the 1 /%, T graphs for ferro¬ 
magnetics above the Curie point (sometimes considered as the problem 
of the two Curie points). It should be noted that the Curie point 8 may 
differ widely from 8', so that fcO does not give an i ndic ati on 

* Cf Stoner, ‘ Proc. Roy. Soc.,’ A, vol. 152, p. 672, fig. 1 (1935). 
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of the magnitude of the quasi-magnetic interchange interaction; 0 depends 
both on this and on the energy distribution of states in the unfilled electron 
band. The value of 6', moreover, will not in general be obtainable with 
certainty by extrapolation from the results for practically attainable high 
temperatures; for the 1 lx, T curve may become almost linear well before 
the range of validity of the classical formula. It may finally be noted that 
the interaction (pioportional to O') may be large (comparable with that 
in ferromagnetics) without ferromagnetism occurring. 



Fig, 1 —Relation between 1/x* and T. (1) Neglecting interaction; (2) with positive 
interaction. The curves are drawn for V„ — 0-2 volts, q ^ 1, ©' = 2000° K. 
The straight lines (la) and (2 a) correspond to the expressions appropriate at the 
high temperature limit. 

Modified Relation between Specific Heat and Paramagnetism 

If the interaction tom in the energy expression is independent of 
temperature, as it usually will be to a first approximation, the expression 
for the specific heat will be unaltered. (The specific heat is that at con* 
stant magnetization—in the ordinary specific heat of paramagnetics; for 
ferromagnetics the specific heat at constant field will include another 
term associated with the change in the intrinsic magnetization). Using 
(4,4) and (S.8) the relation between Cy and x therefore becomes 

Cv/ * “!(?)* T(i ~ a ' xo) 
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where a' is the appropriate coefficient for the mass considered. For the 
gram atomic specific heat and susceptibility, using (4.5) 

(Cy) A = 8-833 

X A RT 1 + «aXa ’ 
or 

8.833 - . (5.17) 

XaRT RT * 

These relations hold only in the range of applicability of the limiting 
low temperature expressions for C v and x- They will ordinarily give an 
upper limit for the ratio. 

Effect of Spin Coupling in Atoms 

In the treatment so far given it has been tacitly assumed that, except 
for electrons which form inner closed groups in the free atoms, the inter¬ 
change interaction between electrons associated with different atoms 
(when these are separated) is of the same order of magnitude (in the 
metallic aggregate of atoms) as the interaction between electrons in the 
same atom. Some such assumption is essential for the collective electron 
treatment to remain manageable, and in some cases there is experimental 
evidence that it is appropriate as a first approximation. The assumption, 
however, is probably never strictly justified; and it is therefore of interest 
to consider a simple limiting case in which the interchange interaction 
between the electrons in one atom is much greater than that between 
electrons in different atoms. Such an interaction may be said to couple 
the spins in the atom, Suppose that there are 2 j electrons in an incomplete 
group in the atom coupled together to give a resultant spin moment j. 
There are 2/ + 1 orientational states, corresponding to the “resolved” 
values j, j — 1, j — 2 ... — j. It may then easily be shown that the 
first term in the expression for the specific heat corresponding to (2.20), 
becomes 

C v - 4c, (2 j +l)k (*T) v (e 0 ), (5.18) 

where v (c 0 ) is the number of states per unit energy range for one particular 
resolved value of j. (In the case previously considered, j — $.) The first 
term in the expression for the susceptibility, corresponding to (3.4), 
becomes 

X - V U + 1) (2/ + 1) |x*v (t e ). (5.19) 

The total number of states per unit energy range at c 0 will be (2j 1) v (« # ) 

for quasi-independent electrons, 2v (*„). Thus for the same total number' 
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in the two cases, the specific heat is unchanged, the susceptibility increased 
in the ratio %j (j + 1); and the ratio of the susceptibility to the electronic 
specific heat, as given by (4.4), is increased by this factor; 

x/'Cv = Jj(; + i)x (5.20) 

The following are the values of the ratio for values of j which may 
occur:— 

j 1/2 1 3/2 2 5/2 3 7/2 

1/0+1) 1 8/3 5 8 35/3 16 21 

This interchange interaction is a specialized type of that considered above, 
leading to (5.16); both, when positive, result in a decreased ratio of 
specific heat to susceptibility. 

In the high temperature limit the susceptibility of N atoms, each con¬ 
taining 2 j quasi-independent spins, is 

X - x 2 j. (5.21) 


For 2 j coupled spins, giving a resultant spin moment j per atom 


N (j. 2 
AT 


x 


4/0 + D 

3 


(5.22) 


The points discussed above link up with these well-known results. 

It may be noted that a particular example, of a different kind, of systems 
with strongly coupled spins, is provided by the “ domains ” in ferro¬ 
magnetics. 


6—Dependence of Temperature Variation on Band Form 

The spin susceptibility will increase or decrease with temperature in the 
low temperature range as the sign of the quantity in curly brackets in (3.4) 
is positive or negative. Denoting this quantity by y 


Y (so) = 


|1 

\v 0 e a 


lv Be' 


( 6 . 1 ) 


In the standard case of free electrons, or of electrons in bands such that 
v (*) ec e 1/2 over the relevant range, y is negative; and it is easily seen that 
y will be negative in the more general case in which 

v (e) == Ac”, (6.2) 

where A and n are positive. 


VOL. cuv.—A. 


2 Y 
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For bands which are nearly full, it is convenient to consider the number 
of “ holes ” in the band, and to measure the energy from the top of the 
band. Let the energy difference from the top of the band, of width 
a, be denoted by s'. The distribution of states near the top of the band 
may be represented by 

v («) = /(a — e) — /(s'). ■ (6.3) 

The susceptibility arising from a deficit of x electrons in such a band 
will be the same as that due to the presence of the same number x of 
electrons in a band in which the distribution is given by 

v (s) ^ /(e). ( 6 . 4 ) 

For, under these conditions e' 0 in (6.3) will be equal to e 0 in (6.4); the 
first term in the expression (3.8) for the susceptibility, will be the same in 
the two cases, and also the term giving the dependence on temperature, 
as is readily seen by carrying out the differentiations in (6.1). Thus the 
susceptibility arising from a symmetrical band which can accommodate N 
electrons will be the same when it contains x and N — x electrons. In 
general bands will not be completely symmetrical (as is apparent from a 
consideration* of the simplest cubic type of Brillouin zone, the form of 
which is roughly represented in fig. 2); the susceptibility (and also specific 
heat) relations will, however, be the same for a band containing N — jc 
electrons, and in “ inverted ” band containing x electrons. Otherwise 
stated, relations involving the number of electrons in a band, with the 
energy measured from the bottom of the band, may be alternatively 
expressed in terms of the number of holes in the band, with energies 
measured from the top of the band. In some cases this principle may 
greatly simplify discussions of magnetic properties in relation to band 
structure. 

The conditions necessary for a positive temperature coefficient will 
now be considered. The second term in (6.1) is negative (or zero), and 
a positive temperature coefficient therefore requires that the first term 
should be positive. Near the bottom of a band, the form (6.2) will be 
appropriate, and this leads to a negative value for y. This also holds 
near the top of a band (replacing « by s'). In the region where v (e) is 
a maximum, the second term in (6.1) is zero, but the first term is neces¬ 
sarily negative. It may therefore be said that, in general, unless the 
distribution of states in a band has a very unusual character the tempera¬ 
ture coefficient of the susceptibility due to electrons in an isolated band 
will be negative. When there is an overlapping of bands, however, as 
* Stoner, ‘ Proc. Leeds Phil. Soc.,’ vol. 3, p. 120 (1936). 
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in fig. 2, there may be a minimum in v (*) as a function of e. In the 
neighbourhood of the minimum, the distribution may be represented by 

v (e) = A + B (s — b)\ (6.5) 

where A is the value of v (e) for t — b. Substituting (6.5) in (6.1), the 
condition for y positive is 

(c - bf < A/B. (6.6) 

If the top of the Fermi distribution falls near b, the temperature coefficient 
will therefore be positive. The range of values of e 0 for which a positive 
temperature coefficient will occur will be greater the greater the ratio 
A/B; the maximum value of the coefficient, however, is proportional to 
B/A. (The coefficient here considered is (1/x) (?x/3T). The maximum 



Fig. 2—Overlapping bands. For c 0 in the neighbourhood of b, the temperature 
coefficient of the spin susceptibility will be negative. 

value of tyjvl will be proportional to B.) The possibility of a positive 
temperature coefficient may be said to arise from the possibility of transfer 
of electrons between the two bands, so that the number of holes in the 
lower band and the number of electrons in the upper band are both 
increased. This effect may more than compensate the normal temperature 
decrease of susceptibility for the two bands considered separately. 

7—Applications 

The present treatment is not sufficient to enable a theoretical calculation 
to be made of the susceptibilities of particular metals; it does, however, 
provide a basis for a general discussion of the observed magnetic properties 
of at least the more strongly paramagnetic metals. A few illustrative 


2 Y 2 
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points will serve to amplify the discussion of the metals given in “ Magnet¬ 
ism and Matter”.* 

Non-transition Metals—For the metal of Group 1 (alkali metals, Cu, 
Ag, Au) allowance for the diamagnetism of the closed electron groups 
shows that the collective electron contribution to the susceptibility is 
always paramagnetic. It varies very little with temperature, but it is 
from 1 • 5 to 3 times as great as that calculated for free electrons. In view 
of the similarity of the energy, momentum relations which have been 
calculated for the ns electrons in Li, Na, and Cu to those for free electrons, 
the discrepancy is probably to be attributed to positive interchange inter¬ 
action effects. The Bloch interaction term over-estimates the effect, but, 
as has been mentioned, Wigner has shown that the Bloch term is too 
large. 

The elements of group II are of particular interest, since here the 
metallic character shows conclusively that there is an overlapping of 
what are usually loosely described as the s and p bands. The magnitude 
of the spin susceptibility is proportional to v (e 0 ) and this will be greater 
the greater the degree of overlap. (If there were no overlap, the s band 
would be full, giving a zero susceptibility.) Zn, Cd, and Hg are dia¬ 
magnetic, but allowance for the closed group diamagnetism shows that 
the collective electron contribution is paramagnetic, though rather less 
than the value for free electrons except for mercury. This is precisely 
what would be expected for a moderate overlap of the electron bands. 
As an example the value calculated from (3.6) for Cd is v (V 0 ) = 0-13. 
For the a sub-group elements, some of the experimental values for the 
susceptibility are doubtful owing to the presence of iron; but Mg, Ca, 
and Ba are certainly much more strongly paramagnetic than elements of 
the b sub-group. For Ba, Lane’s value at room temperature is x A — 20 X 
10“°; this corresponds to a v(V 0 ) value of not less than 0*3. A much 
greater overlapping of the bands is indicated. This may be linked up 
with the fact that the separations between the ’S 0 and the next higher 
state for the free atoms are 1-9, 1 • 8, and 1 -6 volts for Ca, Sr, and Ba, 
while for Zn, Cd, and Hg they are 4 0, 3 -8, and 4-9 volts. Now it has 
been shown {see equation (6.6)) that when the top of the Fermi dis¬ 
tribution falls in a region of band overlap, the spin susceptibility may 
increase with increasing temperature. This appears to provide an 
interpretation of the remarkable increase found by Lanef for Ba from 
X >, = 20 (10-« units) at 20° C to 57 at 400° C. This effect may also 

* Stoner, “ Magnetism and Matter,” chap. XIV (Methuen, 1934). 

t ‘ Phys. Rev.,’ vol. 44, p. 43 (1933). 
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account for the numerical increase in the diamagnetic susceptibility of 
Zn and Cd with decreasing temperature found by de Haas and van 
Alphen. (For Cd, x * - 0183 at 289° K, -0-326 at 14-2° K.) 

Most of the remaining non-transition elements cannot be usefully 
discussed without a more detailed consideration of the collective electron 
diamagnetic effect. The extreme example is provided by bismuth, but 
consideration of the magnitudes of the susceptibilities and of the changes 
at the melting point suggest that there are similar effects for Ga, In, Tl, 
Sn (grey), Pb, and Sb, these effects being associated according to the 
treatment of Jones,* with the occurrence of nearly full zones. 

The highest of the more reliable values of the gram atomic suscepti¬ 
bilities of the non-transition elements at room temperature is Xa — 20 x 10 -# 
for Ba. Using (4.6), this gives a value of 0 -1 for (C V ) A - It is clear that 
very precise estimates of the various contributions to the specific heats 
of these metals would be necessary to enable definite conclusions to be 
drawn as to the electronic contributions. 

Table I— Gram Atomic Susceptibilities of Transition Metals 
at Room Temperature 

Unit for x A = 10~ a . Ax a — change of Xa for increase of 
temperature of 100° 



Xa 

AXa 


Xa 

Ax a 


Xa 

AX* 

Ti .... 

57 

-0 

Zr . 

91 

-0 

Hf .. 



V .... 

76 

-0 

Nb . 

120 

~0 

Ta .. 

145 

-3 

Cr .. 

150 

-0 

Mo . 

91 

— 

W.... 

52 

~0 

Mn .. 

648 

-42 

Ma . 



Re ,. 



Fe .. 



Ru . 

44 

4-1 

Os .. 

10 

-fl-6 

Co .. 



Rh . 

104 

4-4 

Ir .... 

25 

+ 1-9 

Ni.... 



Pd . 

555 

-100 

Pt .. 

190 

-13-6 


Transition Metals —The transition metals which have been investigated 
are all paramagnetic. Some of the more reliable results are summarized 
in Table 1. The values given for the palladium and platinum triads are 
due to Guthrie and Bourland,t those for niobium, molybdenum, and 
tungsten to de Haas and van Alphen,$ that for manganese (amorphous) 
to Bates and Pantulu,§ the remainder to Hondali and Owen.f 

* ‘ Proc. Roy. Soc.,’ A, vol. 147, p. 396 (1934). 
t ‘ Phys. Rev.,’ vol. 37, p. 303 (1931). 
t' Proc. Acad. Sci. Amst.,’ vol. 36, p. 263 (1933). 

§ ‘ Proc. Phys. Soc.,’ vol. 47, p. 197 (1935). 

|| ‘ Ann. Physik,’ vol. 32, p. 1027 (1910). 

51 Ibid., vol. 37, p. 657 (1912). 
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The indications of the change with temperature given in the table are 
necessarily rather rough. At higher temperatures Ti, V, and Cr all 
show a slight increase with temperature; while Ti shows an increase with 
decreasing temperature below —80° C. 

The collective electron susceptibility will be somewhat greater than the 
values given for y A , since no allowance has been made for the diamagne- 
tism of inner atomic closed groups. The correction would range from 
about 10 to 40 units, being greater for the series of higher atomic number. 
The susceptibilities are usually much higher than the values for free elec¬ 
trons. Using (3.6) (that is assuming there are no interaction effects) the 
values calculated from the observed y A for v (V 0 ) for Ti, V, Cr, and Mn, for 
example, are 11, 1 5, 2-8, and 12; the values of v (V 0 ) for free electrons, 
assuming 4, 5, 6, and 7 electrons per atom, respectively, are 0-22, 0-21, 
0-20, and 0-21. The high values of the susceptibility will in part be 
due to the narrowing of the energy bands as compared with the bands 
for nearly free electrons; but there must be, in addition, at least for the 
more strongly paramagnetic elements, a positive interchange interaction 
effect. This is shown most clearly by a consideration of the specific 
heat. If there were no interchange interaction effects, the relations (4.5) 
and (4.6) would hold; indicating, for */ A = 100, an electronic contribution 
to the specific heat of 0-526 (calories per degree per gram atom) even at 
room temperature. Contributions of this order are quite incompatible 
with the specific heat results. If follows that for most of these metals the 
values calculated for v (V 0 ) by (3.10) are too high and that there are strong 
positive interchange interaction effects; but it is not generally possible 
to determine, without more extensive data, whether this is primarily 
of the coupling type between electrons in the same atom, or to more 
general interchange effects. 

The effective electrons in these metals are those in bands associated 
with the s and d states in the free atoms. There will in all cases be a 
considerable overlapping of the bands. Since the temperature coefficient 
of the susceptibility may be positive when the top of the Fermi distribu¬ 
tion falls near a minimum in the v (e), s curve, it seems significant that 
the values of Xa are usually smaller for those elements whose susceptibility 
increases with temperature. 

The largest temperature changes are those for Mn, Pd, and Pt. The 
susceptibility variation of these elements has usually been represented 
by a Weiss expression, x — C/(T — 8). Although such an expression 
may cover the observations over certain ranges of temperature, the 
representation appears to be purely formal. Large negative values of 8 
are required (such as would be obtained by considering a portion of the 
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upper curve of fig. 1), and at least in the case of Pt, larger numerical 
values of 0 are required the lower the range of temperature considered. 
As an example, for a specimen of Pt studied by Collet and Foex,* values 
of 0 given as appropriate in a field of 6990 gauss were —3420 (—180° C 
to -110°), -2180 (-110° to -30°) and -1130 (-30° to+100°). The 
variation with temperature is of a type approaching that for the “ stand¬ 
ard ” distribution of states, as shown in fig. 1; it is not precisely of this 
standard form (that is, the variation cannot be closely represented by 
X Xo — cT 8 ), but it would hardly be expected that the distribution with 
overlapping bands would be similar to that for quasi-free electrons. From 
the present point of view, the possibility of representing the observed 
susceptibility over any considerable temperature range by a Weiss law 
must be regarded as largely fortuitous; and the values of 0 in such a 
representation give no indication of the magnitude or sign of the quasi- 
magnetic interchange interaction effects. 

Rare Earth Metals —The Honda-Owen values for y_ A for the rare earths 
Ce, Pr, and Nd at room temperature are 2100, 3520, and 5200, the values 
of Ay A being about —210, —860, and —1120. These elements behave 
more nearly as “ normal ” paramagnetics, the variation with temperature 
approaching that given by a Curie law. The magnetic moments per 
atom deduced by applying the usual relations are about 2, 3, and 4 Bohr 
magnetons—of the same order as for the ions in salts. The experimental 
results are hardly sufficiently precise for more definite conclusions to be 
drawn; but it is apparent that for these elements the state is approached 
in which the “ high temperature ” expressions are appropriate as approxi¬ 
mations rather than the low. The results suggest a high density of states 
(presumably corresponding to the / electrons) at the top of the Fermi 
distribution, with a coupling of the spins of the atoms. 

It has recently been found by Urbain, Weiss, and Trombet that metallic 
gadolinium is ferromagnetic, with a Curie temperature at about 16° C, 
and a saturation moment estimated at 35-4 Weiss magnetons per 
atom (corresponding to 7 • 1 Bohr magnetons). According to Trombe’s 
observations, X the 1/x, T graph above the Curie temperature shows a 
definite curvature up to 90° C, but from 90“ C to 360° C is practically 
linear. The linear portion gives a Weiss magneton value, p w of 39-3 
(corresponding to a Bohr magneton value, p u of 7-94). It is of interest 
that this corresponds exactly with the value for seven coupled spins, as 


* ‘ J. Phys. Rad..’ vol. 2, p. 290 (1931). 
t ‘ C.R. Acad. Sci. Paris,* vol. 200, p. 2132 (1935). 
t * C.R. Acad. Sci. Paris,’ vol. 201, p. 652 (1935). 
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in the gadolinium ion. This coupling is a possibility which has been 
discussed in § 5. In addition, to account for the ferromagnetism, there 
is the positive interchange interaction between electrons not in the same 
atom. Owing to the strong coupling between the/electrons in the atom, 
the atomic moment relations are much simpler than for Fe, Co, and Ni. 

Specific Heat —For nickel, the electronic specific heat can be estimated 
with fair precision. The various terms contributing to the specific 
heat have been considered in detail by Lapp*; a consideration largely in 
the light of her discussion of the “ normal terms ” of her experimental 
results together with those of Grew.f Klinkhardt,J and Rodebush and 
Michalek,§ indicates that the “ terme inconnu ” which is here identified 
with the electronic specific heat, has the value 

(Cv) A = 0-18 (±0-01) x 10" 2 T. (7.1) 

This value is based mainly on the observations above the Curie point, 
supplemented by a consideration of its compatibility with the results below 
the Curie point. Recently Keesom and Clark [f have measured the 
specific heat at very low temperatures, and find that over the range 
1 -1-9° K the electronic specific heat can be represented by 

(C v )a=* 0-174 x 10~ 2 T (7.2) 

in close agreement with the value which had been deduced prior to their 
measurements.^ 

Using (2.23), the above values give for nickel 

v (V 0 ) i 1 -6. (7.3) 

This value is considerably larger than for free electrons, but the corre¬ 
sponding value for the susceptibility without interchange interaction at 
low temperatures, from (3.10), is only Xa = 102. The susceptibility of 
nickel above the Curie point corresponds to a downward shift of a 1 /*, T 
curve approaching the standard type, as indicated in fig, 1. It must be 
pointed out, however, that the assumption that the distribution of states 

* * Ann. Physique,’ vol. 12, p. 442 (1929). 

t ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 509 (1934), 

t * Ann. Physik,’ vol. 84, p. 167 (1927). 

§ * J. Amer. Chem. Soc.,’ vol. 47, p. 2117 (1925). 

I! ‘ Physica,’ vol. 2, p. 513 (1935). 

If The treatment here summarized was developed independently of that of Mott, 
‘ Proc. Roy. Soc.,’ A, vol. 152, p. 42 (1935). Similar conclusions are reached, but 
Mott has discussed certain aspects of the problem more fully. 
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is of the form v (e) oc e m (corresponding to the use of (2.24) and (3.7)) 
is not adequate to give a good approximation to the experimental results; 
as indeed would be expected from the complex character of the band 
structure. 

For platinum the results of Magnus* indicate a temperature propor¬ 
tional term in the specific heat given approximately by 

(C v )a. — 5-0 x 10~ 4 T. (7.4) 

This has usually been attributed to the Born-Brody anharmonicity effect, 
but the magnitude of this is very problematical. Assuming that the 
whole of the temperature proportional effect may be attributed to the 
electronic specific heat, from (2.23) 

v (V 0 ) #0-44. (7.5) 

This value corresponds to a value of (x A ) 0 , without interaction, of about 
28-2; this is much smaller than the value observed (Table I), and again 
gives an indication of positive interchange interaction effects. 

It is only for comparatively few metals that estimates of C v (as distinct 
from C P ) have been made with any precision; but there are indications 
that these values often exceed the theoretical value of 5-95. Such an 
excess may undoubtedly be attributed in part to an electronic specific 
heat. The electronic specific heat can, however, be determined much 
more accurately from measurements at very low temperatures. The 
interest of such determinations has been sufficiently indicated by the 
examples considered here and by the general discussion. 

Summary 

Expressions are obtained, neglecting interchange interaction, for the 
spin paramagnetism and electronic specific heat, and their temperature 
variation, as dependent on the number of states per unit energy range, 
v (e), at the top of the Fermi distribution in collective electron energy 
bands, and the variation of this number with energy, e. The results 
apply for the “ low ” temperature range, and extend previous results for 
free electrons (or for electrons in bands such that v (e) varies as e*) for 
the whole temperature range. The expressions for the spin susceptibility 
and electronic specific heat, and for the relation between them, are given 
in a convenient form for application. 


• 'Z. Physik,’ vol. 7, p. 141 (1921). 
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A simple method of determining the general character of the effect of 
interchange interaction is developed. Positive interchange interaction 
is shown to reduce the value of 1 //_, calculated with neglect of interaction, 
by an amount which is approximately independent of temperature. The 
discussion leads to a general condition for ferromagnetism, which shows 
that positive interchange interaction does not necessarily result in ferro¬ 
magnetism even at the lowest temperatures. The specific type of inter¬ 
change interaction corresponding to coupling of spins in an atom is also 
considered. This results in an enhancement of the paramagnetism 
relatively to the specific heat. 

For isolated bands the temperature coefficient of the spin susceptibility 
will generally be negative. For overlapping bands it may be positive 
when the top of the Fermi distribution falls near a minimum of the v (e), e 
curve. 

The magnetic properties of the elements of the first two columns of 
the periodic table, and of the transition elements and rate earths are 
briefly considered in the light of the theoretical treatment, and also the 
specific heat of nickel and platinum. 
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Isotope Shift in the Resonance Line of Magnesium 

By D. A. Jackson and H. Kuhn, Clarendon Laboratory, Oxford 

(Communicated by F. A. Lindemann , F.R.S.—Received December 13, 

1935) 

[Plate 19] 

Introduction 

By making use of an atomic beam instead of an ordinary gas or vapour, 
it is possible to observe structures of spectral lines very much smaller 
than the normal Doppler width. The structure of resonance lines can 
thus be observed as fine absorption lines on the background of the emission 
line possessing the full Doppler width. This method was used by the 
present authors for the detection and measurement of the hyperfine 
structure of the resonance lines of potassium and sodium.*! The following 
paper gives an account of the investigation of the structure of the singlet 
resonance line (2852 A) of magnesium by the same method. The line 
was found to possess two components at a separation of 0-033 cm -1 , the 
component of longer wave-length being very much stronger than the 
other. 

The Light Source 

The emission line must be as intense as possible and at the same time 
quite free from self-reversal; it must also be narrow, for the maximum 
6talon separation that can be used is determined by the width of the 
emission line; in general the path must not be greater than that at which 
the fringes just disappear (that is when the half-value width of the line 
is equal to X a /2f, where X is the wave-length and t the separation of the 
plates); if the path is greater than this the illumination due to the wings 
of the emission line at the point where the absorption is being observed 
is so great that the visibility of the absorption is seriously impaired. 

A high frequency discharge tube of the type used by Jackson in the 
investigation of the hyperfine structure of the lines of thallium, silver, and 
other elements was found to be very suitable. The tube was made of 

* D. A. Jackson and Kuhn, * Nature,' vol. 134, p. 25 (1934); ‘ Proc. Roy. Soc.,’ 
A, vol. 148, p. 335 (1935); ‘Nature,’ vol. 137, p. (08 (1936). 

t Minkowski and Bruck (‘ Z. Physik,’ vol. 95, p. 284 (1935)) have used the atomic 
beam method in emission for the investigation of the cadmium red tine. 
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fused silica, the capillary, which contained a small quantity of dry 
magnesium chloride, being heated by passing a current through a spiral 
of nichrome wire which surrounded it. 

The resonance line of magnesium could thus be obtained very intense 
(with very heavily aluminized etalon plates the fringes could be photo¬ 
graphed in 15 sec) and free from self-reversal. Their width was such that 
the interference fringes were on the verge of disappearing with a plate 
separation of 3 cm. This corresponds to a half-value width of about 
0-17 cm 1 , while that due to the Doppler effect, for an element of the 
atomic weight of magnesium at a temperature of 450° C, is 0-15 cm” 1 ; 
the width of the line was therefore very little greater than that due to the 
Doppler broadening. If the heating current was increased the magnesium 
lines became very much stronger, but the resonance line was broadened, 
and with still further heating slight self reversal could be produced. 


The Atomic Beam 

The apparatus used for the production of the atomic beam was very 
similar to that used by the authors for the production of atomic beams of 
potassium and sodium.* Its upper end was fitted with silica windows, 
the lower end contained some magnesium and was heated by means of a 
platinum resistance furnace. The temperature was measured by means 
of a thermocouple of silver and constantan. When the temperature was 
raised above 450“ C, magnesium was deposited on the top of the observa¬ 
tion chamber in the form of a sharply outlined circular disc, showing that 
the atomic beam was being formed free from scattering by any traces of 
gas. 

The collimation of the beam had to be sufficient to produce a width 
of the line which could just be resolved by the 6talon. Any higher degree 
of collimation would only result in a weakening of the absorption. The 
greatest separation of the etalon plates that could be used was, on account 
of the Doppler width of the emission line, 4 cm. This corresponds to an 
order of interference of 280,000 and a resolving power of 2,000,000, as 
the reflecting power of aluminium in the ultra-violet results in a resolving 
power of only about seven times the order of interference. The full 
Doppler width of the magnesium resonance line at 500° C is 015 cm -1 
or 1/200,000 of the wave-length, 

A collimation of 1/10 of the atomic beam was therefore used, which 
corresponds to an effective temperature of 5° absolute. 

* D. A. Jackson and Kuhn, loc. cit. 
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The Spectrograph and Interferometer 

The spectrograph was the same as that used by the authors in the 
investigation of the structure of the potassium resonance lines, and has 
already been described. It was constructed with achromatic lenses of 
150 cm focal length, and the dense glass prism used in the work on the 
potassium lines was replaced by a single quartz Cornu prism. The 
interferometer was placed between the collimator and the prism. 

The plates of the Fabry Perot Interferometer were made of fused silica, 
and were plane to an accuracy of about 1/100 of the wave-length of the 
mercury green line. They were separated by tubular fused silica separ¬ 
ating pieces of the required length, the plates being pressed by adjustable 
springs on to three elevated squares, 5 mm X 5 mm, at each end of the 
fused silica tube. By varying the pressure of the springs, the etalon 
could be adjusted with an accuracy of about 1/100 of a fringe. 

The etalon plates were covered with a layer of aluminium by evapora¬ 
tion of vacuum melted aluminium wire in a tungsten heater, in a very 
good vacuum. 


Results 

Photographs of the absorption of the atomic beam were made with 
separations of 2, 3, and 4 cm of the etalon plates, at temperatures between 
480° C and 600° C. At the smallest separation the absorption appeared 
to be a single line, but when it was increased to 3 cm a weak component 
could be seen on the short wave-length side of the main line. The stronger 
component was readily visible at a temperature of 480° C, while the weak 
component could not be observed till the temperature was raised to 
530° C, corresponding to an increase of about eight times in the vapour 
pressure of the magnesium. Exactly the same structure was observed 
with a separation of 4 cm of the 6talon plates, but the absorption was 
somewhat obscured by general illumination due to the overlapping of 
the light from the wings of the emission line. 

The separation of the two components was 0-033 ± 0-002 cm -1 ; the 
results obtained with the 3 cm 6talon were in perfect agreement with those 
given by the 4 cm dtalon. It is very difficult to make a reliable estimate of 
the intensity ratio; but it is very improbable that it is less than 4:1, 
although it may be considerably higher. The fact that the strong com¬ 
ponent was observed easily at vapour pressures about eight times lower 
than that at which the weak component could be seen, indicates a con¬ 
siderably greater value than 4:1. 
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The reproduction, figs. 1 and 2, Plate 19, shows photographs taken with 
the 3-cm etalon at a temperature of 550° C together with a photometer 
curve. The photograph, fig. 1, Plate 19, is an enlargement of the original 
spectrogram, not reversed, so that the white lines correspond to absorption 
by the beam. On the photometer curve, fig. 2, the weaker component dm 
be seen as a small hump on the short wave-length side of the maxima. 

Discussion of Results 

Of the two possible explanations of the observed splitting of the lines 
3.V 2 'S— 3s3p *P—nuclear spin splitting and isotope effect—the first one 
can be excluded for two reasons: the intensity ratio of two components 
of nuclear spin splitting can never exceed the value 3, whereas the 
observed ratio is very likely to be greater. The second reason is more 
conclusive; the order of magnitude of a nuclear spin splitting of the 
3.v3p l P term of Mg can be calculated* - ) - and, with any reasonable value 
of the nuclear magnetic moment, is found to be very much smaller than 
the observed splitting. 

The observed structure must therefore be explained as an isotope 
effect, due to the occurrence of the three isotopes 24, 25, 26, of which 
magnesium is known to consist in the ratio 7:1:1. Although estimates 
of intensities in the absorption experiment are very uncertain, it is prob¬ 
able that the intensity ratio is greater than 3‘5, so that the abundant 
isotope 24 together with one of the others probably forms the large peak, 
the third isotope the small peak. 

Several lines of Mg in the visible region have been investigated with a 
Fabry-Perot etalon by Bacher and Sawyer.t Some were found to be 
single, but others showed a fainter component on the short wave-length 
side. By arguments similar to those used here, this splitting was also 
explained as an isotope effect. The intensity ratio was, however, assumed 
to be 3-5 rather than 7. Apart from this, the details of the explanation 
given by Bacher and Sawyer present some difficulties. Following the 
ideas of Racah, Breit, and others they ascribe the isotope effect to a 
difference in the Coulomb field of the two isotopes which makes the 
isotope shift the bigger the greater the number of the deepest r-electrons. 
From their calculation of the splitting of the top 1 ?—3s3d 1 D transitions 
as due to perturbation by the term 3 /j 4 l D, the splitting of the 3s3p *P term 
is found as 0 • 4 cm -1 . If this were true, the transition 3s*— 3s3p, increasing 

* Breit and Wills,' Phys. Rev.,’ vol. 44, p. 470 (1933). 
t Bacher and Sawyer, ibid., vol. 47, p. 587 (1935). 
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the number of 3 s electrons from one to two, should involve an isotope 
splitting of about 0-4 cm" 1 . Of the two lines which form this transition, 
the one (3.v 21 S—3<sf3/? 8 P) was found by Bacher and Sawyer to have a 
splitting of 0-08 cm" 1 , the other one (3 j 21 S—3j 3/> 1 P) by the present 
authors to have a splitting of 0-033 cm 1 . 

The centre of gravity shift, assuming the excited electron to behave as 
a hydrogen electron would result in a relative frequency shift, rfv/v, of 
+ 1-7 x 10"® between Mg S4 and Mg M , and +0-85 x 10"® between 
Mg 24 and Mg ss . The effect observed is 0 -96 x 10"®. 

This example seems to be of some interest, as it gives different isotope 
splitting for two transitions, of which the lower terms are identical, and 
the upper ones while having the same configuration differ by the orienta¬ 
tions of the spins towards each other. A difference of the nuclear field 
which has the symmetry of a quadrupole might be able to account for an 
effect of this kind. 

The authors take this opportunity of thanking Professor Lindemann 
for his kind interest in the research, and Imperial Chemical Industries for 
the stipend granted to one of them. They also wish to thank Professor 
Donnan for his kindness in allowing them to use the recording photo¬ 
meter at University College, London. 

Summary 

The singlet resonance line, 2852 A of magnesium was found by the 
atomic beam method to possess two components separated by 0-033 ± 
0 -002 cm -1 . The component of greater wave-length is very much stronger 
than the other. The splitting of the line is ascribed to an isotope shift, 
the stronger line being due to the most abundant isotope 24, and one of 
the other isotopes, 25 and 26, and the weak components due to the third 
isotope; it is also possible that the strong compohent is due to 24 alone 
and the weak component due to the other two, but the relative intensities 
of the two components make this improbable. 
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The Effect of Pressure up to 12,000 kg/cm 2 on 
Reactions in Solution 

By E. G. Williams, M. W. Perrin, and R. O. Gibson 

{Communicated by C. N. Hinshelwood, F.R.S.—Received December 17, 

1935) 

Introduction 

In a previous publication* it was shown that pressure was capable of 
exerting a considerable influence on the rate of reactions in solution. 
Two reactions were studied; the first, the interaction of sodium ethoxide 
and ethyl iodide in alcohol solution, was a typical example of the “ normal ” 
class, in which the number of molecules reacting is approximately equal 
to the number of collisions with the requisite activation energy, while 
the second, the interaction of pyridine and ethyl iodide in acetone solution, 
was a typical “ slow ” reaction, in which the number of molecules reacting 
is several powers of 10 less than the number of collisions with the requisite 
activation energy. The rates of both reactions were increased by pressure, 
but while the first was accelerated 1 -6 times at 3000 kg/cm®, the second was 
accelerated 1-2 times at 3000 kg/cm®, and much more at higher pressures. 

It seemed desirable to investigate other reactions falling into these 
two classes, to see whether this behaviour was general. With this end 
in view, the hydrolysis of sodium monochloracetate by aqueous caustic 
soda, another typical “ normal ” reaction, has been studied up to 12,000 
kg/cm®, and the work on the sodium ethoxide and ethyl iodide reaction 
has also been extended to this pressure. 

The esterification of acetic anhydride by ethyl alcohol was selected as 
another typical “ slow ” reaction, and has been studied up to 3000 kg/cm® 
in various solvents, and up to 8500 kg/cm* in toluene. 

In addition, the unimolecular decomposition of phenyl-benzyl- 
methyl-allyl ammonium bromide in chloroform solution, has been studied 
up to 3000 kg/cm®. 

In each case the temperature coefficients of the reactions have been 
measured, in an attempt to show whether the change in the velocity 
constant K is due to a change in the constant A or the constant E in the 
Arrhenius equation, K = Ae ~ K/RT . 

The results are given below, with brief comments, and are discussed 
more fully as a whole, at the end of the paper. 

• Gibson, Fawcett, and Perrin, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 223 (1935). 
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Apparatus 

This consisted of the 3000 kg/cm 2 sampling bomb, and the special 
12,000 kg/cm 2 apparatus both of which have been fully described pre¬ 
viously. * 


Sodium Ethoxide and Ethyl Iodide in Alcohol 

The work* up to 3000 kg/cm 2 has now been extended to 12,000 kg/cm 2 . 
The materials used were the same as before. The reaction could not 
be studied below 25° C at 12,000 kg/cm 2 , as mercury freezes at 22° C at 
this pressure. The values at the higher pressures were not very reliable, 
as the individual constants sometimes differed by as much as 30% from 
the mean. 


Table 1—Sodium Ethoxide and Ethyl Iodide in Alcohol 

Solution 


Temperature 

°C 

Pressure 

kg/cm 8 

o 

X 

* 

K (obs.) 
x 10 8 

K (calc.) 
x 10 8 

14*85 

1 

— 

2-30 

2-27 

19-95 

1 

— 

4-19 

4*26 

25-0 

1 

■— 

7-73 

7-79 

30-0 

1 

— 

13 6 

13 9 

14-85 

2980 

4-23 

3-65 

3-57 

19-95 

2980 

7-59 

6-53 

6*72 

25*0 

2980 

14*4 

12*4 

12*3 

30-0 

2980 

25-2 

21*6 

22 0 

15-0 

5000 

5-6 

4-6 

4*65 

20-0 

5000 

10-3 

8*4 

8*48 

25-1 

5000 

19-4 

15*9 

15 8 

30 1 

5000 

34-2 

28*1 

27-5 

15*1 

8500 

6*1 

4*7 

— 

20*0 

8500 

13 5 

10 5 

— 

25-1 

8500 

22-0 

17*1 

— 

30* 1 

8500 

43*4 

33*8 

— 

25*2 

12,000 

25-2 

18-6 

— 

30*1 

12,000 

52-5 

38*8 

— 


The results are given in Table I, with those from the previous work 
included for comparison. Column 3 shows the constants (K') uncorrected 
for the changes in concentration due to the thermal expansion and 
compressibility of the solvent, and column 4 (Kon*) the corrected values. 
The solutions were 0 • 1 normal, and the constants are given in terms of 
gram mol/litre/minute. 

* Gibson, Fawcett, and Perrin, * Proc. Roy. Soc.,’ A, vol. 150, p. 223 (1935). 
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The velocity is seen to increase with pressure, but the effect is not very 
marked, and the rate at 12,000 kg/cm* is still only rather less than three 
times that at atmospheric pressure. 

Values of E and A, the constants of the Arrhenius equation, have been 
calculated for the 5000 kg/cm 2 results and are given below, with the 
results from the previous work for 1 and 3000 kg/cm 2 : 

for 1 kg/cm 2 K = 1 -28 x 10 13 <r 2 "' 740/RT 

for 3000 kg /cm 2 K = 2-23 x 10 13 e-*M«v*r 

for 5000 kg/cm 2 K — 1 -32 x 10 13 e WST . 

The values of K calculated from these expressions have been included in 
the last column in Table I. 

E and A have not been calculated for the higher pressures, as the 
experimental accuracy was not sufficient. 

It is clear that the change either in E or A as the pressure is increased, 
is not marked enough for a distinction to be made as to the relative 
importance of these two constants in determining the observed accelera¬ 
tion. 


The Hydrolysis of Sodium Monochloracetate by Sodium 
Hydroxide in Aqueous Solution 

This reaction has been studied at atmospheric pressure by numerous 
workers, notably by Hedelius,* and by Schwab.f Good bimolecular 
constants were obtained which decreased slightly with decreasing con¬ 
centrations. It has now been studied at temperatures between 40° and 
80° C, and pressures up to 12,000 kg/cm 2 using 0-125 normal solutions. 

The monochloracetic acid was an “ Analar ” sample, used without 
further purification. The acid titre and the total chlorine content checked 
up to within 1% of the theoretical value. 

Solutions of the acid and of sodium hydroxide were made up, the 
strength of the latter being double that of the former to allow for the 
formation of sodium monochloracetate, and mixed. The course of the 
reaction was followed by taking samples, cooling to stop the reaction, 
and running into excess of standard sulphuric acid solution, and back 
titrating with caustic soda. Jn addition, the chloride ion concentration 
was determined by titration with silver nitrate using potassium chromate 
as an indicator. 


* ‘ Z. phys. Chem.,’ vol. 96, p. 343 (1920). 
t Van't Hoff, “ Chemical Dynamics,” p. 129. 
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The constants were calculated from the ordinary bimolecular formula, 
small corrections being introduced to allow for the slight differences 
between the hydroxide and chloracetate concentrations. The actual 
values were taken as the mean of the two values found by the different 
methods of estimation. 


Table 11—The Hydrolysis of Sodium Monochloracetate by 
Sodium Hydroxide in Aqueous Solution 


Temperature 

Pressure 

Initial 

K' 

K (obs.) 

K (calc.) 

°C 

kg/cm 2 

concentration 

x 10 s 

x 10 8 

x 10 a 

40*1 

1 

0*125 

0*419 

0*422 

0*425 

50*05 

1 

0*125 

1*31 

1 32 

1*34 

55*0* 

1 

0*1 

— 

2*05 

— 

60*2 

l 

0*25 

4*86 

4*93 

— 

60*15 

1 

0*125 

4*06 

4* 12 

4*0 

65*0* 

1 

0*1 

.— 

6*08 

— 

70*15 

l 

0*125 

10*8 

11*0 

10*9 

80*25 

1 

0125 

26*8 

27*5 

28*2 

80*0* 

1 

0*1 

— 

23*9 

— 

90*0* 

1 

0*1 

— 

61 8 

— 

400 

2980 

0*125 

0*941 

0*855 

0*851 

50 1 

2980 

0125 

2*86 

2*63 

2*63 

60*1 

2980 

0*125 

8*43 

7*79 

7*76 

60*1 

2980 

0*25 

10*03 

9*27 

— 

70*05 

2980 

0*125 

21*7 

20*1 

20*4 

80*25 

2980 

0*125 

55*6 

51*9 

52*5 

601 

5000 

0*125 

12*3 

10*9 

— 

40*0 

7600 

0*125 

2*6 

2*18 

2*19 

60*1 

7600 

0*125 

20*5 

17*4 

17-4 

80*0 

7600 

0125 

126*0 

107*0 

107*0 

60*1 

8500 

0*125 

23*2 

19*4 

— 

400 

12,000 

0*125 

4*35 

3*47 

3*47 

60*1 

12,000 

0*125 

32*7 

26*3 

26*3 

80*0 

12,000 

0*125 

186*0 

151*0 

1510 



* Hedelius. 



The results 

are given 

in Table II with those obtained by 

Hedelius, 


included for comparison. As can be seen from the two experiments in 
0*25 normal solutions, a decrease in the initial concentrations causes a 
decrease in the constant, and taking this into account, the results are in 
excellent agreement with those of Hedelius. 

Column 4 shows the constants (K.') uncorrected for the compressi¬ 
bility and thermal expansion of the solution, and column 5 (Ko b9 ) the 
corrected values, expressed as gram mol /litre/minute. It will be seen 


2 z 2 
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that the velocity increases steadily with increase of pressure, the rate ot 
reaction at 12,000 kg/cm® being about 6-5 times as great as that at 1 kg/ 
cm*. 



Jx 10 s 
T 


Fig. 1—i, 12,000 kg/cm«; II, 7600 kg/cm*; III, 3000 kg/cm*; IV, 1 kg/cm*; A 

Hedelius (O’ 1 N). 

Fig. 1 shows log K plotted against 1 /T, and the calculated values of A 
and E, the constants of the Arrhenius equation, are given in the expressions 
below: 

for 1 kg/cra* K = 3-5 x 10 1 * 

for 2980 kg/cm* K = 4-07 x 10 1 * 

for 7600 kg/cm* K = 1-78 x 10 12 

for 12,000 kg/cm* K = 1-02 x 10 1 * <r 20 ' 7,0/aT . 

The last column in Table II gives the values of the velocity constants 
calculated from these expressions. 
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There is a slight tendency for A to decrease with increasing pressure, 
so that the observed acceleration of the reaction must be due to the 
steady fall in E from 22,730 calories/gram mol at 1 kg/cm 2 to 20,710 at 
12,000 kg/cm 2 . 

Esterification of Acetic Anhydride with Ethyl Alcohol 

This reaction has been studied in alcohol as solvent by Moelwyn- 
Hughes and Rolfe,* and in carbon tetrachloride and hexane by Hinshel- 
wood and Moelwyn-Hughes.f The influence of the solvent on the 
reaction has also been studied by Menschutkin,t and by Soper and 
Williams.§ 

It has now been studied at I, 1000,2000, and 3000 kg/cm 2 between 15° 
and 45° C in ethyl alcohol as solvent, and between 20° and 80° C at 1 and 
3000 kg/cm 2 , and at 40° C up to 8500 kg/cm 2 in toluene. Individual runs 
to determine the pressure coefficient have also been made in acetone, 
hexane, and amyl ether at 1 and 3000 kg/cm 2 . 

Ethyl Alcohol —Absolute alcohol was dried over potassium carbonate 
and over calcium turnings. It was then carefully fractionated, the 
middle portion of constant refractive index (« ao ==■• 1 -3618; L.B.|| 
nU, — 1 • 36175) being collected and used. 

Acetic Anhydride —A B.D.H. specimen was distilled through a long 
Dufton fractionating column, the first and last 25% being discarded. 
The middle fraction of constant refractive index, (n 20 = 1-3900) was 
collected and used. 

Toluene— A sample of A.R. sulphur free toluene was dried over phos¬ 
phorus pentoxide and fractionated, the middle portion of constant 
refractive index (w 20 — 1 -4962) being collected and used. 

Acetone —The acetone was dried, first over potassium carbonate and 
then calcium, and was then fractionated three times, the middle portion 
of constant refractive index (n so — 1-3590; L.B. n£ = 1-3593) being 
collected and used. 

Hexane —The hexane was dried over sodium wire and fractionated, 
the portion distilling between 68 and 69° C being collected. (n 20 — 
l-3805.)f 

* ‘ J. Chem. Soc.,’ p. 241 (1932). 

t Ibid., p. 230 (1932). 

j ‘ Z. phys. Chem.,’ vol. 1, p. 1611 (1887). 

§ ‘ J. Chem. Soc.,’ p. 2297 (1931). 

|| L.B., Landolt-BQmstein, “ Tables,” 5th ed. 

f Gibson, Fawcett, and Perrin, ‘ Proc. Roy. Soc.,’ A, vol. 150, p. 223 (1935). 
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Amyl Ether —A British Drug Houses specimen was dried over phos¬ 
phorus pentoxide and twice fractionated. The 170-174° C portion was 
collected and used. 

The solutions were made up separately by weight, and the anhydride 
concentration was checked by titration with baryta. In solvents other 
than ethyl alcohol, the anhydride and alcohol concentrations were 
adjusted to be exactly equal. 

The reaction was followed by taking samples, chilling them, and 
pipetting 10 cc into 100 cc of cold distilled water. After standing for 
about 5 hours, during which time the anhydride was completely hydro¬ 
lysed, the mixture was titrated against standard baryta solution, using 
phenolphthalein as indicator. 

In ethyl alcohol the reaction is of the first order, and the percentage 
change in a given time is independent of the concentration. Thus no 
correction is necessary, in calculating the constants, for the thermal 
expansion or compressibility of the solution. 

In other solvents the reaction is bimolecular, and the corrections 
become necessary. Unfortunately the compressibility of toluene has 
not been measured above 500 kg/cm 2 , so that arbitrary values have had 
to be assumed. The compressibility has been assumed as 14% at 20° C, 
15% at 40° C, 16% at 60° C, and 17% at 80° C, at 3000 kg/cm 2 , and 18% 
and 21% at 40° C at 5000 kg/cm 2 , and 8500 kg/cm 2 respectively. Since 
the compressibilities of different liquids are very similar, these assumed 
values arc probably correct to 2 or 3%. 

Ethyl Alcohol Solutions —The values of the constants for the reaction 
in ethyl alcohol as solvent are given in Table III with a few results from 
the work of Moelwyn-Hughes and Rolfe. The initial concentration 
of the acetic anhydride was 0-1 normal, and the constants are given in 
terms of gram mol/litre/minute. The reaction is accelerated some six 
or seven times at 3000 kg/cm 2 . 

Fig. 2 shows log K plotted against 1 /T for the various pressures. It is 
clear that there is good agreement between the atmospheric pressure 
results and those of Moelwyn-Hughes and Rolfe. 

The calculated values of E and A, the constants of the Arrhenius 
equation, are given below: 

for 1 kg/cm 2 K = 385 x 10 7 *-«.»«>/** 
for 1000 kg/cm 2 K = 45-7 x 10 7 
for 2000 kg/cm 2 K 39-26 x 10 7 e ->M°o/» T 
for 3000 kg/cm 2 K = 6-77 x 10 7 e ~ u ^ r . 
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The values of K calculated from these expressions are included in the 
last column of Table III. 

The considerable fall in the values of both E and A over this pressure 
range is very remarkable; its significance is discussed later. 

Toluene Solutions —The values of the constants determined for the 
reaction in toluene solution are given in Table IV. The initial con¬ 
centrations of both reagents were always 0 -25 normal. K' represents 
the constant uncorrected for the thermal expansion and compressibility 
of the solvent, and K the corrected value. 

Table IIT—Ethyl Alcohol and Acetic Anhydride jn Ethyl 



Alcohol Solution 


Temperature 

Pressure 

K (obs.) x 10 4 

K (calc.) x 10 4 

°C 

kg/cm 2 



20 

1 

3-24 

3*06 

30 

1 

7-98 

8*22 

40 

1 

21*4 

20*7 

50-5* 

1 

48-9 

Si *3 

60 0* 

1 

117*0 

114*0 

70-2* 

1 

260*0 

254*0 

20 

1000 

612 

— 

40 

1000 

351 

— 

20 

2000 

12 8 

— 

40 

2000 

700 

— 

15 

3000 

16-3 

15*8 

20 

3000 

23*9 

23*9 

30 

3000 

51*2 

53*5 

35 

3000 

78*5 

77*3 


* Moelwyn-Hughes and Rolfe. 



The reaction is accelerated nearly four times at 3000 kg/cm*, 7-4 times 
at 5000 kg/cm 8 , and 45 times at 8500 kg/cm 2 . 

The calculated values of the constants A and E in the Arrhenius equa¬ 
tion are given below: 

for 1 kg/cm 2 K = 1-3 x 10* 

for 3000 kg/cm 8 K = 8-5 x 10 8 e « • 

The values of K calculated from these expressions are included in the 
last column of Table IV. 

The results indicate that this reaction is behaving similarly to the 
interaction of pyridine and ethyl iodide in acetone, where A increased 
rapidly with pressure, and E also increased slightly. 
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The reaction was not studied above 8500 kg/cm* for fear of the toluene 
freezing. 

Other Solvents —The results for runs at various individual temperatures 
in amyl ether, acetone, toluene, and hexane are given in Table V. 

It was very difficult to get reproducible results in acetone, but the values 
given are for acetone dried and distilled three times, and the same solutions 



were used for the 1 and 3000 kg/cm 2 experiments, so that the ratio of the 
constants should be trustworthy. 

As the compressibilities of toluene and amyl ether are not known, no 
corrections have been introduced for any of the values in the table, 
and they are given in terms of the concentrations at 20° C and atmospheric 
pressure. 

It is clear that the magnitude of the pressure effect varies from solvent 
to solvent, but that it is always of the same order. 
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Table IV— Ethyl Alcohol and Acetic Anhydride in Toluene 

Solution 


Temperature 

Pressure 

K' (uncorrected) 

K (obs.) 

K (calc.) 

°C 

kg/cm* 

x 10* 

x 10* 

x 10* 

20 

1 

0*054 

0 054 

0*055 

40 

1 

0-2845 

0-290 

0-289 

60 

1 

1-20 

1 *25 

1 *25 

80 

1 

4-42 

4-69 

4-58 

20 

3000 

0-2155 

0*189 

0-195 

40 

3000 

1-24 

M0 

1-07 

60 

3000 

5-5 

4-91 

4-90 

80 

3000 

19*8 

17-8 

18-2 

40 

5000 

2-51 

2-10 

— 

40 

8500 

16 1 

13-0 

— 

Table V- 

—The Effect of Pressure in 

Various Solvents 

Solvent 

Temperature 

°C 

K' (1 kg/cm*) K' (3000 kg/cm*) K' (3000 kg/cm*) 

K' (1 kg/cm 2 ) 

Amyl ether. 

40 

0-613 x 10 » 1 

•88 X 10-* 

3 07 

Acetone ....- 

80 

0-39 x 10~ a 1 

•27 x 10 * 

3-26 

Toluene. 

40 

0-2845 x 10~* 1 

•24 x 10 a 

4-35 

Hexane . 

60 

3-04 X 10-* 17 0 x 10 * 

5*6 


The Decomposition of Phenyl-Benzyl-Methyl-Allyl 
Ammonium Bromide in Chloroform Solution 

This reaction has been studied at 25°, 35°, and 45° C at atmospheric 
pressure by von Halban,* who showed that the change in optical rotation 
observed by Pope and Harveyf was not due to racemization as had 
previously been supposed, but to decomposition of the salt with the 
formation of a tertiary base and an organic halide. 

The reaction is unimolecular and was considered by von Halban to 
go to completion. The present work, however, has shown that it is 
reversible, and that even at atmospheric pressures at 25° C, it only goes to 
about 70% completion. At higher temperatures the decomposition 
goes further. It has been found that the equilibrium is shifted by pres¬ 
sure, and at 25° C and 3000 kg/cm* the decomposition only goes to about 
30% completion. 

A further complication arises from the change in the velocity constant 
with dilution, the constant in 0-025 normal solutions being almost double 

* ’ Ber. deuts. chem. Ges.,’ vot. 41, p. 2417 (1908). 
t' J. Chem. Soc.,’ vol. 79, p. 831 (1901). 







694 E. G. Williams, M. W. Perrin, and R. O. Gibson 


that in 0-1 normal solutions. However, working with 0-1 normal 
solutions, the calculated unimolecular velocity constants remain steady 
throughout a given run, at any rate up to about 60-70% conversion, 
although with 0 025 normal solutions, a definite drift in the values is 
apparent as the run proceeds. 

The phenyl-benzyl-methyl-allyl ammonium bromide was prepared from 
methyl-benzyl-aniline and allyl bromide. 

Methyl Benzyl Aniline —A B.D.H. specimen was purified by twice 
fractionating in vacuo. The fraction collected was about 60% of the 
whole, and came over at 125° C at about 1 mm pressure. 

Allyl Bromide—A B.D.H. specimen was twice distilled through a 
fractionating column, the middle portion, about 60% of the whole, being 
collected. (B.P. 69-71° C.) 

In preparing the ammonium salt, equimolecular portions of the methyl 
benzyl aniline and allyl bromide were dissolved in alcohol and left to 
stand overnight at room temperature. The solution was seeded, and 
the resulting crop of crystals filtered off. The product was then re¬ 
crystallized by dissolving in chloroform and precipitating by addition 
of acetone. Fine pure white crystals were obtained which melted sharply 
at 144° C. Repeated recrystallization of a small sample caused no 
change in the melting point. It may be noted that the melting point of 
the salt is given in Beilstein as 161-163° C. Nevertheless, the extreme 
sharpness of the melting point, and the fact that repeated recrystalliza¬ 
tion caused no change, showed that the product was pure, and the 
excellent agreement obtained with the constants measured by von Halban, 
shows that the salt was- identical with that used by him. 

Chloroform —B.D.H. “ Analar ” chloroform was dried over calcium 
chloride and fractionated through a long Dufton column, the portion 
distilling at 60-5° C being collected. 

(Refractive index n 80 = 1 *4459; L.B. nil = 1-4472.) 

The method of analysis, was the same as that used by von Halban, 
namely the estimation of the ionizable halogen by talcing samples from 
time to time and running them into a known excess of silver nitrate 
solution, and back titrating with thiocyanate using ferric alum as an 
indicator. 

A special formula has been used in calculating the unimolecular con¬ 
stants. If a is the initial concentration of the salt and x the concentra¬ 
tion of the part which has reacted after t minutes, then 

f t ~K(a-x)-K’x*, 
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where K and K' are the velocity constants of the unimolecular decom¬ 
position, and the reverse bimolecular association respectively. On 
integration this gives: 

v __1_i n „ 2a.x 1 + 1 + (4 act. + l)t 

(4aa + l)i (t x - t 0 ) & 2ax x + 1 - (4a« + 

v 2ax o + 1 ~~ ( 4fla + 1)* 

2*x 0 + 1 + (4aa + l)i ’ 

where a, the equilibrium constant, equals K'/K, and x t and x 0 are the 
concentrations of the decomposed portions after t x and t 0 minutes 
respectively. 

The compressibility of chloroform is not known at 3000 kg/cm 2 but 
has been assumed as 13% at all the temperatures considered. The 
constants have been corrected on this assumption, which is probably 
not far out, and in any case, the correction afreets the values of the uni¬ 
molecular constants K very slightly. 

In each case the values of a were determined from the end point of the 
reaction; they are not very reliable, partly because the equilibrium 
frequently lay very much on one side, and partly because a certain amount 
of discoloration and decomposition occurred during the long time 
necessary for the end point to be reached. Large errors in a, however, 
cause only small corresponding errors in K, particularly as points during 
the runs have not been taken too close to the end point. 

The results are given in Table VI, which includes the values of #, K, 
and K\ K' being the product of a and K. The solutions were 0 • 1 normal 
and the constants are expressed as gram mol/'litre/minute. 

The interesting result emerges, that the unimolecular decomposition 
is definitely retarded by pressure. The constants at 3000 kg/cm 2 are 
all about 1 • 5 times less than the corresponding constants at 1 kg/cm 2 . 

The effect of dilution is shown in Table VII which gives the constants 
at 45° C in 0-0975, 0*0537, 0*034, and 0*0255 normal solutions. The 
original intention was to carry out runs at two concentrations at each 
temperature, so as to have a check on the values of a and K, but this was 
not feasible, owing to the large dilution effect. 

Although the actual values of K' are not very reliable, the mean of the 
ratios of the values at 3000 kg/cm 2 to the corresponding values at 1 kg/ 
cm 2 is 5*6, a figure which corresponds very well with the acceleration 
observed at this pressure in other bimolecular reactions of the “ slow ” 
class. 
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The calculated values of A and E, the constants of the Arrhenius 
equation, are given below: 

for 1 kg/cm 4 K - 18-6 x 1(F e" 29 > 86u/aT 
for 3000 kg/cm 2 K = 6-0 X 10 17 e“ 29 > 200 ' ttT . 

The values of K calculated from these expressions are included in 
Table VI. 


Table VI— Decomposition of Phenyl-Benzyl-Methyl-Allvl 
Ammonium Bromide in Chloroform Solution 


Tempera¬ 

Pressure 

Initial 

a 

K (obs.) 

K (calc.) 

K' 

ture 

C 

kg/cm B 

concn. 


x 10 4 

x 10 4 

X 10* 

25 0 

1 

0*0975 

7*97 

3*23 

3*16 

0*258 

29*95 

1 

0*0975 

5*1 

7*4 

7*1 

0*377 

34*95 

1 

0*0975 

2*21 

15*8 

15*85 

0*350 

39*9 

1 

0*0975 

1*44 

34*3 

34*7 

0*493 

44*9 

1 

0*0975 

0*64 

74*5 

73*0 

0*478 

25 0 

2980 

0 0975 

75*5 

2-16 

2*24 

1 *63 

29 95 

2980 

0*0975 

34*0 

5*1 

4*9 

1*74 

34*95 

2980 

0*0975 

16-8 

10*7 

10*9 

1*80 

40 0 

2980 

0*0975 

10*6 

22*9 

2*34 

2*43 

44*9 

2980 

0 0975 

7*37 

47*6 

48*9 

3*51 

25 0* 

1 

— 

— 

3*13 

— 

— 

35*0* 

1 

— 

— 

15*55 

— 

— 

45-0* 

1 

— 

— 

76*0 

— 

— 

25*0 

1 

0*0249 

— 

5*95 

— 

— 

34*9 

1 

0*0265 

— 

26*6 

— 

— 

45*0 

1 

0*0255 

— 

118*0 

— 

— 

250 

2980 

0 0247 

39*7 

3*95 

— 

1*57 

34*9 

2980 

0*0250 

— 

18*0 

— 

— 

45*0 

2980 

0*0226 

— 91*3 

* von Halban. 

— 

— 


Table VII— The Effect of Dilution at 45° C and 1 Atmosphere 


Initial 

concentration 


K Initial 

concentration 


0 0975 74 5 X 10~‘ 0 0340 

0-0537 87 0 x HH 0 0255 


K 

106 x 10~« 
118 x 10~« 


Discussion 

We may now review the results as a whole. Fig. 3 shows the effect of 
pressure on the velocity constants of the various reactions. For purposes 
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of comparison K„/K 0 has been plotted against P, where K„ and K 0 are 
the constants at P kg/cm 2 and 1 kg/cm 2 respectively. 

It is clear that the reactions fall into three main classes:— 

(1) “ Normal ” Reactions —That is, bimolecular reactions involving 
ions, where pressure has an accelerating influence, but where this effect 
is not large, and does not increase particularly rapidly with rising pres¬ 
sure. This is the behaviour shown by the interaction of sodium ethoxide 



Flo. 3—O Pyridine and ethyl iodide in acetone, at 40° C; ® acetic anhydride and 
ethyl alcohol in toluene, at 40° C; x acetic anhydride and ethyl alcohol in alcohol, 
40° C; © formation of phenyl-benzyl-methyl-allyl ammonium bromide in chloro¬ 
form, 30° C; 0 hydrolysis of sodium monochlorate by aqueous caustic soda, 
40° C; & sodium ethoxide and ethyl iodide in ethyl alcohol solution, 30° C; 
+ decomposition of phenyl-benzyl-methyl-allyl ammonium bromide in chloro¬ 
form, 30° C, 
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and ethyl iodide in ethyl alcohol solution, where the acceleration is 1 - 6 
times at 3000 kg/cm a , and rises to about 3 times at 12,000 kg/cm*; also 
by the hydrolysis of sodium monochloracetate by aqueous caustic soda, 
where the acceleration is about 2 times at 3000 kg/cm 2 , and rises to about 
8 times at 12,000 kg/cm 2 . 

(2) “ Slow ” Reactions —That is, bimolecular reactions between neutral 
molecules, where pressure has a greater accelerating influence, which also 
increases more rapidly with rise of pressure. This is the behaviour 
observed in the interaction of pyridine and ethyl iodide in acetone solu¬ 
tion, where the acceleration is about 1-2 times at 3000 kg/cm 2 and rises to 
nearly 50 times at 8500 kg /cm 2 . Similarly the acceleration of the inter¬ 
action of acetic anhydride and ethyl alcohol in toluene solution is about 
4 times at 3000 kg/cm 2 , and rises to about 45 times at 8500 kg/cm*. 

The acetic anhydride-ethyl alcohol reaction in other solvents, and the 
formation of phenyl-benzyl-methyl-allyl-aramonium bromide in chloro¬ 
form solution, show similar behaviour up to 3000 kg/cm 2 , but have not 
been examined at higher pressures. 

(3) Unimolecular Decompositions —Only one reaction of this type has 
been examined, namely the decomposition of phenyl-benzyl-methyl-allyl 
ammonium bromide in chloroform solution. In marked contrast to 
the behaviour of the other two classes, this reaction was retarded by 
pressure. The retardation was small, being 1-5 times at 3000 kg/cm 2 . 

Fig. 4 shows K„/K 0 plotted against P, on a different scale, for the 
results on the hydrolysis of sodium monochloracetate at 60° C, and on 
the sodium ethoxide and ethyl iodide reaction at 30° C. For the former, 
the rate of increase of K with pressure rises initially, but falls away again 
above about 7000 kg/cm 2 , while for the latter there is no detectable initial 
rise, but there is a definite falling off at high pressures. We thus have 
a further contrast between the behaviour of the “slow” class, where 
the rate of increase of K rises rapidly at high pressures, and of the 
“ normal" class, where it tends to fall away. 

Influence of the Solvent —The results for the acetic anhydride and ethyl 
alcohol reaction in various solvents at 1 and 3000 kg/cm 2 , have been 
given in Table V. The pressure effect is greatest in hexane, rather less 
in toluene, and least in amyl ether and acetone. Amyl ether was selected 
on account of the very rapid increase of its viscosity with pressure,* and 
the small acceleration in this solvent indicates that the viscosity plays 
very little part. There is no readily apparent property of the various 

* Bridgman, “ The Physics of High Pressure,” Bell, p. 341 (1931). 
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solvents, which can be coordinated with the magnitude of the pressure 
effects observed in them. 

This same reaction in excess alcohol as solvent is of interest from the 
point of view of the theory of solvent-solute collisions. It is usually 
considered that the number of collisions between solute and solvent 
molecules is proportional to the viscosity of the solvent.* The viscosity 
of ethyl alcohol under pressure has been measured by Bridgman,f and 
increases roughly 1 -6 times at 1000 kg/cm 2 , and 3-2 times at 3000 kg/cm*. 



0 2000 4000 6000 8000 10,000 12,000 

-» kg/cm 1 

Fro. 4—0 Hydrolysis of monochloracetate by aqueous caustic soda, 60 J C; □ inter¬ 
action of sodium ethoxide and ethyl iodide in ethyl alcohol, 30° C. 

We should therefore expect the collision number to increase in the 
same proportion. It is found, however, that although the reaction is 
accelerated by pressure, this acceleration is due to a large decrease in E, 
while the A term of the Arrhenius equation falls off rapidly. 

Referring to the figures given on p. 690 it can be seen that the A term 
at 3000 kg/cm* is 57 times less than at 1 kg/cm*. The changes in E are so 
large as to make it difficult to believe that they represent true changes in 


* Cf. Moelwyn-Hughes, “ Kinetics of Reaction in Solution,” p. 18, Oxford, 1933. 
t Bridgman, “ The Physics of High Pressure," Bell, p. 341 (1935). 
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the critical activation energy. It seems probable that there is some other 
independent factor operating, which is a function of the temperature. 
This cannot be the viscosity, since over this range of pressure, the viscosity 
temperature coefficient of ethyl alcohol is almost constant; the matter 
may however be connected with changes in the nature of the solvent due 
to association. 


The Nature of the Pressure Effect 

In a recent paper, Evans and Polanyi* discussed the influence of 
pressure on reactions in solution, using the transition state method of 
calculating reaction velocities. They show that when the transition state 
of the reacting molecules is smaller in size than the volume they occupy 
in the normal state, the reaction will be accelerated by pressure, and vice 
versa. “ Slow ” reactions all involve association of neutral molecules in 
the transition state, so that this state will have a smaller volume than the 
normal, and acceleration by pressure will result. In “ normal ” reactions 
where ions are involved, the decrease in volume due to association in the 
transition state may be offset by the increase in volume to be expected 
from the partial desolvation of the ion. The large increase in velocity 
with pressure observed with “ slow ” reactions and the smaller increase 
with “ normal ” reactions are thus in good agreement with the theory. 

Particularly good confirmation is provided by the discovery that the 
decomposition of phenyl-benzyl-methyl-allyl ammonium bromide is 
retarded by pressure, for in this case the size of the decomposing mole¬ 
cules in the transition state will clearly be greater than normal. 

In the same paper it is shown that the rate of change of log K with 
pressure will be constant, if the volume change between the normal and 
transition states is unaffected by pressure. This is hardly likely to be 
the case over wide pressure ranges, but fig. 5 shows log K,/K 0 plotted 
against P for the two “ slow ” reactions. It will be seen that for the ethyl 
iodide pyridine reaction, the rate of increase of log K falls off as the 
pressure increases, but that for the acetic anhydride and ethyl alcohol 
reaction it is approximately constant. 

The equation for the velocity constant of a reaction may be written 
in the form K = P. Z. e _B/KT , where Z is the number of collisions between 
the reacting molecules, E the energy of activation, and P the probability 
that a collision with the requisite energy will lead to reaction. 

The A term of the Arrhenius equation is thus equal to PZ. For bi- 
molecular reactions in solution, there is no reason to suppose that Z will 


* ‘ Trans. Faraday Soc.,’ vol. 31, p. 875 (1935). 
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vary much with increase of pressure, so that changes in A win be mainly 
due to changes in the factor P. 

For the two “ normal ” reactions, where P is of the order of unity, the 
A term fluctuates somewhat, though if anything it appears to fall off with 
rising pressure. The activation energy E appears to decrease as the pressure 
increases. Within the limits of experimental accuracy, the observed 



Fjq. 5—©Acetic anhydride and ethyl alcohol in toluene solution, 40° C; ® pyridine 
and ethyl iodide in acetone solution, 40 s C. 

acceleration of the reactions can be ascribed to the changes in E and it 
appears a reasonable assumption that the increase in velocity is due to 
the fact that some or ail of the energy of compression is available as 

activ^on eo«iy, 

F« the “ dow ” reactions. in inert solvents, the “temperature inde¬ 
pendent ” term and the activation energy both rise with pressure. The 
incmase in A, which more than counteracts die increase in E, is presumably 
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due to a large increase of P, which is of the order of 10 4 -10 -8 , with 
pressure. Where the “ slow ” reaction, on the other hand, takes place 
in excess of one of the reactants as solvent both A and E decrease with 
increasing pressure although the net effect of pressure on the rate is of 
the same order as in inert solvents. In this case some complicating 
factor due to the effect of pressure on the collision rate may be introduced. 

It may be noted that in all the reactions so far examined, of both 
classes, A and E have either both increased or both decreased with rising 
pressure, but have never moved in opposite directions. This indicates 
some connexion between P and E. The nature of the factor P, is not 
yet fully understood, but Hinshelwood* has recently discussed the matter, 
and concludes that its value will be increased by any factor tending to 
lengthen the duration of the requisite collisions, and it is possible that 
pressure produces such an effect. 

The authors are indebted to Mr. C. N. Hinshelwood for his helpful 
criticism, and desire to express their thanks to the Directors of Imperial 
Chemical Industries Limited, for permission to publish this work, which 
was carried out in the Research Department of I.C.I. (Alkali) Limited, 
Northwich. 

Summary 

Velocity constants have been measured for the following reactions: 

The interaction of sodium ethoxide and ethyl iodide in alcohol solution, 
between 15° and 30° C at 5000, 8500, and 12,000 kg/cm a pressure. 

The hydrolysis of sodium monochloracetate by aqueous caustic soda, 
between 40° and 80° C, at 1, 3000, 7600, and 12,000 kg/cm*. 

The interaction of acetic anhydride and ethyl alcohol in ethyl alcohol 
solutions, between 15° and 40° C at 1, 1000, 2000, and 3000 kg/cm*. 

The interaction of acetic anhydride and ethyl alcohol in toluene solu¬ 
tions between 20° and 80° C at 1 and 3000 kg/cm*. 

The same reaction at 1 and 3000 kg/cm 2 at individual temperatures, 
in acetone, hexane, and amyl ether solutions. 

The decomposition of phenyl-benzyl-methyl-allyl ammonium bromide 
in chloroform solution between 25° and 45° C at 1 and 3000 kg/cm*. 

The constants A and E of the Arrhenius equation have been calculated 
wherever possible. 

The reactions fall into three main classes:— 

(a) “ Normal ” Reactions —Where pressure has a small accelerating 
Influence which falls off at high pressures, the increase in velocity being 


* <J. Chem. Soc.,’ p. till (1935). 
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of the order of 5 times at 12,000 kg/cm 2 . The acceleration in this class 
appears to be due mainly to a decrease in the activation energy. 

(b) “ Slow ” Reactions —Where pressure has a much greater acceler¬ 
ating influence, which increases with increasing pressure, the increase in 
velocity being of the order of 10 times at 5000 kg/cm 2 , and 45 times at 
8500 kg/cm 2 . In this class the constants A and E of the Arrhenius 
equation both increase with increasing pressure. 

(c) Unimolecular Decompositions —The decomposition of phenyl-benzyl- 
methyl-allyl ammonium bromide in chloroform solution is retarded 1-5 
times at 3000 kg/cm 2 . 

The magnitude of the pressure effect on the ethyl alcohol and acetic 
anhydride reaction varies with change of solvent, but is always of the 
same order. 

The results are in good agreement with the predictions given by the 
transition state method of calculating reaction velocities. 


A Comparison of the Absorption Spectra of Some 
Typical Symmetrical Cyanine Dyes 

By Nellie I. Fisher and Frances M. Hamer 

(Communicated by Sir William Pope , F.R.S.—Received December 17, 1935) 

Introduction 

Compounds of the cyanine type show a wide variation in colour, whilst 
possessing comparatively simple chemical structures. They are, there¬ 
fore, particularly suitable for a study of the relationship between colour 
and constitution. Such a study, for certain fairly simple series of cyanine 
dyes, free from substituents, forms the subject of the present paper. 

The cyanines are characterized by possessing two heterocyclic nuclei 
containing nitrogen. One of our objects was to find how the colour 
varies according to the nature of the nuclei, but we restricted the investi¬ 
gation to those series in which the two nuclei are identical. 

According to static formulae for compounds of the cyanine type, the 
nitrogen atom of one heterocyclic nucleus is tertiary, and that of the 
Other is quaternary; the nitrogen atoms are joined by a chain of con¬ 
jugated linkages, so that the number of carbon atoms in the chain is 
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necessarily uneven. Our second object was to find out how the colour 
varies according to the length of the chain joining the nuclei, for com¬ 
pounds of the following classes: (i) cyanines of the simplest type, in 
which the nuclei are linked by one : CH. group; (ii) carbocyanines, 
where the nuclei are linked by the three-carbon chain, : CH . CH: CH .; 
(iii) dicarbocyanines, with linking by the five-carbon chain 
: CH . CH: CH . CH: CH .; (iv) tricarbocyanines, with linking by the 
seven-carbon chain, : CH . CH: CH . CH: CH . CH. CH.. 

In the quinoline nucleus, linking in either of two positions is possible, 
with the result that, for a given chain joining the nuclei, the length of the 
chain joining the nitrogen atoms can yet be varied: this point also seemed 
worth investigation. 

Ethiodides were chosen for the work, and the preparation of eleven 
series of dyes, each comprising four members, was attempted. The 
series differ from one another in the nature of the heterocyclic nuclei, 
whilst the various members of a series differ in the length of the poly- 
methine chain joining the nuclei. Some account of most of the com¬ 
pounds is to be found by a search in the literature. Most emphatically, 
however, our object was not merely to fill in the gaps in the subject by 
examining those members of the series which have not hitherto been 
described, but rather to compare all the members under standard con¬ 
ditions, working throughout with purified specimens of dyes. Methyl 
alcohol was selected as solvent. 

Experimental 

The names and graphic formulae of the dyes prepared are given below, 
with a literature reference wherever possible, even although the previously 
published information be scanty; where we ourselves have described a 
preparation, the reference is to our own method only, without any attempt 
at a complete bibliography. Only thirty-nine of the forty-four com¬ 
pounds sought were actually obtained; the lowest member of the indo- 
series was rejected because it failed to come up to the criterion of purity 
which we had set ourselves, and we were unable to prepare tricarbo¬ 
cyanines containing (3-naphthaquinoline, benzoxazole, or naphthoxazole 
nuclei. 

I— Oxa-Series (fig. 1). 

2:2'-Diethyloxacyanine iodide (!),*(* = CH). 

2:2'-Diethyloxacarbocyanine iodide (II),f (x = CH. CH: CH). 

* Fisher and Hamer, * J. Chen. Soc.,’ p. 962 (1934). 
t Hamer, ibid,, p. 2796 (1927), 
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2:2'-Diethyloxadicarbocyanine iodide (III), 

(x = CH . CH: CH . CH: CH). 

/\/°\ 

<wu) (\ N / C: * * * § - 

Et EtI 



IA — Oxa-Series, 3:4:3': 4 '-dibenz-derivatives (fig. 2). 


2: 2'-Diethyl-3: 4: 3': 4'-dibenzoxacyanine iodide (IV),* (x — CH). 

2: 2'-Diethyl-3: 4:3': 4'-dibenzoxacarbocyanine iodide (V), 

(x = CH . CH: CH). 

2: 2'-Diethyl-3: 4: 3': 4'-dibenzoxadicarbocyanine iodide (VI), 

(x = CH . CH: CH . CH: CH). 


(IV-VI) 


) 


/°\ /°' 

C: x. C 

•n/ 


Et 


\ N / 

EtI 




IB — Oxa-Series, 5:6:5': 6' -dibenz-derivatives (fig. 3). 

2: 2'-Diethyl-5: 6: 5': 6'-dibenzoxacyanine iodide (VII),* (x = CH). 

2: 2'-Diethyl-5: 6: 5': 6'-dibenzoxacarbocyanine iodide (VIII),t 

(x — CH . CH: CH). 

2: 2'-Diethyl-5: 6: 5': 6'-dibenzoxadicarbocyanine iodide (IX), 

(x — CH . CH: CH . CH: CH). 

(V1I-IX) 9y% : x. 

\/\ N / 

Et EtI 

Il—Thia-Series (fig. 4). 

2: 2'-Diethylthiacyamne iodide (X),J (x == CH). 

2: 2'-Diethylthiacarbocyanine iodide (XI),§ (x = CH . CH: CH). 

2:2'-DiethyIthiadicarbocyanine iodide (XII),|| 

(x - CH . CH: CH . CH: CH). 

* Fisher and Hamer, ‘ J. Chem. Soc.,’ p. 962 (1934). 

t Brooker and Eastman Kodak Company, U.S. Patent, 1,939,201; 1,962,123. 

% Fisher and Hamer, ‘ J. Chem. Soc.,' p. 2302 (1930). 

§ Hamer, ibid., p. 2796 (1927). 

|| Ogata, ‘Proc. Imp. Acad. Tokyo,' vol. 9, p, 602 (1933); ‘Bull. Inst. Phys. Chem. 
Res.,’ vol. 13, p. 528 (1934); Ogata and Kimura, ibid., vol. 13, p. 537 (1934). 
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2: 2'-Diethylthiatricarbocyanine iodide (XIII),* 

(a = CH . CH: CH . CH: CH . CH: CH). 

a,/ s \ / s 

<x - xm) (V c:, ' c v 

Et EtI 



IIA-Thia-Series, 3:4:3': A'-dibenz-derivalives (fig. 5). 

2: 2'-Diethyl-3: 4: 3': 4'-dibenzthiacyanine iodide (XIV), (a — CH). 

2: 2'-Diethyl-3: 4: 3': 4'-dibenzthiacarbocyanioe iodide (XV),f 

(a = CH . CH: CH). 

2: 2'-Diethyl-3: 4: 3': 4'-dibenzthiadicarbocyanine iodide (XVI), 

(a - CH . CH: CH . CH: CH). 

2: 2'-Diethyl-3: 4: 3': 4'-dibenzthiatricarbocyanine iodide (XVII),* 

(x = CH . CH. CH . CH: CH . CH: CH). 

/‘\/ S \ / S \ 

(XIV-XVII) ] C: a . C 

A 

Et EtI 




1IB — Thia-Series, 5:6:5': 6 '-dibenz-derivatives (fig. 6). 

2: 2'-Diethyl-5: 6: 5': 6'-dibenzthiacyanine iodide (XVI1I)4 (x ~ CH). 
2: 2'-Diethyl-5: 6: 5': 6'-dibenzthiacarbocyanine iodide (XIX),t 

(a = CH . CH: CH). 

2: 2'-Diethyl-5: 6: 5': 6'-dibenzthiadicarbocyanine iodide (XX), 

(a — CH . CH: CH . CH: CH). 

2:2'-Diethyl-5: 6: 5': 6'-dibenzthiatricarbocyanine iodide (XXI),* 

(a « CH . CH: CH . CH: CH . CH: CH). 


(XVIII-XXI) 





EtI 



* Fisher and Hamer, ‘ J. Chem. Soc.,’ p. 189 (1933). 
f Hamer, Ibid., p. 2598 (1929). 
t Fisher and Hamer, ‘ J. Chem. Soc.,’ p. 2502 (1930). 
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III — Selena-Series (fig. 7). 

2: 2'-Diethylselenacyanine iodide (XXII),* * * § (x — CH). 

2: 2'-Diethylselenacarbocyanine iodide (XXIII), f 

(x = CH . CH: CH). 

2: 2'-Diethylselenadicarbocyanine iodide (XXIV), 

(x « CH . CH: CH . CH: CH). 
2: 2'-Diethylselenatricarbocyanine iodide (XXV),J 

(x = CH . CH: CH . CH: CH . CH: CH). 

/\/ Se \ / Se \A. 

(xx ™ (X N / C: *- c wQ 

Et EtI 

IV- lnclo-Series (fig. 8). 

3:3:3': 3'-Tetramethyl-l: l'-diethylindocarbocyanine iodide (XXV1),§ 

(x = CH . CH: CH). 

3:3:3': 3'-Tetramethyl-l: l'-diethylindodicarbocyanine iodide 

(XXVII), (x = CH . CH: CH . CH: CH). 
3:3:3': 3'-Tetramcthyl-l: l'-diethylindotricarbocyanine iodide 

(XXVIII), (x = CH . CH: CH . CH: CH . CH: CH). 

Me a Me a 

(xxvi-xxvm, (X>-C0 

Et EtI 


V —2: 2'-Series (fig. 9). 

1:1''Diethyl-2: 2'-cyanine iodide (XXIX),|| (x — CH). 

1:1 '-Diethyl-2: 2'-carbocyanine iodide (XXX),§ (x CH . CH: CH). 
1: l'-Diethyl-2: 2'-dicarbocyanine iodide (XXXI),If 

(x — CH . CH: CH . CH: CH). 


* I. O. Farbenind. A.-Q., British Patent 380,702/1931. 

t Clark, ‘ J. Chem. Soc.,’ p. 2313 (1928). 

t Fisher and Hamer, ‘ J. Chem. Soc.,’ p. 189 (1933). 

§ Hamer, ‘ J. Chem. Soc.,’ p. 2796 (1927). 

|| fbkf., p, 206 (1928). 

f Ogata, ‘ Proc. Imp. Acad. Tokyo,’ vol. 8, p. 421 (1932); Ogata and Shiosaki, 
"Bull. Inst. Phys. Chem. Res.,’ vol. 13, p. 511 (1934); Ogata and Kimura, ibid., 
vol. 13, p. 537 (1934). 
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1: 1'-Diethyl-2:2'-tricarbocyanine iodide (XXXII),* 

(x = CH . CH: CH . CH: CH . CH : CH). 



VB—-2 : 2 '-Series, 5:6:5': 6' -dibenz-derivatives (fig. 10). 

1: 1 '-Diethyl-5: 6: 5': 6'-dibenz-2: 2'-cyanine iodide (XXXIII),t 

(x = CH). 

1:1'-Diethyl-5: 6: 5': 6'-dibenz-2: 2'-carbocyanine iodide (XXXIV ),% 

(x — CH . CH: CH). 

1: 1'-Diethyl-5: 6: 5': 6'-dibenz-2: 2'-dicarbocyanine iodide (XXXV), 

(x = CH.CH: CH . CH: CH). 



1: 1'-Diethyl-4: 4'-cyanine iodide (XXXVI),§ (x = CH). 

1: 1 '-Diethyl-4: 4'-carbocyanine iodide (XXXVn),||f 

(x *= CH . CH: CH). 

1:1'-Diethyl-4: 4'-dicarbocyanine iodide (XXXVllI),**tt 

(x = CH . CH: CH . CH: CH). 

1: 1 '-Diethyl-4: 4'-tricarbocyanine iodide (XXXIX),tttt 

(x = CH . CH: CH . CH: CH . CH: CH). 


(XXXVI-XXXIX) 



* Fisher and Hamer, 'J. Chem. Soc.,’ p. 189 (1933). 
t Hamer and Kelly, ‘ J. Chem. Soc.,' p. 777 (1931). 
t Mees and Gutekunst, * Brit. J. Photogr.,’ vol. 69, p. 474 (1922). 

§ Hoogewerff and van Dorp, ‘ Rec. trav. chim. Pays-Bas.,* vol. 2, p. 317 (1882). 

II Hamer, ‘ J. Chem. Soc.,' p. 2796 (1927). 

U Hamer, ibid., p. 1472 (1928). 

** Ogata, ‘ Proc. Imp. Acad. Tokyo,’ vol. 8, p. 421 (1932); Ogata and Shionki, 
‘ Bull. Inst. Phys. Chem. Res.,’ vol. 13, p. 511 (1934); Ogata and Kimura, ibid., vol. 
13, p. 537 (1934). 

tt Konig, ‘ Z. wiss. Photogr.,’ vol. 34, p. 15 (1935). 

Brooker, Hamer, and Mees, ‘ Photogr J.,’ vol. 73, p. 258 (1933). 
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For obtaining the absorption curves, solutions were always freshly 
prepared, by dissolving accurately-weighed samples of the dyes in pure 
methyl alcohol. 

For the ultra-violet region, the Hilger rotating sector photometer 
attached to a quartz spectrograph was employed; of two 1 cm cells, one 
contained the solution and the other the solvent: hence the results are 
corrected for reflexion losses and any possible absorption of the solvent. 

For the visible region, the Hiifner and the K5nig-Martens spectro¬ 
photometers were employed. A Schultz cell was used with the former 
and the light source was a 4 • 5 amp right-angle carbon arc with a clock 
feeding-mechanism. With the K6nig-Martens instrument, the solution 
and solvent were contained in 1 cm cells. 

For the deep red and infra-red regions a Heele triple-prism spectro¬ 
graph was used, with a Bellingham and Stanley polarization photometer.* 
A 1 cm cell was placed in a single beam; these curves are without correction 
for reflexions at the two cell surfaces. At first F, N, P, and Q type 
Eastman spectroscopic platesf were used, but subsequently the necessity 
for selecting different types of plates according to the different regions 
of absorption was avoided by adopting L type plates throughout, these 
being hypersensitized and exposed to an incandescent tungsten lamp at 
2800° K; with them, by giving an exposure through a No. 34 Wratten 
filter, a nearly uniform density from X 400 to 900 mjx resulted. With 
some of the tricarbocyanines, the solutions became paler on exposure 
to light of short wave-lengths; hence, whenever possible, a yellow or red 
filter was put in front of the cell. With the longer exposure required for 
the high density readings, fresh samples of dye were taken frequently 
from the stock solution, which was kept in a darkened bottle. Even with 
this precaution, the densities may have been lowered, owing to fading. 

In the following absorption curves, wave-length (mu) is plotted against 
density. In every figure the dotted line refers to the simple cyanine in 
which the nuclei are linked by one : CH . group; the curve with alter¬ 
native dots and dashes refers to the corresponding carbocyanine; the 
curve outlined by dashes is that of the dicarbocyanine, and the con¬ 
tinuous line depicts the absorption of the tricarbocyanine. 

The arrows in the figures indicate the positions of the absorption 
maxima of corresponding closely related compounds and were inserted 
in order that the shift of the maximum caused by especially interesting 
changes in chemical constitution might be read off from the figures. 

* Schoen, ‘ J, Opt. Soc. Amor.,’ vol. 14, p. 179 (1927). 
t Meet, ‘ J. Opt. Soc. Amer.,’ vol. 23, p. 229 (1933). 
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Thus in figs. 1, 7, and 8, the arrows mark the positions of the absorption 
maxima of the corresponding dyes of the thia-series, from fig. 4, whence 
can be read the effect upon absorption of replacing the two sulphur atoms 
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by two oxygen atoms, fig. 1, by two selenium atoms, fig. 7, or by two 
; CMe a groups, fig. 8. 

In figs. 2 and 3, the arrows show the absorption maxima of the simpler 
compounds from fig. 1, and thus make clear the shift which occurs when 










Fig* 6. 
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the two benzoxazole nuclei of series I are replaced by two (3-naphthoxazole 
nuclei, fig. 2, or by two a-naphthoxazole nuclei, fig. 3. Similarly in 
figs. 5 and 6, the arrows show the absorption maxima of the simpler 
compounds from fig. 4, and make evident the shift produced by replacing 
the two benzthiazole nuclei of series II by two p-naphthathiazole nuclei, 
fig. 5, or by two a-naphthathiazole nuclei, fig. 6. So also, the arrows in 
fig. 10 indicate the positions of tfte absorption maxima of the simpler 
dyes of series V, so that the magnitude of the shift caused by replacing 



two quinoline nuclei, linked through their 2-positions, by two p-naphtha- 
quinoline nuclei, similarly linked, is shown. 

The arrows in fig. 11 represent the absorption maxima of the com¬ 
pounds from fig. 9: the comparison between these two series, both of 
which contain two quinoline nuclei, but with a 2:2'-linking in one and a 
4 :4'-linking in the other, is an especially interesting one. 

In Table I are given the exact values of the absorption maxima of the 
dyes, as read from our original curves. 
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Dyes 


Table I 

Length of chain joining nuclei 


CH 3CH 5CH 7CH 
Wave-lengths (mi*) of maximum absorption 


1 

Oxa-. 

.. 372 

485 

580 

— 

1A 

Oxa-, 3:4:3': 4'-dibenz- .... 

.. 402 

513 

606 

— 

IB 

Oxa-, 5:6:5': 6'-dibenz- .... 

.. 395 

515 

608 

' — 

II 

Thia-. 

422 

557 

650 

762 

IIA 

Thia-, 3:4:3': 4'-dibenz-- 

.. 456 

597 

691 

800 

I IB 

Thia-, 5:6:5': 6'-dibenz- .... 

453 

593 

687 

797 

III 

Selena-... 

.. 429 

570 

660 

770 

IV 

v 

TnHo- . 

, 

545 

636 

745 

2:2'- . 

,, 522 4 

605 

708 

808 

VB 

2:2'-, 5:6:5': 6'-dibenz- .... 

.. 553 

635 

738 


VI 

4:4'- . 

.. 593 

704 

810 

932 


Discussion of Results 


Opportunity must be taken to make two corrections in an earlier 
publication of absorption spectra.* (1) According to that, the absorption 
maximum of 1: 1 '-diethyl-4: 4'-carbocyanine iodide (XXXVII) in spirit 
solution is given as 716 mjA, whereas that of a methyl-alcoholic solution 
is now found to lie at 704 mu; the difference in solvent is insufficient to 
account for this discrepancy. (2) It has not proved possible to confirm 
the presence of a marked secondary band in the absorption spectrum of 
2:2'-diethylthiacarbocyanine iodide (XI), either in absolute ethyl alcoholic 
or in methyl alcoholic solution. 

Of the thirty-nine cyanines which have been examined, only twelve 
(Nos. V, XXVI, XXVIIi-XXXI, XXXII1-XXXV, and XXXVII-XXXIX) 
possess a definite secondary absorption band. Some of the other curves 
show an inflexion which, at different concentrations, might either be less 
marked or, on the other hand, develop into a secondary band. In 
every instance the secondary band, or inflexion, lies on the short wave¬ 
length side of the principal band. Apparently the presence of quinoline 
nuclei tends to produce a secondary band, since of the twelve dyes which 
show double-banded absorption, nine belong either to the 2:2 , -series 
(V), to the series of 5:6:5': 6'-dibenz-derivatives of these (VB), or to 
the 4:4'-series (VI). 

The absorption maxima of three unsubstituted dicarbocyanines (Nos. 
XII, XXXI, and XXXVIII) have been compared with those of certain of 

• Bloch and Hamer, ‘ Photogr. J.,’ vol. 68, p. 21 (1928), 
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their derivatives, which were described by Beattie, Heilbron, and Irving,* 
in which the hydrogen on the central carbon atom of the chain had been 
replaced by bromine; similarly one unsubstituted dicarbocyanine (No. 
Ill) has been compared with the corresponding chain-substituted chloro- 
derivative. With not one of these pairs is there adherence to Nietzki’s 
rule, that increase in molecular weight shifts the absorption band towards 
the region of longer wave-length; with one pair, the maxima of the sub¬ 
stituted and parent dyes are identical in position, while with the other 
three pairs the maximum of the parent dye is actually further into the 
less refrangible region, by 3-10 mjx, than is that of its bromo-derivative. 
It must be noted, however, that the solvent which was used for the sub¬ 
stituted dyes was not recorded. 

The use of frequency in place of wave-length is essential to analysis of 
spectra and is becoming common practice in presenting spectral absorp¬ 
tion data. The frequencies corresponding with the absorption maxima 
of the dyes have therefore been calculated. To obtain true frequencies, 
the values in the tables below must be multiplied by 10 12 . 

Before discussing the relationship between frequencies of maximum 
absorption and chemical constitution, the essential structure of the cyanine 
molecule must be considered. The occurrence of virtual tautomerism 
in the cyanine series is well known,tJ§||H we are therefore forced to conclude 
that the iodine atom is not attached to one nitrogen atom rather than to 
the other, and that the chain of alternate double and single bonds has 
not the fixity implied by our graphic formulae. According to the 
resonance theory, the members of series I-V may be represented by the 
general formula (XL). 

a4r ^b b^ a 

Et \ / Et 

s 

Within a series, n varies from 1-4, in those sets of dyes which we have 
studied here, and the number of carbon atoms in the chain joining the 
nitrogens varies from 3-9; of these carbon atoms, the two in positions b 

* ‘ J. Chem. Soc.,’ p. 260 (1932). 
t Hamer, ‘ J. Chem. Soc.,’ p. 206 (1928). 

} Mills and Wishart, ‘ J. Chem. Soc.,’ vol. 117, p. 579 (1920). 

§ Mills and Braunholtz,' J. Chem. Soc.,' vol. 121, p. 1489 (1922). 

II Kuhn, Winterstein, and Balser, ‘ Ber. dtsch. chem. Ges.,’ B, vol. 63, p. 3176 (1930). 
f Ogata, * Proc. Imp. Acad. Tokyo,’ vol. 8, p. 119 (1932). 
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are cyclic. The series vary according to the atoms or groups which 
bridge the positions a~b\ in series I it is the oxygen atom, in series II 
sulphur, in III selenium, in IV the group : CMe a , and in V the group 
. CH:CH .. 

Series VI cannot be represented by the same general formula, since the 
nuclei are not linked through the carbon atoms at b (2-position) but in the 
4-position, as in formula XLI: 


/' 


(XLI) 


/CH),,, 

/ c \c 

I a > 


w/ c » 

Nv 

Et\ 


\ 


c/ C 

r 1 

y Et 




Although in series VI also, n varies from 1-4, the number of carbon 
atoms in the chain joining the nitrogens varies from 7-13: not two, but 
six of these are cyclic carbon atoms. 


Series 


Pit* 

formula XL 


Table II 

Number of C atoms in chain 
joining N atoms 

-—---^ 

3 5 7 9 11 13 

Frequencies of maximum 
absorption 


Frequency differences when number 
of C atoms varies from 


3 to 5 5 to 7 7 to 9 9 to 11 Utol3 


I 

—o— 

807 

619 

517 

— 

188 

102 

— 

II 

—s— 

711 

539 

462 

394 

172 

77 

68 

III 

—Se— 

699 

526 

455 

390 

173 

71 

65 

IV 

: CMc a 

— 

550 

472 

403 

_ 

78 

69 

V 

.CH:CH. 

575 

496 

424 

371 

79 

72 

53 

VI 

Formula XLI 

— 

— 

506 

426 370 322 

_ 

_ 

80 


56 


48 


The variation of frequency of maximum absorption with the number of 
carbon atoms in the chain joining the nitrogen atoms is given in Table II 
for the six main series, and the results are also plotted in fig. 12. 

Table III gives the frequencies of maximum absorption for the more 
complex series of compounds. 

Tables II and III and fig. 12 bring out the fact that the frequencies of 
maximum absorption depend both upon the nature of the nuclei, and upon 
the length of the chain joining the nitrogen atoms, being, in general, 
decreased (1) by increasing the weight of the molecule or (2) by lengthening 
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Table III 



vTV 

Number of C atoms in chain 

Frequency differences 


a b in 


joining N atoms 


when number of C 

Series 

formula 





atoms varies from 


XL 


.A 







3 

5 

7 

9 

3 to 5 

5 to 7 

7 to { 



Frequencies of maximum absorption 




IA 

-0— 

746 

585 

495 

— 

161 

90 

— 

IB 

—o — 

760 

583 

494 

— 

177 

89 

— 

IIA 

—s— 

658 

503 

434 

375 

155 

69 

59 

IIB 

—s— 

662 

506 

437 

376 

156 

69 

61 

VB 

. CH:CH . 

. 543 

472 

406 

— 

71 

66 

— 



Number of C atoms in chain joining N atoms 


Fig. 12. 


the chain. In each series, the effect of each increase in n decreases with 
increasing length of the chain, as is shown by the flattening of the curves 
in fig. 12; this is comprehensible, for each increment is a successively 
smaller fraction of the total chain. Omitting the three series of dyes 
(V, VB, and VI) which contain quinoline nuclei, the frequency-decrease 
caused in the remaining eight series varies from 188-155, and from 102- 
69, when the number of carbon atoms in the chain joining the nitrogen 
atoms increases from 3-5 and from 5-7, respectively; in each of these 
series, the highest value is for the lightest nuclei (series I) and the lowest 
value for the heaviest nuclei (series IIA and IIB). The frequency- 
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decrease, in four series, varies from 69-59 when the number of carbon 
atoms in the chain increases from 7-9. 

Of the series containing quinoline nuclei, V and VB differ from the 
eight series already considered, in that the decrease in frequency caused 
by each increase in length of the chain is anomalously low. In series V 
and VB, an increase of n (formula XL) from A to A -f I produces only 
that frequency-decrease which is caused by a change from A + 1 to 
A + 2 in the other series. 

A comparison of series VI with series V in Table II shows that the 
carbon atoms of the chain joining the nitrogen atoms cause less frequency- 
decrease when an additional four of them are cyclic. The frequencies in 
series VI when there are B carbon atoms in the chain are equivalent to 
those of series V for B — 1 carbon atoms. That is, the four extra cyclic 
carbon atoms produce only half the frequency-decrease, which four extra 
non-cyclic carbon atoms would be expected to give. 

Table IV 





Length of C chain joining 

Series 


Change involved in both 

N atoms 



groups 

--- s 




3 5 7 9 




Decrease in frequency 

I and 

11 

—O— replaced by — S— 

96 80 55 — 

II and Ill 

—S— replaced by —Sc— 

12 13 7 4 

IV and 

11 

*. CMe 2 replaced by —S— 

— 11 10 9 


It is clear from Table IV that the frequency-decreases, which occur 
when two oxygen atoms are replaced by sulphur, are greater than when 
two sulphur atoms are replaced by selenium. This is not surprising, 
since the change in properties between the first and second elements in a 
column of the periodic table is always greater than the succeeding changes. 
There is a small decrease in frequency when the sulphur atoms are 
replaced by : CMe a groups. 

The shift of the absorption maximum which occurs on replacing two 
benzthiazole nuclei by two a- or (3-naphthathiazole nuclei, or two benzo- 
xazole by two «- or (3-naphthoxazole nuclei, is one which we have previously 
studied.* Table V contains all the information of this kind, relating to 
the present series, expressed on a frequency basis. 

Apart from the quinoline series (V and VB), the frequency decreases 
caused by introducing two phenylene groups vary in four instances from 

* Fisher and Hamer, ‘ J. Chem. Soc.,’ p. 962 (1934); p. 2502 (1930); Hamer, ibid., 
p. 2598 (1929). 
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61-47, from 36-33, and from 28-22, when the carbon chain has 3, 5, and 
7 members, respectively; when it has 9 members, the two values are 18 
and 19. Whether the extra nuclei are in the 3: 4- or 5; 6- positions seems 
immaterial. As before, the frequency-changes are anomalously low in 
the quinoline series. 


Table V 

Length of C chain joining N atoms 


Series 

3^ 

5 

7 

9 



Decrease in frequency 


I and IA 

61 

34 

22 

— 

I and IB 

47 

36 

23 

— 

11 and IIA 

53 

36 

28 

19 

11 and MB 

49 

33 

25 

18 

V and VB 

32 

24 

18 

— 


Fluorescence 

Alcoholic solutions of the three oxadicarbocyanines (Nos. Ill, VI, and 
IX) are strongly fluorescent, and fluorescence is also apparent with the 
dibenzoxacarbocyanines (Nos. V and VIII). Although fluorescence has 
not previously been recorded for any dyes of the cyanine group apart 
from the oxadicarbocyanines,* an examination of the present series 
showed that this property is by no means uncommon. 

When the thirty-nine dyes, in methyl alcoholic solution, were tested 
for visible fluorescence excited by an ultra-violet light source, only nine 
gave negative results: these were Nos. XXIX-XXXIII, and XXXVI- 
XXXVIII, i.e. t they are confined to the series containing quinoline nuclei 
(V, VB, and VI). 

The solutions were also examined in a collimated beam of white light 
from a 100 c.p. pointolite lamp. Under these conditions, negative 
results were obtained in twenty instances and positive in nineteen. The 
positive results are embodied in Table VI, where the strength of fluorescence 
is marked as either intense (i), strong (s), moderate (m), or weak (w). 
There are several interesting points to be noted: (1) no dye of series V, 
VB, or VI is fluorescent; (2) in the remaining eight series, all the carbo- 
cyanines and all the dicarbocyanines are fluorescent; (3) in the three oxa- 
series, not only is the fluorescence of certain dyes especially striking, but 
the simple cyanines also, as well as the carbocyanines and dicarbo¬ 
cyanines are fluorescent. 

* Konig, ‘ Z. wiss. Photogr.,’ vol. 34, p. 15 (1935). 
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Table VI 



No. of C atoms in 

Colour 

Colour 

Strength 


chain joining 

of 

of 

of 

tries 

N atoms 

solution 

fluorescence 

fluorescence 

I 

3 

Colourless 

Violet 

w 


5 

Deep yellow 

Yellow-green 

s 


7 

Purple 

Orange 

s 

IA 

3 

Very pale yellow 

Violet-blue 

m 


5 

Pale orange 

Yellow-green 

s 


7 

Deep blue 

Orange-red 


IB 

3 

Very pale yellow 

Blue 

m 


5 

Pale orange 

Yellow-green 

s 


7 

Deep blue 

Orange-red 

i 

II 

5 

Pink 

Orange-red 

s 


. 7 

Deep blue 

Red 

s 

IIA 

5 

Bluish-purple 

Red 

s 


7 

Blue 

Dark red 

s 

UB 

5 

Bluish-purple 

Red 

s 


7 

Blue 

Red 

s ? 

111 

5 

Purplish-pink 

Orange-red 

m 


7 

Blue 

Red 

s 

IV 

5 

Pink 

Orange-yellow 

m 


7 

Blue 

Red 

s 
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Summary 

Eleven sets of symmetrical cyanine dyes have been prepared, of which 
each set differs from the other ten in the nature of the heterocyclic nuclei. 
In general, each set comprises four members which differ from one 
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another in the method of linking of the nuclei; this is either by one : CH 
or by a chain composed of three, five, or seven such groups. Thirty- 
nine of the forty-four compounds aimed at have been prepared, some of 
them for the first time, and absorption spectra of their methyl-alcoholic 
solutions have been examined under standard conditions. The fre¬ 
quencies of maximum absorption have been calculated, and correlated 
with changes in chemical constitution. Data concerning fluorescence 
are recorded. 
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